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PREFACE. 



This vokiine, whieh, in spite of reluctant preju- 
dice, has already obtained a large share of the pub- 
lic patronage, is the first of a projected Course of 
Mathematical Science. Many compendiums or 
elementary treatises have appeared — at different 
times, and of various merit ; but there seemed still 
wantiog, in our language, a work that should em« 
brace the subject in its fell extent, — that should 
unite tkeory with practice, and connect the an- 
cient with the modern discoveries. The magni- 
tude and difficulty of such a task might deter an 
individual from the attempt, if he were not deeply 
impressed, with the importance of the undertak- 
ing, and felt his exertions to accomplish it ani- 
mated by zeal, and supported by active persever- 
ance. 

The study of Mathematics holds forth two capi- 
tal objects :— While it traces the beautiful rela- 
tions of figure and quantity, it likewise accustoms 
the mind to the invaluable exercise of patient at- 
tention and accurate reasoning. Of these distinct 
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objects, the last is perhaps the most important in 
a course of liberal education. For this purpose, 
the Geometry of the Greeks is most powerful- 
ly recommended, as bearing the stamp of that 
acute people, and displaying the finest specimens 
of logical deduction. Some of its conclusions, 
indeed, might be reached by a sort of calculation ; 
but such an artificial mode of procedure gives 
merely an apparent facility, and leaves no clear or 
permanent impression on the mind. 

We should form a wrong estimate, however, 
did we consider the Elements of Euclid, with all 
its merits, as a finished production. That admi- 
rable work was composed at the period when Geo- 
metry was making its most rapid advances, and 
new prospects were opening on every side. No 
wonder that its structure should now appear loose 
and defective. In adapting it to the actual state 
of the science, I have therefore endeavoured care- 
fully to retain the spirit of the original, but have 
sought to enlarge the basis, and to dispose the 
accumulated materials into a regular and more 
compact system. By simplifying the prder of ar- 
rangement, I have materially abridged the labour 
of the student. The numerous additions that are 
incorporated in the text, so far from retarding, 
will rather facilitate his progress, by rendering 
more continuous the chain of demonstration. 



PREFACE. VU 

The view which 1 have given of the nature of 
Proportion, in the Fifth Book, will contribute, I 
hope, to remove the chief difficulties attending that 
important subject. The Sixth Book, which ex- 
hibits the application of the Doctrine of Ratios, 
contains a copious selection of propositions, not 
only beautiful in themselves, but which pave the 
way to the higher branches of Taeometry, or lead 
immediately to valuable practical results. The 
Appendix, without claiming the same degree of 
utility, will not perhaps be deemed the least in- 
teresting portion of the volume, since the inge- 
nious resources which it discloses for the construc- 
tion of certain problems are calculated to afford a 
very pleasing and instructive exercise. 

The Elements of Trigonometry are as ample 
as my plan would allow. I have explained fully 
the properties of the lines about the circle, and 
the calculation of the trigonometrical tables ; 
nor have I omitted any proposition which has a 
distinct reference to practice. Some of the pro- 
blems annexed to the treatise are of essential con- 
sequence in marine surveying. 

In the improvement of this edition, I have spa- 
red no trouble or expence. The text has been 
simplified and reduced to a shorter compass, by 
throwing such propositions as were less elemen- 
tary into the Notes. Other Notes of an easier 
kind are intended chiefly to engage the attention 
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of the young student. In various parts of the 
work, the demonstrations are occasionally aU>re- 
viated. The Elements of Trigonometry are now 
much expanded, and brought to include whatever 
appears to be most valuable in recent practice. 
But the prii^cipal additions have been made in 
the Notes and Illustrations, which will be found to 
contain a great variety of useful and curious in- 
formation. The more advanced student may per- 
use with advantage the historical and critical 
remarks ; and some of the disquisitions, with the 
solutions of cei'tain more difficult problems re^ 
lative to trigonometry and geodesiacal operations, 
in which the modern analysis is .but spariqgly 
introduced, are of a nature sufficiently interest- 
ing to claim the notice of proficients in science. 
I have simplified, and materially enlarged the^or- 
mulee connected with trigonometrical computa- 
tion ; explained the art of surveying, in its dif- 
ferent branches ; and given reduced plans, blend- 
ed with the narrative ot the great operations 
lately carried on both in England and France. 
I have likewise shown a very simple method of 
calculating heights from barometrical observa- 
tions, accompanied by illustrative sections j and 
I have been thence led to state the law of climate, 
as it is modified by elevation. On this attractive 
subject, I should have dwelt with pleasure, had 
the limits of the volume permitted. 



PREFACE. IX 

To trace the silent progress of discovery, is at 
once interesting and instructive. I have there- 
fore laboured to set in a clear light the Trigo« 
nometry of the Greeks and Arabians, and have 
carefully marked the successive steps by which 
this important branch of science was, in passing 
from ancient to modern times, advanced to perfec- 
tion. In these critical inquiries^ I have derived 
essential aid from the extensive and accurate re* 
searches of M. Delambre> whose learning, pa* 
tieilce, and discernment, are above all praise. It 
ha^ afforded me the highest satisfaction in finding 
the opinions I was led to form on several disputed 
pointi of scientific history generally to accord with 
the mature conclusions of that eminent philoso- 
pher. 

In explaining the division of the circle, I have 
introduced some short tables, which will furnish an 
useful exercise to the student ; and the examples 
I have given of the conversion of sexagesimals 
into decimals will show how much greater nicety 
the ancient Greeks had attained in their calcula- 
tions than is commonly supposed. I have still 
farther enlarged the trigonometrical ^rmwte, and 
have applied the tables of sines and tangents to 
the solution of quadratics and the irreducible case 
of cubic equations. The successive attempts 
made, at different periods, to measure the extent 
of our globe are now distinctly related, and the 
most improved methods of conducting such geo- 
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graphical surveys are explained and exemplified, 
I presume, with sufficient detail. Other additions, 
either curious or illustrative, will occur in various 
parts of the work. 

My original design was to exhibit, within the 
compass perhaps of five volumes, the Elements of 
Mathematical Science in their full extent, inclu- 
ding the principles and application of the Higher 
Calculus. But, after due refiection, I have aban- 
doned that aspiring project. There is unfortunate* 
ly very little incitement to the publication of ab- 
stract works in this country ; and after discharging 
the more pressingobligations which I had contract- 
ed, I shall consider my time as more agreeably and 
perhaps more beneficially employed, in pursuing 
without distraction the labyrinths of physical re- 
search. I might have foreseen that the indolence of 
teachers would always be opposed to the improve- 
ment of education ; yet I have very lately revised, 
and somewhat enlarged, the Philosophy of Arith- 
metic, which I am convinced will form the most in- 
structive introduction to Algebra and to the sci- 
ence of calculation in general. In a few weeks ano- 
ther volume will be delivered from the press, con- 
taining the tract on Geometrical Analysis, recast 
and augmented ; the Geometry of Curve Lines, 
including not only a regular and complete system 
of the Conic Sections, but exhibiting the beau- 
tiful relations of those Higher Curves, ancient or 
modern, which either invite the application of 



i>RE!FACE. XI 

Algebra, or elucidate the properties of Mechanics 
and other branches of Natural Philosophy. In 
furtherance o( my views, I intend likewise to 
compose, with all convenient speed, a treatise on 
the Geometry of Planes and Solids, which has of 
late years taken absolutely a new form on the 
Continent : It will embrace the Theory of Per- 
spective; and comprise the Projection of the Sphere 
and Spherical Trigonometry. 
.The performance of this last task will fully dis- 
charge my engagements. But I rejoice to think 
that the completion of the Course may fall into 
better bands. My illustrious friend, Mr Ivory, 
will, I trust, be induced to rescue the national 
honour, aiid erect a durable monument to his 
own fame; by the composition of an original and 
luminous treatise on the Differential and Inte- 
gral Calculus. As a preliminary to a work of suph 
vast importance, we shall expect from him a logical 
digest of Algebra, which has been so long disfigu- 
red and abused. After the multitude of servile 
compilations that have been unceasingly obtru- 
ded on the English public, the discriminating eye 
will repose with delight on the harbinger of 
brighter prospects. 

It is the nature of genuine science to advance 
in continual progression. Each step carries it 
still higher 5 new relations are descried ; and the 
most distant objects seem gradually to approxi- 
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mate. But, while science thus enlarges its 
boundf» it likewise tends uniformly to simplicity 
and concentration. The discoveries of one age 
are, perhaps in the next^ melted down into the 
mass of elementary truths. What are deemed 
at first merely objects of enlightened curiosity^ 
become, in due time, subservient to the most im« 
portant interests. Theory soon descendi^to guide 
and assist the operations of practice. To the 
geometrical speculations of the Greeks^ we may 
distinctly trace whatever progress the modems 
have been enabled to achieve in mechanicsi, na« 
vigation, and the various complicated arts of life* 
A refined analysis has unfolded the harmony of 
the celestial motions, and conducted the philoso* 
pher, through a maze of intricate phenomena, to 
the great laws appointed for the government of 
the Universe. 



CoLLEOB OT Edinburgh 
Nov. 1. 1820. 
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GEOMETRY. 



|jr£Ou:£TRY is that branch of natural science 
which treats of bounded space. 

Our knowledge concerning external objects is 
grounded entirely on the information received 
through the medium of the senses. The science 
of Physics considers Bodies as they actually exist, 
invested at once with ail their various and pecu- 
liar qualities : Its researches are hence directed 
by that refined species of observation which is 
termed Experiment. But Geometry takes a more 
limited view; and, selecting only the generic 
property of Magnitude^ it can safely pm^ue tlie 
most lengthened train of investigation, and arrive 
with perfect certainty at the remotest conclusion. 
It contemplates merely the forms which bodies 
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assume^ and the spaces which' they occupy. 
Geometry is thus founded likewise on external 
observation ; but such observation is so familiar 
and obvious, that the primary notions which it 
furnishes might seem intuitive, and have often 
been regarded as innate. This science, proceed- 
/ ing from a basis of extreme simplicity, is therefore 
supereminently distinguished, by the luminous 
evidence which constantly attends «very step of 
its progress. 



PRINCIPLES. 

Ik contemplating an external object^ we can, 
by successive acts of abstraction, reduce the com- 
plex idea which arises in the mind into others that 
are successively simpler. Botfy^ divested of all its 
essential characters, presents the idea of mere ^nr- 
Juce } a surface, considered apart from its peculiar' 
finalities, exhibits only linear boundaries; and a 
line, omitting its continuity, leaves nothing in 
the imagination but the poihts which form its 
extremities. A solid is bounded l)y surfaces ; a 
surface is circumscribed by lines; and aline is 
terminated hy points. A point marks position; a 
line measures distance ; and a surface exhibits ex- 
tension. A line has only length ; a surface has both 
length and breadth; and a, solid combines all the 
three dimensions of lengthy breadth^ and thickness. 
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The uniform tracing of a line which through 
its whole extent is stretched in the same direction, 
gives the tdea of a straight line. No inoire tlian 
one straight line can tfteirefbre join two points j 
and if a straight line bp conceived to tiim like an 
axis about both extremities, none of iti^ interme- 
diate points wffl change their positibii. - 

"'/.*■ 

From our idea of a straight line is derived that 
of B, plane surface, which, though more complex, 
has a like uniformity of character. A straight 
line connecting any two points situate in a plane, 
lies wholly on the surface ; and consequently 
planes must, in every way, admit a mutual and 
perfect application. 

Two points ascertaiti the position of a straight 
line ; for the line may be conceived to continue to 
turn about one of the points till it falls upon the 
other. But to determine the ppsition of a plane, it 
requires /Aree points ; because a plane touching the 
straight line which joins two of the points, may be 
made to revolve, till it ineets the third point. 

The separation or opening pf two straight lines' 
at their point of intersection, constitutes an angle^ 
If we obtain the idea of distance^ or linear extent, - 
from the inspection of progressive motion, we de- 
rive that of divergence, or angular magnitude, from 
the consideration of revolving motion. 
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Geometry is divided into Plane and Solid; 
the fom^er confining its views to the properties of 
^pace %ured on the same plane ; the latter em* 
bracing the relations of different planes or sur- 
faces, and of the solids which these may describe 
or terminate. In the following definitions, there- 
fore, the points and lines are all consider^ as 
e^stii^g in the same plane. 
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^ DEFINITIONS- 

1. A mNTlrnI line k that iiiiackooD^ 
aiilt of straight lioec not omtiniied in 
the same direction. 

2. A curved line is that of whith no 
portion is a straight line. 

5. The straight lines which contain an angle are term* 
cd its sides9 and their point of origuii or intersection! its 
vertex. 

To abridge ^6 reference, it is ustid to denote an angle by 
tracing oyer its sides ; the letter at the Ter* 
sex, which is cpmmon to them both, being 
put in the middle. Thus the aogle con* 
tained by the straight lines AB and BC, 
or the opening formed by turning BA about the point B into 
the position BC, is named ABC or CBA. 

4. A right angle ia the fourth part of the 
entire circuit or revolution formed by a 
straight line. 

It is manifest that all right angles, being deriyed from the 
aame fundamental measure, must be equal to each other. 

If a straight line CB stand at equal angles CBA and CBD 
on another straight Une AD, and if the sur&ce ACD be con- 
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ceived laid over towards the oppoeite nde, the point B and 
the line AD remaining in their place; CB will, in this new 
position EB, make angles £BA and 
£BD equal to the former, and there- 
fore all of them equal to aachether. 
But thefour angles ABC,CBD,DBE, 
and EBA constitute, about the point 
B, a complete revolution; or Ihe^ne 
B A in forming them, by its successive 
openings, would return into its original place,— and conse- 
quently each of those anglea is ft njfAt ongife. 

The angle, or openid^ contained by the opposite pdttioni 
DA and DB of a straight line is hence 
equal to two right angles ; and, for 
the same reason, all the angles ADQ, 
CDE, EDF, and FDB, formed at the 
point D on the same side of the 
straight line' AB, are togetheir ^V^ 
to two ri^t angles, ' 




B. Tbesidfis of ftirigU aogle are sfod to }^^^en^^ 
tor to each other. .; r . v 



6. An aetae angle is }es« tbnu a rig^ 
aogleu' hi'. 



1. An obtuse angle fai greater than a 
right angle. ^ ^ ^ 
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8. One side of an angle forms with 
the other a^de produced a supplement 
tqlox.i^^tt^iQrjapgk. , . 
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9. A verttealfi/^^Mfatweik hgf ik» 
production of both its aides* • 



10. The invert^ di^ergcDoe of the two sidef of an 
angle, orthe defect of the angle from four right anglesi in 
named die rapfrse angle. ** . 

The angle EBD is vertical to 4BC|» AQD f# sufflenienUU or 
exterior to it, and the angle made ^P of . a/ ' 
ABDf DBfi, and £BC, or the opening ^^K^ 
which i!rouV'befori9a4'l»Xthe!ie|r«Miw . 5 f-.-^i'^HvT • '^ 
ofABovertf>f»paiAtiPap4B;iaiolhe I . ,'. , i\;j, 
position BC, is the r€veri# angle* . ., '.v 

It IS apparent that vertical angles, or those formed by the 
same lines in opposite directions, must be equal; for the 
angles ABC and ABD whicfc stand on the straight line CD, 
being eijual to two right angles, are equal to ABD and DB^ 
which stand on AE, and, omitting the common angle ABD, 
there remains ABC equal to. PBE* 



11. Two straight lines are said to 
be indined to each other, if they meet 
when produced I and tb^ ang^^ ao 
fimned is eiilled their inclinoHon. 



::3^ 



IS, Otraigfat lines whidiihave noma- ■■ • ■ ' 
tnal indinatioui are tetadedjMrotfel. •- - . - 

' IS. AJ%ure ^ a idnnt aurfiipe iadtided ^. a linear 
boundary called ilB perimeter. > , 

14. Of rectilineal figures, the triangle is cpntained by 
/Ar^e straight lines. 
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15. An fMi^J^ triang^ is that which bas 
two of its sides equaL ' 




16. An equilateral triangle is that which 
has all its sides egnaL 

17. A triangle whose sides are un- 
egnaly is named scalene* 

It will be shewn (1. 9. cor.) that every triangle has at least 
two acute angles. The third uigle may th^erore^ by iu cha- 
racter, senre to discriminate a triangle. 



18. A right-angled triangle is that which 
has a right angle. 

19. An obtuse angled triangle^ is that 
which has an obtuse angle. 



20. An acute angled triangle is that 
which has aU its angles acute. 



f 1. Any side of a triangle inay be called its base, and 
the opposite angular point its vertex. 

'• 92. A quqdrHateral figure, is contained hjfawr straight 
lines. 

£5. uOf quadrilateral figures^ a trape^ I V 

xoid (1) has two parallel sides : / ■ \ 
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' 24. A trapezium (2) has two of its y <■ "y 
sides paraUel, and the other two eqaal^ / \ 

though not parallel. ' 



25. A rhomboid (S) has its oppo- 
site sides equal : 



cu 



S6. A rhombus {4i) has all its sides 
equal : 



27* An oUongf or rectangle^ (5). has a 
right angle, and its opposite sides equal : 



28. A $gmire (6) has a right angle, and 
all its sides equal: 




29. A quadrilateral figtite^ of which the opposite sides 
are parallel, is called 2l parallelogram. 

80. The straight line which joins 
obliquely the opposite angular points 
of a quadrilateral figure^ is named a diagonal. 

81. If an angle of a rectilineal figure be less than two 
right angles, it will protrude^ and is called salient : if it 
be greater than two right angles^ it will make a sinuosity, 
and is termed re^enirant. 



Thus the angle ABC is re-entrant, and 
the rest of the angles of the polygon 
ABCDEF are all salient at the points 
A,C,D,E,andF. 
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52. A rectilineal figure baviog moYt thm Ib^ m^ 
bears the general name of a pcfygon* 

99. A cirek is a figure described by. thQ revokHiw of a 
straight line about one of its extremities: 



94. The fixed point is called the centre 
of the circle, the describing line its radius, 
and the boundary traced by the remote end 
of that line its circumference. 



35. The diameter of a circle is a straight line drawn 
through the centre, and terminated both way^ by the cir- 
cumference. 

It is obvious that all radii of the same circle are equal to 
each other and to a.semidiameter. It likewise appears, firom 
the slightest inspectido, that a circle can have oiily.one centre, 
and that circles are equal which have equal diameters. 

56. Figures are said to be ejual, whe9, being applied 
to each other, they wholly coincide; they are equivalerU, 
if, without coinciding, they yet contain the same space* 
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J^ Peopositiok 18 a dislixict portioii of abstriu^t aqi^ce : 
It is either a problem or a theorem. 

A Problem proposes to efTect some combination. 

A Theorem advances some truth, which is to be esta- 
blished. 

A problem requires solution^ a theorem wants demonstra^ 
tion: the former implies some operational and the latter 
generally needs a previous construction* 

A direct demonstration proceeds from, the premisesi by 
a regular deduction. 

An indirect demonstration attains its object, by showing 
that any other hypothesis than the one advanced would 
involve a contradiction, or lead to. an absurd conclusion. 

A subordinate property, included in a demonstration, is 
sometimes, for the sake of unity, detached, and then it 
forms a Lemma. 

A CoRQLLABT i$ an obvious consequence resulting from 
a proposition. 

A Scholium is an excursive remark oi^ the nature and 
application of a train of reasoning. 

An Hypothesis is a condition premised, or a supposi- 
tion advanced. 



7%^ operations in Geometry suppose the dnmifig ^ 
straight lines and the description of circles^ or they require 
in practice the use of the rule and compasses. 
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PROPOSITION I. PROBLEM. 

To construct a triangle, of which the three sides 
are given. . 

Let AB represent the bas^ and G, H two sides of the 
triangle which it is required to construct. . , 

From the centre A, with thie distance O, des<;ribe a cir* 
cle; and| from the centre B, with the distance H^ describe 
another, circle, meeting the 
former in the point C : join 
AC and BC, and ACB is the 
triangle required. 

Because all the radii of the 
same circle are equal, AC is 
equal to G; and, for the same 
reason, BC is equal to H. Consequently the triangle ACB 
answers the conditions of the problem. 

The limiting circles, after mutually intersecting, must 
obviously dive;rge from each other, till, crossing thp ei- 
tension of the base AB, t^ey return again and meet 
below it ; thus marking two positions for the required 
triangle. ' ' * . 

CoroUarjf. If the radii G and H be equal to each other, 
the triangle will evidently be isosceles ; and if those lines 
be likewise equal to the base AB, the triangle roust be 
equilateral ^ 
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PROP. 11. TJaBOEEM. 

Tw4^ ti^f^lps are egualy vhich have all the sides 
of the one equal respectively to those of the other. 

A 

Let the two triangles ABC and DFE have the side AB 
equal to DF, AC to DE, and BC to FE : These triangles 
are equal. 

For conceive the triangle ACB to be applied to DEF : 
The point A being kid on D, and the side AC on DE, 
their other extremities C and E must coincidei since AC 
is by hypothesis equal to DE. And because AB is equal 
to DFy the point B must occur 
in the circumference of a circle 
described from D with the dis* 
tance DF ; and, for the same 
reason^ B must be found in the 
drcnmferrtice of a circle descri- 
bed from E with the ^Ustance £F: The vertex of the tri* 
angle ACB must, therefore, iqppear in a point which is 
common to both those circles, or in F the vertex of the 
triangle DFE. Consequently these two triangles ABQ 
DFE, since their sides are rectilineal, must form an entire 
coincidence. The angle CAB is therefore equal to EDF, 
ACB to DEF, and CBA to EFD; the equal angles be- 
ing thus always opposite to the equal sid^ 

Scholitm. This proposition is only the preceding one 
changed into a theorem* It may be applied to the con- 
struction of complex rectilineal figures ; for since any such 
figure may be divided into triangles, these, being separ 
rately constituted with the some corresponding sides, mus^ 
by their combination, form an equal figure. 
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PROP. III. THEOR. 



Two triangles are equal, if two Aden and the 
angle contained by these in the one be respec- 
tively equal to two sides and the contained angle 
in the other. 

Let ABC and DEF be two triangles, of which the side 
AB is equal to DS, the side BC to £F, and the angle ABC 
Contained by the former equal to DEF which is contained 
by the latter : These triangles are equal. ' 

For let the triangle ABC be applied to DEF : The 
vertex B being placed on E, and Ihe side BA on ED| the 
extremity A most fall upon 
D, since AB is equal toDE. 
And bec&use the angle or 
divergence ABC is equal to 
DEF, and the side AB co- 
incides with DE, the othef side BC must lie in the same 
direction with EP, and being of the same length, must ter- 
minate with it ; and consequently, the points A and C rest- 
ing on D and F, the straight Unes AC and DF will also 
coincide. Wherefore, the one triangle being thus per- 
fectly adapted to the other, a general equality must obtain 
between them : The third sides AC and DF are hence 
equal, aod the angles BAG, BCA opposite to BC and BA 
are equal respectively to EDF and EFD, which the cor- 
responding sides EP and ED subtend. 

SchoL By applying this proposition to practice, the 
ihHtuai distance may be found between two remote objects 
^hicli have their communication obstructed. ' 
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PROP. IV. PROB. 




At a point in a straight line, to make an angle 
^ual to a given angle. 

A\ the point D in the given straighl; line DE, to form 
an angle equal to the given angle BAG. 

In the sides AB and AC of the given angle, assume two 
points 6 and H, join GH, 
from DE cut off DI equal 
to AG, and on DI consti- 
tute (1. 1.) a triangle DKI^ 
having its sides DK and 
IK equal to AH and GH : 
IDK or EDF is the uigle required. 

For all the sides of the triangles GAH and IDK being 
respectively equal, the angles opposite to the equal sides 
must be likewise equal (I. 2.}> and consequently IDK is 
equal to GAH. 

Cor. If the segments AG, AH be taken equal, the con- 
struction will be rendered simpler and more commodious. 

Sdol. By the successive application of thii problem an 
angle may be continually multiplied. Two circles CEG 
and ADF being described from the 
vertex B of the given angle with radii 
BC and BA iequal to its sides, and the 
base AC being repeatedly inserted be- 
tween those circumferences ; a multi- 
tude of triangles will be thus formed, 
all of them equal to the original tri- 
angle ABC. Consequently the angle ABD is double of 
ABC, ABE triple, ABF quadruple, ABG quintuple^ j&c. 
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If the sides AB and BC of the given an£^ be supposed 
equal, only one circle would be reqniradf 
a series of equal isosceles triangles being 
constituted about its centre. It is en« 
dent that this addition is without limit, 
and that the angle so produced may con- 
tinue to spread out, and its opening side 
even make repeated rerolotions. 




PROP. V. PROB. 



To bisect a given angle. 

Let ABC be an angle which it is required to bisect* 

In the side AB take any point D, and from BC cut off 
BE equal to BD; join DE, on which construct (I. I.) the 
isosceles triangle DFE, and draw the 
straight line BF: The angle ABQ 
is bisected by BF. 

For the two triangles DBF and 
EBF, having the side DB equal to 
EB, the side DF to EB", and BF 
common to both, are (I. 2.) equal, 
and consequently the angle DBF is equal to EBF, 

Cor. Hence the mode of drawing a perpendicular from 
a given point B in the straight line AC ; for the angle 
ABC, which the opposite seg- 
ments BA and BC make with 
each other, being equal to two 
right angles, the straight line 
that bisects it must be the 
perpendicular required. It is 
therefore only requisite to bi- 
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. sect this angle. Take BD equal to B£» an4 constrao^ the 
Isosceles triangle DFE; the strai^t line Bf, which joins 
the rertex of the f riaoffle, is pecpendicular to AC- , 

^ SckoL In the general constructioni the Fsosiceles triangle 
DFE ii^ay lie either b^low or above the base D£ ; . but if it 
^ere ntad^ eqpal tp DBE, and the vertex F coincided witl| 
Bf the CQnstructbp would be r^nd^ri^^ jn^9];e|rminai(ef - 

PROP. VL PROB. i r! . 

To let falj ^ perpendJLcuJar i^Qn a ^txai^lft^ Jine^ 
r from a given point above it* . . . i : 

Fro^i the ppint C, to |et fall a perpei^ dip^la^ F(P<^ ^^9 
given straigl^t line 4B, . . . ^; 

In AB t^ke, any where tpwa»dt 4» the .goiflt P, ^n^ 
with the 4istance DC djes^rilje a cUjcle j Myd, jq ^Jie^amp 
line, |;ake tpwards ^ apotl^er point E, and with the dis- 
tance EC describe a second circle int^Mecting the, fpriper 
in the point F; join CF, crossing 
the given line at G : CO is per^nr; 
dicular to ^B. 

For the stra^bt lin^ DC, DP Aij^.( |J?)kB 
and EC} EF being joined^ the- trir 
anglte DCE and DFi; have the sid^ 
DC equal to DF, EC to EF, and 
DE common to tljem both; whence (1. 2.) the angle CDE 
or CDG is equal to FDE or FDG. And because, in the 
triangles DCG and DFG, the side DC is equal to DF, 
DG commpn, and the contained angles CDG and FDG 
are proved to be equal ; these subordinate triangles are 
(I. S.) equal, and consequepUy the angle DGG is equal to 
DGF, and each pf thein a right angle, or the lipe PG ^ 
perpendicular to ABf 




18 



SLBMENTP PV <fr£OMSTRT. 



PEQR VII. PEOB. 
To bisect a given finite straight line. 

Let it^be required to bisect the straight line AB| which 
IS terminatied hy the points A and B. Upon AB construct 
the two opposite isosceles triangles (1. 1.) ACB and ADB, 
and join their vertices C and D by a straight line cutting 
AB at the pomt B: the strdght line A6 is bisected in E. 

For the sides AC and AD of the triangle 
CAI> bebg respectively equal to BC and 
BD of the triangle CBD^ and tba side CD 
common to them both; these triangles 
(X. 2.) are equal, and hence the angle ACD 
or ACE is equal to BCD or BCE. Again, 
th<S mferior triangles ACE and BCE, having the side AC 
equal to BC^ G£ common, and die contained angle ACE 
equal to BCE, are (I, S.) equal, and consequently the base 
A£ is equal to BE. 




PEOP. VIIL THEOE. 

The e^cterior angle of a triangle h greater than 
either of its interior opposite angles. 

The exterior angle! ECF^ &rmed by pfodooing a side 
AC of tha triangle ABC, is 
greater than eilthar of the op- 
posite ikiterior. angles CAB 
and CBA. 

For bisect ^ side BC in 
the point D (I. 7.), draw AD, 
and jproduce it until D£ be 
equal to it, and join EC. 
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The^lriaQgles ADB sfnd EDO haye^ by cQQitractiolit the 
side j:>A equal to DE, tke side DSf to DC, aii4 (be vertical 
angle 3DA equal to CD£ ; tbe^ triangles are, tb^refore, 
equal (T. S.)f and the angle DC]pI is equal to DBA. Put 
since C^ must obvipus^ lie between CB and CF, the ex- 
terior angle BCF is greater tba|i DC^; it is consequently 
greater than DBA pr CBA. « 

Ip like manner, it n^ay be sbovrui tliat If QC be prddu* 
ced,, the exterior angle ACO is greater than the interior 
angle C4B. But ACQ is equal to its Tertiicdl angle BCF, 
aqd hence BCF must be greater than either of the interior 
angles CBi^ or CA^. 

Cor. Hence all the exterior angles pf a triaiigle are 
greater than the interior, and likewise greater than three 
fight angles. For each exterior with fts adjacent interior 
angle being equal to two right; angles, the exteripr angleg 
taken together ipust exceed the half of six right angles, 

PROP. IX. THEttR. 

Any two ajigles of e trmgle Are tO|pet;ber less 
than two right angles. 

The two angles B AC and 6CA of the triangle Al^C are 
together less #uj%iwo ti^t angles. 

For produce the cora^oii side AC. 
And, by the last propotttfon, the ex- * 
terior angle BCD is greater than 
BAC, add BCA to each, and the 
two angles BCD and BCA are greats tdan BAC and 
BCA, or BAC and ^A are together less thai! BCD bpd 
BCA, that is, less than two right angles (Def. 4). 

Car. Hence a triangle can only hare pne ri^t pr pb*. 
tuse aqgle^ its two remaining angle being always acute | 
wherefore that mgle angle nay serfe tpdesigqateliie tri- 
aogle. 
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PROR X. THEOR. 

The angles at the base of an isosceles triapgle 
are equal 

The angles BAG and BCA at the base of the isosceles 
triangle ABC are equal 

For draw (L 5.) BD bisectiiig the vertical angle ABC. 

Becaosef by hypothesis, BA is equal to 
BC9 the side BD common to the two tri- 
angles BDA and BDC, and the angles 
ABD and CBD contained by them are 
equal ; these triangles fire equal (L S.)f 
and consequently the angle BAP is equal 
toBCp^ 

<7ar. Hence e?ery equilateral triangle is also equiangular* 

PROP. XL THEORi 

If tw6 aiigles of a triangle be equal, the sides 
opposite to them are likewise equal. 

Let the triangle ABC have two equal angles BCA and 
B AC $ the opposite sides AB <md BC are also equal. 

For if the side AB be noteqpal to CB, )et it be equal 
to some portion CD, and join AD* 

Comparing now the triangles B AC and X)CAf the side 
AB is. by supposition equal to CD, AC is 
qommpn to both, and the contained angle 
BAC is equal to PCA; the two triangles 
(L 30 A^^> therefore, equal. But this con- 
clusion is manifestly absurd. To suppose 
then the inequality of AB and BC^ would 
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inrolve a oo&tradiction ; and ooosequetttly those sidetmiut 
be equal* 

Car. Hence every eqoiangukuf triangle is afab eqnSa* 
teraL • -J . • ' . ) ' 

Schol. By the application of this prcfXMdti^). the dis- 
tance of an object inaccessible on one ^e itaay ill Mpoe 
cases be measured. i , 



PftOl>. XIL THEOR. ' 

In any triangle, that angle is the greater which 
lies opposite to a greater side. 

If a side BC of the triangle ABC be greater than BA ; 
the opposite angle .BAC is greater than BCA. 

For make BD equal to BAj and join AD. The angle 
CAB is evidently grei^ter than DAB: 
but since BA is equal to BP» this angle 
DAB (1. 10.) is equal to ADBs and con- 
sequently CAB is grieater t^an ADB. 
Again, the angle ADB, being an exte- 
rior angle cf the triangle Ci^D, is (I. 8.) greater than 
either of the interior fugles ^^CP or ACB; wherefore 
the angle CAB is mudi greater than ACB. 



pftop. xiii. TtiEoik. 

That side of a triangle is the greater which sub- 
tends a greater angle. T 
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il^ in thftlrioilglef ABC» tbe dni^ CAB begSMter tftm 
ACB; its (^posite side BC is greatel- tbltn AB. 

FoTiif BC lie notfpisattff tlun AB, il most be eitber 
kqi{al or less than AB. But it cannot be 
eqiml tH ABy'bcqnse iht angle. CAB 
wolM tfieii be equal to ACB {L la) i 
iior can BC be less than A6» for then 
AB wotild be greater than BC, und con- 
sequently (I. 12;} the angle ACB would be gireater than 
CAB, or CAB less than ACB, which is absurd. The 
side BC being thus tieither equal to AB, nor less dian it^ 
must therefore be greater than AB. 

PROP. XIV. THEOR. 

A117 two Bides of a triangle are togeth^ greater 
than the third side. 

The two sidieft A^ and BC of the triangle ABC are td^ 
gether greater than the third si^ AC. 

For produce AB until DB be equal to the side fiC, 
and join CD. 

Because fiC is equal to BD, the angli^ BCJt) is eqttal to 
BDC (1. 10.); but the^ngte AC0 
is obviously greater tiian BCD, 
and therefore greater than BDC^ 
or ADC; consequently the oppo* 
site side AD is greater than AC 
(L IS.) ; and sincb AD is equal to 
AB and BD ; or to AB and BC, 
the two sides AB and BC are together greater than the 
third side Ac. 
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PROP. XV. THEOR. 




The (tiffereuce between any two sides of a tii-^ 
an^e is le98 thw the thinl 9ide« . 

t ■ ! 

: • r ' 1. .. • 

Let the side AC be greater than AB^ and from.it cut off 
a part AE equal to AB \ the remainder 
EC is less than the third side BC. 

For the two sides AB and BC are 
together greater than AC j[1. 14.); take 
away the eqaal lines AB and AE, and 
there remains BC greater than EC, or EC is less than BC. 

PROP. XVL THEOR. 

Two straight lines drawn to a point within a 
triangle from the extremities of its base, are* to- 
gether less than the sides of the triangle^ but 
contain a greater angle. 

The strafght IJnes AD and CD, projected from the ex- 
tremities of the base AC to a point D, within the triangle 
ABC, are together less than the>ides Afi an^ CB of the 
triangle, but contain an wgle ADC, which is grater than 
ABC. 

For produce AD to meet CB in E. The two udes AB 
and BE of the triangle ABE are greater 
than the third side AE (I. 14.) ; add EC 
to each, and AB, BE, EC, or the sides 
AB and BC, are greater than AE and 
* EC. But the sides CE and ED of the 
. triangle DEC are (I. 14.) greater than 
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' JbC» and Gonseqaently CE, ED, together with DA, or 
JCE and EA, are^ater than CD and DA. Wbetefore 
the sides AB and BC, being greater than AE and EC, 
ttrhitfir are itfaemselves gtre^tef than AD and DC, must be 
still greater than AD jpinid bO, ot the lines AD and DC 
are less than AB and BC, the sides of the triangle. 
' A^in,'the angle ADC, being the exterior angle df the 
triangle DCE, is greater than 1>EC (L 8.); and, for the 
same reason, DEC is greater than ABE, the opposite in- 
terior angle of the triangle EAB. Consequently ADO is 
still greater than ABE or ABC 

JPtlOP. ^Vli. THEOR. 

If straight lines be drawn from the same poinl 
to another straight line, the perpendicular is the 
ihdriek of them all ; the lines equidistant from it 
on both sides are equal j and those more remote 
are greater than such as are hearer. 

Of the straight lines CG, C% CD, and.CF drawn from 
a eiven point C to the straight line AB, the perpendicular 
CD is the least, the equidistant lines Cl^ and CF are 
equal, but the ren\oter line CG is greater than either of 
these iwo. 

For the right angle CDE, equal to CDF, is (1. 8.) 
greater than Uie interior angle CFD of the triangle DCF^ 
and consequendy the opposite 
side CF is (I. 13.) greaUi 
than CD, or CD is lless thaik 
CF. . ^ 

But if ED be equal to iFt), ^^ ^ ^ ^ 




CD being common to tteHwd tTkngkt EGP^i^^ FCD, 
apd tte <;ont4med BBgha Gl^ and CDF .^unl; tbese 
triangles .(.!• 3>} lore equalj,ai]^ qohseqaesiUy their bases 
C£ and CF are equal 

^ainy becaase.GCD is, a right«aogIi^. ttlaiigle, the 
angle CGDor CGE is (I. 9* car.) acute, and, Sir the same 
reason, the angle C£D of the triangle CDE is^a^Ute, and. 
conseguentlj itsadjaceyat angle C£G is obt^^et' : Where- 
fore C£G, being greater than a right angte, is still greater 
than CGE, and the opposite^ side CG must be greater 
(I. ISO tl^an CE. 

Cor. Hence only a single perpendicular CD can be let 
&11 from the same point C upo^ a given straight line AB; 
ahd hence also a pair only of equal straight lines greater 
than CD c»^ at once be eicten^jed from C to AB, making 
on the same side, tiie one an obtuse angle C£A, and the 
other an acute angle CFA. As the distance between two 
points, or the shortest communication, is the straight line 
which joins them ; so the distance from a pooit tQa straight 
line is the perp€ln£culat let fall upon iU 

PROP. XVIII. THEOR. 

if two sides of one triangle be respectively equal 
to those of another, but contain a greater angle ; 
the base also of the former will be greater than 
that of the latter^ 

In die triangles ABC and DEF, let the sides AB and 
BC be equal to BE and EF, but the angle ABC greater 
than DEF I then is the baa^ AC likewise greater than DF. 
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For, toppb«e AB one of tlieiidei to be not gfMer than 
the other ride BC or £F; draw BO eqttal to EF, imd (L 4.) 
making an an^ ABO equal to DBF, jmfi AO and OC. 

Becaase AB and BO are equal to DE and EF, and 
their contained angle ABO k e^oal to DEF ; the trtanglea 
ABO and DEF (I« S.) are equal, and therefiMre have equal 
iNues AO and DF. 

Now, let the triangles ABC and DEF be Isosceles^ 
Since, by hypothesis, the side 
AB is equal to iBC, the an- 
gle BAG (I. 10.) is equal to 
BCA ; but (I. Bk) the angle 
BHC is greater thaa the in- 
terior angle BAH or BCH, 
^d consequently (I. 19.) the side BC or BO is greatet 
than BH, or the point O lies beyond H.- 

NeitC, suppose the side 
BC or EF to be greater 
ihanABorDE. Where- 
fore (1. 12.) the angle BAG 
is greater than BCA; but 
(I. 8.) the exterior angle 

BHC of the triangle ABH G C b 

is greater than BAH or BAC, and hence still greater thdn 
BCA or BCH; consequently the side BC or EF is (I. IS.) 
greater than BH. 

In every else, therefore, the point G must lie b^ow the 
base AC. But the triangle GBC being isosceles bf con- 
struction, its angles BGC and BCG (f. 10.) are equal. 
Wh^ce the angle AGC, being greater than BGC or 
BCG^ which again is greater than ACG, mittt be stiH 
greater than ACG ; and therefore the opposite dde AC is 
(1. 13.) greater than AG or DF. 
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FRQP. XIX. THEOJR. 

If two dideg of 6n6 triangle be reBpectively 
equal t6 those of another, but stand on a greater 
base ; the angle contamed by th^ former will be 
likewise greater than what ifl. contain^ by the 
latter. 

Liet the tirmngle^ ABO and DEF baye the odes AB and 
BC equal to D£ and EF, but the base AC greater than 
i)F; the vertical angle ABC is greater than D£F. 

For if ABC be not greater that! the angle DEF» it must 
rither be equal or less. But it 
cannot be equal to DEF, for 
the sides AB, BC being then 
eiual to DE, EF, and eonAin- 
ing equal angles, the base AC 
would (I. S.) be equal to DF, which n contrary to the 
hypothesis. Still more absurd it woald be to suppose the 
angle ABC less than £)EF, since the triangles BAC and 
EDF, having their sides AB, BC equal to DE> EF, but 
the contained angle ABC less than DEF, or DEF great- 
er tiban ABC, the base DF would, from the preceding 
propositiout be greater' than AC, or AC would be less' 
thanDF. 

tROP. X5i. THEOft. 

Two tnangleii are equal, which have two angles 
and a corresponding side in the one respectively 
equal to those in the other. 
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Let the triangles ABC and t>lEF have the angle BAC 
equal to EDF, thtt aiigle tJCA to EtD, and a aide of the 
on^ equal to a side of the other, whether it be inteijacent 
or opposite to those equal angles; the triangles will be 
equ&I. 

l^irst, let the eqtial sides be AC and DF, Which ate in- 
teijacent to the eqoal angles in bodbi triangles* Apply the 
triangle ABC to DEF j the point A being laid on D, and 
the straight line AC on DF, the other extremities C and 
P must coincide, since those lines 
ate equal. And beiSause the angle 
BAC is equal to EDF, and the 
side AC ii applied to DF, the 
other side AB must lie along DE; 
and, for the same reason, the an«- 
gles BCA and EFD being equal, tht side CB mttdt liiS 
along FE. Wherefore the poiftt B, which is common to 
both the lines AB and CB, will be found likewise in both 
DE and FE; that is, it must fall upon the corre^pondipg 
vertex E. The two triangles ABC and DEF, thus ma- 
tqally adapting, are h«ice entirely equaL 

Next, let the equal sides be AB and DE, which are op- 
posite to the equal angles. BCA and EFD. The triangle 
ABC being laid on DEF, the sides AB and AC of Ae an- 
gle BAC will apply to DE and DF, 
the sides of the equal angle EDF ; 
and since AB is equal to DE, the 
points B and E must comcidq; but 
by hypothesis, the angles BCA and 
EFD being equal, BC must adapt lUelf to EF, for other- 
wise one of those angles becoming the exterior angle b£a 
secondary triangle, would (I. 8.) be greater than the other. 
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Whence the triangles ABC, DEF are entirely coincident, 
and have those side^ equal which subtend equal angles. 

SchoL By the application of the first case, where the 
sides lying betwften the equal angles are equals the distance 
qf an inaccessible object can be xpeasur^d ii| $S\ Wi&^ 



PROP. XXI. THEOR. 

Two triangles are equal if two sides and a cor- 
responding opposite angle be equal in both, and 
the other opposite angles have the same character. 

In the triangles ABC and DEF, let the side AB be 
equal to DE, BC to EF, and the angles BAG, EDF, 
opposite to BC, EF, be also equal ;. the triangles them- 
selves are equal, if the other angles BCA and EFD oppo- 
site to AB and DE be of the same character, or at once 
right, or adute, or obtuse. 

For, the triangle ABC being applied to DEF, the an- 
gle BAC will adapt itself to EDF since they are equal ; 
and the point B must coindde with E, because the side 
AB is equal to DE. But the other equal sides BC and 
EF, BOW stretching from the same 
point E towards DF, must likewise 
coincide ; for if the angle at C or F 
be right, there can exist no more 
than one perpendicular EF (I. 17. 
cor.) ; and, in like manner, if this angle at F be either 
obtuse or acute, the line EF, which forms it, can, for 
the lame reason, have only one corresponding position. 
Whence, in ^fich of these three cases, the triangle ABO 
admits pf a perfect adaptation with DEF. 




so EipEMEN*^ Q9 GEOUSTax. 

PROP. XXII. THEOR. 

If a straight line fall upoq two pafaMel fiftraigfat 
lines, it will n^alce Ibe sdtertiate angles equal, the 
exterior angle equal to the interior opposite one, 
and the two intericM* angles cm the «ame side to^ 
gether equal to two right angles.. 

^ Let Oie straight line TEJ^ fall upon the paraBds AQ 
and QD ; the allernate angles AGF and DFG are equal, 
the exterior angle lEJpC is equal to the interior angle EGA9 
and the interior angles CFG and AGF on the same side 
are together equal to two right angles. • 

For conceiye a straight line, produced both ways from 
F, tp turn abopt that point ; it will first cut the extended 
line AB above G towards A, and will in i^ progress a& 
terwards meet this line on the other side belpw G towarda 
B. In the former position IFH, the angle £FH is the 
exterior angle of the triangle FH0, and therefore greater 
than FGH or EGA (|. 8.) But in the latter position 
LFK, the exterior angle EFL is equal tp its vertical aqgle 
GFK in the triangle FKG, and to 
which the angle FGA is exterior ; 
consequently (I. 8.) FGA is great- 
er than EFL, or the angle EFL is 
less than FGA or EGA, When 
the incident line EFGj thereforci 
meets AB above the poipt G, it 
makes an exterior angle EFH 
greater than EGA; and when it 
meets AB below that ppint, it 
makes an exterior angle EFLy which is less than thie same 
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angle* But in the tratisitiou from greater to ku, a vary- 
ing magnkude nmst evidently pass through the iaterme- 
diata linutof equality. Whence there is a single posi- 
tion CD, in which the lino rtevdviag about t% p^int V 
makes the exterior angle EFC equal to the interior EGA, 
and at the same instant of time neither meets AB towards 
the one part or the other, and is therefore parallel to it. 

And now, since EFC is proved to be equal to EGA, 
and is also equal to the vertical angle GFD. ; the alternate 
angles FGA and GFD are eqiial. Again, because GFD 
and FGA are equal, add the angle FGB to each, and the 
two angles GFD and FGB are.equal to FQA and FGB; 
but the angles FGA and FGB, on the same side of AB^ * 
are equal to two right angles, and consequently the inte- 
rior angles GFD and FGB are likewise equal to two right 
angles. 

Cor. Since CD has an individual position, or only one 
straight line can be drawn through the point F parallel to 
AB, it follows that the converse of the propo^iticm is like- 
wise true, and that those thfee properties of parallel lines, 
are so many criteria for the distipguishing of parallels. 

PROP. XXIII. PROB; 

Through a given point, to draw a straight line 
parallel to a given straight line. 

To draw, through the peint C, a straight line parallel 
loAB. 

In AB take any point D, join CD, 
and at the point C make (I. 4.) an an- X. ' ^ 

gle DCE equal to CDA ; the line CE ^^ 

is parallel fo AB. i^ » B 
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For tke angles CDA and DCE, thus fonned equali are 
the alternate angles which CD makes with the straight 
lines CE and AB, and tfaereforei by th^ corollary to Uie 
last proposition^ t^ese lines ave parallel. 



PROP. XXIV. THEOB. 

Parallel lines are equidistant, and equidistant 
straight lines are parallel. 

The perpendicdlars EO, FH, let fkll from any points 
E, F in the straight line AB, upon its parallel CD, are 
equal i and if these perpendiculars be equal, the straight 
lilies AB and CD are parallel. 

For join EH : and because each of the interior angles 
EGH and FHG is a right angle, they are together equal 
to two right angles, and consequently the perpendiculars 
EG and FH are (I. 22. cor.) 

parallel to pach other; where- '^ ^ ■ ^ 

fore (I. 22.) the alternate an- 
gles HEG andEHF are equal. ^ — 
But, EF being paraUel to GH, 
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the alternate angles EHG and HEF are likewise eqnal ; 
anjd thus t\\e two triangles HGE and HFE, having the 
angles HEG and EHG respectively equal to I]HF and 
HEF, and the side EH commpn to both, are (I. 20.) e- 
qual, and l^enee the side EG is equal to FH. 

Again, if the perpendiculars EG and FH be equal, the 
two triangles EGH and EFH, having the side EG equal 
to FH, EH common, and tl^e contained angle H£)G equal 
to EHF, are (I. 3.) equal, and therefore the angle £HG 
equal to HEF, and (I. 22.) the straight Un^ AB parallel 
to CD. 




BOOK 1. 53 

PROP. XXV. THEOR. 
The opposite Bides of a rhomboid are parallel. 

If the opposite sides AB^ DC, and AD, BC of the quit- 
drilateral figure ABCD be equal, they are likewise parallel 

For dtfLvr the diagonal ACt And because AB is e^al 

to DC, BC to AD, and AC is com- j^ ^ 

mon to the two triangle^ ABC and 
.ADC; these triangles are (I. 2.) 
equaL Consequently the angle 
ACD is equal to CAB, ac^d therefore the side AB of the 
rhomboid is (1. 22. cor.) parallel to CD ; and, for the $aroie 
reason, the angle CAD being equal to ACB, the side AD 
is parallel to BC. 

Cor. Hence the angles of a square or rectangle are all 
pf them right angles; for the opposite sides, being equal 
by hypothesis, are parallel ; and if th^ angle at A be right, 
the odier interior one at B is also a right angle (I. 22.), 
and consequently the an^es at C and D, opposite to these^ 
are also right angles. On this proposition depends the con- 
struction of the instrument called in tactical Geometry 
p Pardlkl Bukr. 

PROP. XXVI. THEOB. 

The opposite sides and angles of a parallelo- 
jgram are equal. / 

Let the quadrilaterid figure ABCD have the sides AB 
and BC parallel to CD and AD ; these are respectively 
equal, and so are )ikewTse the opposite angles at A and C, 
and at B and D. 
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For join AC, Because A6 is parallel to CD, the al- 
ternate angles BAG and ACD are {h S2.) equal; and 
since AD is parallel to BC, the alternate angles ACBand 
CAD are hUo ^vM. Wher^ 
fore the triangles ABC and ADC, 
liflTing the ai%le# CAB and ACd 
^ual to ACD and CAD| and the 
interjacent side AC tottkmm to h&d^ ari^ (L S(^) tqjosl. 
Consequent!/, the side AB is equal tp Cl>, and the side 
BC to AD ; and these opposite sideri of the Irfaombokl fee- 
ing thus equal, the opposite ailgles (L 25.) tmist be l&e- 
wise equal. ^ 

Cot. HeUM the diagonal ditides h rhomboid at patid* 
lelograth into t#d equal triangles* 



PROP. XXVII. THEOR. 

If the parallel sides of a trapezoid be equal, 
the other sides are likewise equal and paralleU 

Let the sides AB and DC be equal and parftliel^ the 
other sides AD and BC are also equal and parldk!* 

For di*aw the diagonal AC. Because AB is parallel to 
CD, the alternate angles CAB and ACD are (1. 22.) equal ; 
and the triangles ABC an^ ADC, having the side AB 
equid to CD, AC common to both, /^ 

und the contained angle CAB equal 
to ACD, are, therefore, equal (I. 3.). 
Whence the side BC is equd to A A ^ ^ 

and the angle ACB equal to CAD ( but these angles bsiiqg 
alternate, BC must be parallel to AD (L 22. c6r») - 
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pttOlP. XXVilL THEOH. 

' Ijittfei pLtiUkl to the same stridght line, are pa- 
t^dleltoeabhetbeh 

If the straight line AB be parallel to CDj ahd CD pa- 
rallel to EF; then is AB parallel to EF. 

i^r lefc antxvigbt line GK ciUt th^i 
linesu 

Atid bedaiiie AB U patallel id CDj; 
*die«tttrior Jingle GIA is eqbal (L M^ 
to the interior GKC ; and since CDb 
pmlM toEFyihiiftngle.GKC is^ for. 
ihe saih^ rteson^ equal to GLE. There^ ■ 
fore the an^Ie GIA iiei|ual to GLE, ud <«ohbeqiiientty 
AB is ^if&Uel td lEF (L 22. eor.) 




PROP. XXIX. THEOR. 

Straight lines drawn parallel to the sides of an 
an^e^ contain an equal angl^* 

If the straight lines AB| AC be pa-^ 
ndlel to DE, DF; the angle BAC is 
equal to EDF. 

For draw the straight line GAD 
fthro|ig|bi, the Tertices. And since AC 
is parallel to DF, the exterior angle 
GAC is (I. 22,) equal to GDF; and, 
for the same reason, GAB is equd to GDE; there con- 
sequently reniains the angle BAC equal to EDF. 
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PROP. XXX. THEO». 

An exterior angle of a triangle is equal to both 
its opposite interior angles, ^nd all the interior 
angles of a triangle are together equal to two 
right angles. 

The exterior angle BCD, fermed by the production of 
the side AC of the triangle ABC, is equal to the two op- 
posite interior angles CAB and CBA, and all the interior 
angles CAB, CBA and BCA of the triangle are together 
equal to two right angles. 

For, through the point C, draw (L fiS.) the straight 
line C£ parallel to AB. And, AB being parallel to C£, 
the interior angle BAC is (I. 22.) equal to the exterior 
one ECD ; and, for the same reason, the alternate at^f^ 
ABC is equal to PCE. Wherefore the 
two angles CAB and ABC are equal 
to DCE and ECB, or to the whole ex« 
terior angle BCD. 

Again, to this exterior angle BCD, 
and to the two interior angles. CAB and ABC, add the 
adjacent angle BCA, and the angles BCD and BCA on 
the same side of the straight line AD, that is, two right 
angles, are equal to all the interior angles of the triangle 
ABC> 

Cor. 1. Hence the two acute angles of a right angled 
triangle are together equal to one right angle ; and hence 
each angle of an equilateral triangle is two-third parts of 
a right angle. 

Cot\ 2. Hence if a triangle have its exterior angle, and 
one^of its opposite interior angles, double of those in an* 
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other triangle; ltd remaining opposite interior angle will 
also be double of the corresponding angle in the other. . 

Sch(d. On the second corollary depends the construc- 
tion of that invaluable reflecting angular instrumenti called 
Hadley's quadrant or sextant. 



PROP. XXXI. THEOR, 

The interior angles of any rectilineal figure are 
together equal to twice as many right angles (a- 
bating four from the amount) as the figure has 




f^or assume a point O within the figurei and draw 
straight lines OA, OB, 0C| OD^ and OE, to the several 
corners. It is obvious^ that the figure is thus resolved in- 
to as many triangles as it has side^ 
and the aggregate angles must, by the 
last proposition, be equal to twice as 
many right angles. But the angles at 
the base^ of these triangles constitute 
the internal angles of the figure. Con- 
sequently, from the whole amount, there is to be deducted 
the vertical angles about the point O, which are (Def. 4.) 
equal to four right angles. 

Cor. Hence all the angles of a quadrilateral figure ar^ 
equal to four right angles, those of a pentekteral figure 
equal to six right angles, and so forth ; increasing the a- 
mdunt by two right angles, for each additional side. — ^The 
same conclusion is derived from the successive application 
of triangles, by which the figure, at each accession^ has 
the number of its sides increased by one, and the amount 
of its interior angles augmented by two right angles. 
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PROP. XXXII. THEOR, 



The exterior angles of ^ rpctUweal %ure ai^ 
together equal to four right angles. 

The exterioY angles DEF, CDG, BGH, ABI, and 
EAK of the rectilineal figure ABODE ar^ taken together 
equal to four right angles. 

For each exterior angle DEF, with its adjacent Interior 
one AED, is equal to two 
right angles. All the exterior 
angles, therefore, added to the 
Ulterior anglea, are ^qual to 
twice as inany rigkt angles as 
the figure has sides. Cons^ 
quently the exterior angles 
are equal to the four riglit an- 
gles which, by the Proposition 
immediately preceding! ^^e 
abated, to form the 9ggtee^ of the interior apgles. 

Cor. If the figure has a re-entraflt an^^e BCD, the an- 
gle BCK whidi OQCurs ip pla<^ 
of an exterior an^le, mqst be 
subducted in forming the a- 
mount s for the corresponding 
interior angle BCD, in this 
case, exceeds twQ riglit angles 
by the angle BCK. Hence 
the angles EFG, DEH, GDI, 
ABL, FAM, diminished by 
BCK, are equal to four right angles. 
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SehoL The amount of the exterior angles might be de* 
duced from the suecefisince dafleoCions whioh a side would 
make before it has returned to its first position. Thiis^ in 
the first case, AF makes a complete cireulti changbg into 
the positions £6» DH, CI, BK, and finaQjr Into AF again. 
But, in the second case, AG, after making similar deflec- 
tions, turns badcwards at C from the positfon dK to CLr 



PROP. XXXIIL THEOR. 

If the opposite angles of a quadrilateral figure 
be equal, its opposite sides will be likewise equal 
and parallel- 
In the quadrilateral figyre ABCD, let this angle fit B 
be equal to the opposite o^e at D, ^nd th^ angle at A 
equal to that at C; the sides AB and BC are equal and 
parallel to DC and DA- 

For al} the angles of the figure being equal to four right 
aQgl^ (L 31 . cor.), aj9d the opposite angles being mutually 
f^ual, each p^irof adjacent angles 
must be equal to two right angles. 
Wherefore ABC and BCD being 
equal tp two right angles, the -A. 5 

lines AB and DC (I. 99* cor.) parallel ; for the same rea- 
son, ABC and BAD being together equal to two right an- 
gles, the sides BC and AD, whiqh limit them, are parallel. 
But (L 26.) the parallel sides of the figure are also equal. 

Ott. Hence n qftairUatmi figure conteined by right 
angles has its opposite sides equal and parallel. 
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PkOP. XXXIV. PROB. 

. ^o draw a perpendicular from the extremity o^ 
a* given straight line. 

.. From the point B» to draw a perpendicalar to AB^ 
without producing that line. 

In AB take any point C, and on BC (I* 1. coir.) d€* 
scribe an isosceles triangle BDC» produce CD till DF te 
equal to it; and BF being joined^ is the perpendicular re^ 
quired. 

For, since by conistruction DFis equal to CD or BD| 
the triangle BDF is isosceles, and (I. 10.) the angle DBf 
equal to DFB; whence the angle CDB, 
being equal (I. 30.) to the interior angles 
DBF and DFB, is double of DBF, or 
the angte DBF is hdlf of CDB. But 
the triangle BDC being isosceles, the 
angle CBD is equal to BCD ; consequently the angles ' 
DBF and DBC lire the halves of the vertical and base an* 
gles of BDC, and therefore (1. 30.) the whole angle CBP 
is the half of two right angles, or it is equal to one right 
angle. 

Scfiol. This problem, of which the construction may be 
slightly modified, is often mor6 cohi^enieiit in practice thaii 
the one given in the cbroHary to Prop. 5. of this Book. 

i?ROl^. iSXXV. PRO^. 

On a given finite straight line, to conbtru&t a 
square, '^ 

Let AB be the side of thte square which it is required to 
construct. 
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From the iSKtremity B dr^w^ by the last proposillon» 
BC perpendicttlar h6 BA and equal 
to it, and, frokn the points A and C 
' witiLthe distance A6 or CB describe " 
t«ro circles intersecting each other in 
the point D, join AD and CD ; the 
quadfilateral figure ABCD is the 
square required. . 

For, by this construction, the figiire has all its sidfs 
equal, and one <^ its angles ABG a right angl^ whidi 
oomprehends the whole definition of a square^ 




PROP. XXXVL PRO6. 

To divide & givieh Straight line iiito any number 
x)f equal parts. 

Let it be required to divide the straight line AB into ^ 
giveii number of equal parts, suppose five. 

^roiik the point A and at any 
oblique angle With AB, draw a 
straight line AC, in which take the 
portion AD, and repeat it five times 
froin A to CH, join CB, and from th^ 
several points of section D, E, F, 
and G, draw the parallels DH, EI, 
FK, and GL, (I. 2S.) cutting AB 
in H, I, K, and L i AB is divided at thesis points into 
five equal parts. 

For (I. 23.) draw DM, ISN, FO, and GP parallel to 
AB. And because DH is parallel to EM» the exterior 
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«Dg^ Af>E( is eqad to D£M(L S9.)( aiid» far the same 
reason^ since AH is pafdld to DM» iht angle DAH 
is equal to EDM. Wherefore the trun^es ADH and 
P£M| having two angles respectively equal and the inter- 
jacent sides AD} DE-^are (L SO.) equal, and conseqncnU 
ly AH is equal to DHL In the same mepneri the tri* 
angle ADH is proved to be equal to EFN, to F60, and 
GCP; and therefore their bases, EN, FO, aqd OPave 
all equal to AH. But these lines are eqnal to HI, IK, 
KL, and LB, for the opposite sides of parallelograms are 
equal (I. 26.). Wherefore the several segments AH, HI, 
IK, KL, and LB, into which the straight line AB is di- 
vided, are all equal to each other. 

Sdkolium. The construction of this problem may be 
facilitated in practice, by drafting from B in the opposite 
direcdon a straight line parallel to AC, and repeating cm 
both of them portions equal to the assumed segment AD^ 
but only four times, or one fewer than the number of di- 
visions required i then joining D, the first section of AC, 
with the last of its parallel^ £ with the nejct, and so on till 
G, which connecting lines are (I. 27.) all parallel, and con- 
sequently the former denionrtration stiU holds. 
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DEFINITIONS. 

1. In a right-angled triangle, the side that subtends the 
right angle is termed the hypotenuse; either of the sides 
which contain itj the bases and the other side iSa^perpen^ 
dicular. 

2. The dUUude of a triangfe If ^ 
a perpendicular let fall from the y/^ \ y^l 
Vertex upon the base or its eas ^ I \ y^ / 



tension. 

8, He aUitu^ of <i trapezoid ia the 

perpeDdicuIar drawn from ow of its / \ 

paraUel sidcss tQ (be other. 

:^. The e^n^lements of rfaomboids about the diagonal of 
athombcMdt are tHe i^aoes required to 
oosupbte the rhomboid $ and the defect / \^// 
of each rhomboid from the whole figqreji i<<^^J — ' 
ia termed a g9iomo». 
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5. A rhomboid or rectangle ig said to be contained by 
any two adjacent sides. 

A rhomboid is often indicated merely by the two letters 
placed at opposite comers. 

PROP. 1. THEOB. 

Triangles which have the same altitude, and 
stand on the same base, are equivalent. 

The triangles ABC and ABC which stand on the same 
base AC and have the same altitude, contain equal spaces. 

For join the vertices ]% D by a straight line, which pro- 
duce both ways $ and from A draw AE (1. 28.) parallel to 
CB, and from C draw CF parallel to AD. 

Because the triangles ABC, ADC have the same altitude, 
the straight line £lF is parallel to AC (L 24.), and conse- 
quently the figures CE and AF 
are parallelograms* Wherefore 
£B, being equal to AC (I. 260 
which is equal to DF, is itself 
^qualtoDF. Add BD to eacti, 
and ED is equal to BF; but EA is equal to BC (I. 26.}, 
and the interior angle AED is equal to the exterior angle 
CBF (I. 22.). Thus the two triangles EDA, BFC have 
the sides ED, EA equal to BF, BC, and the contained 
angle AED equal to CBF, and are therefore equal (L S.). 
Take these equal triangles CBF and EDA from the 
whole quadrilateral space AEFC, ttiid there remains the 
rhomboid AEBC equivalent to ADPC. Whence the 
triangles ABC and ADC, which are the halves of these 
rhomboids (I. 26. cor.), are likewise equivalent. 

Cor. Hence rhomboids on the same base and betweoi 
the same parallels, are equivalent. 
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T^smgles which have the same altitu^i^^ .^d 
stand on equal bases, are e^ivalent, : <> ^ r 

, The triangles ABC, DEF, standing on equal, basfe^ ^C 
^d DF and having the sape altitude* contain ^ual ipace% 
For let the b^ses ACj DF' be placed in, tt^e ,saip^ 
straight line, join BE, and produce it both wajr^ 4rfw 
AG and DH pijfallel to ^^B aad F^ il- ?».) pndrjoin 

!ah.c& ..'• '^ . ;. .♦; .; ,• 

Because the.trjangles ABC, DEI] are of equal, altitode, 
GE is parallel to AF (I. 24,), ai^ QC, HF are parallelo- 
grams. But AC, being equal to 
DF, and DF equal (1. 3.6.) to 
HE, must also be ^ual to HE, 
and therefore (I. i27«) A£ is 
a rhomboid or parallelogram* 
'Whence the rl^omboid GC is equivalent to AS (IL 1* cor.), 
and this again is, for tii^e sanfe r^ason^ equivalent to HFj 
consequently GC is equivalent to HF, and therefore theif 
halves or (I. 26^ cor.) the triangles ABC and PEF are 
equivalent 

C&r. 1. Hence rhomboids on equal bases and between 
the same parallels, are equivalent. 

Car. 2. Hence triangles Which Have the same vertex, 
ai|d equal bases i^ the extension of the same straight line, 
are equivalent ; and hence straight lines drawn from the 
vertex of a triangle to equal sections of the base, will like- 
wise divide it mto equivalent triangles. 
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tIkOP. UL THEOE. 

' !fiqtdvaleiit triangles on ihe same 6r equal bases, 
have the same altitude. " 

'if the tfiangled ABC and ADC, itdAdlng on the same 
btiie ACi contain equal spaces, they har^ the 6ame althode, 
br the straight Kne BD* which joins theiif vertices is paral- 
M'to AC. ■ .',;'/'*•, , '' "' 

For if BD be nbt t)ara)lel to AC,' draw from B a pai^ld 
BE meeting AD or that side produced, in E, and Jotn C^. 

Biecause BE is made parallel to AC, the triangle ABC 
is(iL I.) eqnlfalent to' AfeC; but 
ABC is by hypothesis e^quitalent itd ^ 
ADC, ahd therefore AEC is equivalent 
to ADC, which is absurd. The sup^ 
position then that BD iS' not parallel 
to AC involves a contradiction. 

Hie same mode of demonstratibh,' it is obvious. Will 
apply in the case t^ere the equivalent triangles i§tahd on 
equal bases. ' ' 

Cor. Hence equivalent rhomboid trd the Mme tt ^(jttA 
bases, have the same altitude; 

PROP. IV. PROB. 

To find a triangle equivaletit td any tectfflildal 
figure. 

Let it be required to reduce the five^sid^ figure ABCDE 
to a triangle, or to find a triangle that shidl contain an 
equal space. 





Join any two alternate points A, C, and through the 
intermediate poiiil 'B| draw BFjpotallel to AC, meeting 
either of the adjoining sides A£ or CD in F ; which 

'^hit> ^ett tlte^atigle ABC is re-entrfitit^ wM Bdyhhin 

.tb6 iagure i J^A €F« Agaid, }oih 
the^ alternate points C, £, and 

/dii-ough th^lHterM^idtb pm'iii B 

-art# tlte pktAiA D6, to meet in- 
G either of the adjoining sides 
A^^r BC, Hthicb,' since the angle 

. CDE is salirat» musi fof that 
cflFect be produced j and join CG, Th6 triangle FCG is 
equivalttit to the five-sided figure ABcblDE. ' ^ 

Because the triangles CFA and CBA hive by construc- 
tion the same altitude and stand on the satiie base AC, 

*tlfey are (rE J.)feq6ivalentj take eiach of diem away from 
thb s^ace ACi>B^ '^hd- there rdmtihs' the quadrilateral 
figure FCDE equivalent to the five-sided figure ABCDE. 

'Again, beoiiisie the triangW CDE and GGE are equal, 

"littting the sanie aitjtnde and the same base j add the tri- 
'kh^eFC^t&tktbi and the triangle FCG is equivalent 
to the quadrilateral figure FCDE, and is consequently 
equivalent to the original figure ABCDE. 

In this manner ddy pol^gbniiiay^ by successive steps, 
be reduced to a triangle; for an exterior triangle such as 

fCDE, or an k«^ioir sach as ABC, Is always esrchanged 

/or tootlttr.eqaivsfteit we, Wht«»v allaehing itsaf to ei- 
ther of the adjoining sides, coalesces with 4:be i^t of the 
figure. 

i Sciol. This prrtd^m is of sihguhtr use ih practice, since 
It cmUgs the eimi^yor grfeally to Abridge his computations, 
by reducing at once any plan that he has delineated to an 
isqniinEilem triangle. 
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PROP. V, PBOB. 




A^ triangle is equivalent to a rhomboid whiQ)i 
has the same altitude, and stands on half the base. 

The triangle ABC is fqaiyalent to the rhomboid D£FC> 
which stands on half th^ b^se DC» bu( has the same alti- 
tude. 

For join BD and EC* The triangle A9P apd QQC 
having the same vertex and equal 
bases, are (II. 2. cpr. 2.) equivalent. 
But the diagonal EC bisects the 
rhpjnbpid DJEFC (I. 26. cor.), and 
t}ie triangles DBC and Uj^C, haying 
the same altitude, are equivalent (II. I,)) oonsequently 
their doubles, or the triapgle ABC and the rhomboid 
DEFC, are equivalent. 

Cor. Hence the area of a triangle is equal to half the 
rectangle contained und^r its base and its alti(iideT-&p|n 
which property is derived the in^psaratipn of apy recti- 
lineal figure. 

PROP. VI. PROB. 

To construct a rhomboid equivalent to a given 
rectilineal figure, ^d hs^ving ^n angle equal to a 
given angle. ' 

Let it be required to cons^uct a rhomboid which shall 
be equivalent to a given rectilineal figure, and contain an 
angle equal to Q. 
. Reduce the i*ectilineal figure to an equivalent triangle 
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ABC (II. 40, bisect the base AC in the point D (I. 7.), 
and draw DE (L 4f,) making an angle CDE equal to the 
giveR angle G, through'B draw BF parallel to AC (1. 2S.) 
and through C the straight line 
CF parallel to DE : DEFC is 
the rhomboid which was requi- 
red. 

For the figure DF is evidently 
by construction a rhomboid, containing an angle. CD]B 
equal to Gj and being equivalent (II. 5.) to the triapgle 
ABCj if therefore equivalent to the given rectilineal figure. 

PROP. VII. THEOR. 

The complements of the rhomboids about the 
diagonal of a rhomboid^ are mutually eq^uivalent 

Let EI and HG be rhomboids about the diagonal of 
the rhomboid BD; their complements BF and FD con- 
tain equal spaces. 

Fory since the diagonal AF bisects the rhomboid EI 
(L 26. cor.}, the triangle AEF is equal to AIF; and for 
the same reason the triangle FHC is equM to FGC, aoid 
likewise the whole triangle ABC is 
equal to ADC. From this triangle 
ABC on t^e one side of the dia- 
gonal, take away the two triangles 
AEF and FHC ; and from the equal triangle ADC on 
the other side take avTay the two triaQgles AIF and FGQ» 
and there remains the rhomboid BF equivalent to FD. 

Cor. The same property will obviously extend to the 
spaces 1^ on both sides of the diagonal by vhomboids 
any how oombiued. 
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PROP. VIII. PROR 




With a given straight line to construct a rhonl-' 
boid equivalent to a given rectilineal figure, and 
having an angle equal to a given angle. 

Let it be required to construct a rhomboid, containmg 
a given space, and having a side equal to the line L, and 
an angle eqiial to K. 

Construct (II. 6.) the rhomboid BF equivalent to the 
given rectilineal figure, and having an angle BEF eqtml 
to K } produce EF until FO be 
equal to L, through G draw D6C 
parallel to EB and meeting the /\^^^^ 
extension of BH in C, join CF ^^~-I-— 
and produce it to meet the exten- 
sion of BE in A; draw AD parallel to EF, meeting CG 
in D, and produce HF to I : FD is the rhomboid re- 
quired. 

For FD and FB are evidently complementary rhom- 
boids about the diagonal AC, and therefore (II. 7.) equi- 
valent ; and because AE and IF are parallel, the angle 
FID is equal to EAI (I. 22.), which again is equal to 
BEF or the given angle K. 

Schd^ This problem might also be solved by repeated 
operations ; each triangle, into which the rectilineal figure 
is divided, being successively converted into a rhomboid, 
having an angle equal to K, and placed on a line equal to 
Ly or on the summit of each preceding rhomboid. These 
rhomboids would evidently coalesce and fulfil the conditions 
required. The process is not so direct as when the figure 
was previously reduced to an equivalent triangle ; but it 
seems better adapted for the solution of another shnilar 
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problem— To constitute) under the same conditions^ a 
rhomboid eqairalent to the difference between two given 
%ure6. The smaller rhomboid is now placed below the 
summit of the other^ leaving the defect standing on t^^ 
original base. 

PROR IX. THEOR. 

A trapezoid is equivalent to the rectangle con- 
tained by its altitude, and half the sum of its pa- 
rallel sides. 

The trapezoid ABCD is equivalent to the rectangle con- 
tained by its aldtude and half the sum of the parallel sides 
BC and AD. 

, For draw CE parallel to AB (I. 23.), bisect ED (1. 7.) 
in F, and draw FG parallel to AB, meeting the produc- 
tion of BC in G. 

Because BC is ^eqoal to AE (I. 26.), BC and AD are 
together equal to AE and AD, or to twice AE with ED, 
or to twice AE and twice EF, that is, to twice AF; con- 
sequentlyAFishalfthesumofBC ^^ ^ ^ 

and AD. Wherefore the rectangle / /\/ 

contained by the altitude of the / { /> 

trapezoid Mid half the sum of its pa- JS 2" jd 

rallel sides, is equivalent to the rhomboid BF (XL 1. cor.); 
but the rhomboid EG is equivalent to the triangle ECD 
{II. 5.), add to each the rhomboid BE, and the rhomboid 
• BF is equivalent to the trapezoid ^BCD. 

Schol. Hence may be found the area of any rectilineal 
figure, referred to a given base j for it is equal to that of 
the aggregate rectangles under the meanW each pair of 
perpendiculars and the interjacent portion of the base. 

This proposition is of great use in surveying, smce it 



58 



ELEMENTS OV <«01fETRT. 



afarklgeft tlie inciMiirstion of dM irrqgnlav boidcn tdikSMf 

ing from the petit Vme to each MnMrkable flexure of the 
extreme boundary. 



PROP, X, THEOR. 

The square constructed on the hypotenuse of a 
right-angled triangle, is equivalent to the squares 
on the two sides. 

Let the triangle ABC be rightpangled at B; the square 
constructed on the hypotenuse AC is equivalent to BF 
and BI the squares constructed on the base and perpendi- 
cular AB and BC' ' 

For produce DA to K, and through B draw MBL pa- 
rallel to DA (I. 23.) and meeting FG produced in L. 

Because the angle CAK, adjacent to CAD, isr a right 
angle, it itf equal to BAF: from each of these take away 
the angle BAK, and there 
remains the angle BAC 
equal to FAK. But the 
angle ABC is equal to 
AFK9 both of them being 
right angles. Wherefore 
the triangles ABC and 
AFK, having thus two an- 
gles of the one respectively 
equal to those of the other, 
and the interjacent side AF 
equal by hypothesis to AB, 
are mutually equal (1. 20.), 

and consequently the siae AC is equal to AK. Hence 
the rectangular rhomboid AM is equivalent to the oblique 
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liBLK <IL S« covOl Pio^ ^<y <>trad on ^<^ bises AD 
and AK, and between the same pardUeb .DK and ML* 
B^t ABL^ i» (II. 1. ooTi) eqnivalent to the S(}uare rhom- 
lK>id QF» for it stands on the satne bale AB and bei^ween^ 
the aaaie parallela FL and AH» Wherefore the rectailgle 
AM is equivalent tp the squaare of AB. 

And in like sHMsneri by 4raWii^ MB to meet the pro* 
duction of HI, it may be pto^ed, that the rectangle CM' 
is equivalent to the square of BC. Conseqnendy the wbele 
square, ADEC, of the hypotenuse, being composed of the 
rectangles AM and CM, coiltains the same space as both 
the squates described on the two sides AB and BC. 
. QjT* Hence the sqUnre of a side AB of a right angled 
triangle, is equivalent to the.tec^ngle under the hypote- 
nuse ACusd the adjabent segment AN made by a perpen- 
dibular from the veiteat B« 

Sckpl. This proposition is deservedly the most celebra- 
ted of the whole SlementSi and serves as the main link for 
epjanj^eting Geometry ^ith the modern Algebra. The 
demonjBtration diay be variously modified ; but one of the 
simplest forms is that in which OK being joined, the fi-* 
gure CAKO is proved to be. square, and the rectangle 
NK equivalent to the rhomboid AL and to the square BF 
on the one side, while the remaining rectangle NO is equi- 
valent to the rhomboid CL and to the square BI on the 
other. 

PROP. XI. THEOR. 

If the square of tie side of a triangle be equiva- 
lent to the squares of both the other sides, that 
sid^^ubtends a right angle. 

Let the square described on AC be equivalent to. the 
two squares of AB and BC ; the triangle ABC is right- 
angled at B. 
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For draw BD perpendicular to AB (I. S4.) aild eqad 
to BC^ and join AD. , 

Because BC is equal to BD, the square of BC is equal 
to the square of BD, and consequently the squares of AB 
and BC are equal to the squares of AB and BD. Bat the 
squares of AB and BC are, by hypothesis, 
equivalent to the square of AC ; and since 
ABD is, by construction, a right angle, the 
squares of AB and BD are, by the preced- 
ing proposition, equivalent to the square of 
AD. Whence the square of AC is equal 
to that of AD, and the straight line AC equal to AD* 
The two triangles ACB and ADB having all the sides in 
the one respectively equal to those in the other, are there- 
fore equal (1. 2.), and consequently the angle ABC is equal 
to the corresponding angle ABD, that is, to a right angle. 

Cor. Hence the numbers S, 4, and 5, will express the 
sides and hypotenuse of a rigbtpangled triangle— a pro- 
perty which readily suggests another method of erecting a 
perpendicular at the extremity of a straight line ; for AB 
being made equal to any four parts, the point C will be de- 
termined by the intersection of circles described from A 
and B with radii equal to five and three of such parts; 

PROP. XII. PROB. 

To find the side of a square equivalent to any 
number of given squares. 

Let A, B, and C be the sides of the squares, to which 
it is required to find an equivalent square. 

Draw DE equal to A, and from its extremity £ erect 
(I. 34«.) the perpendicular £F equal to B, join DF, and 
again, perpendicular to this, draw FG equal to C, and join' 
DG : DG is the side of the square which was required. 
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For since DEF is a right-angled triangle, 
the square of DF is equivalent to the squares 
of DE and EF (II. 10.) or of the lines A and 
B. Add on both sides the square of FG or 
of C, and the squares of DF and FG, which 
are equivalent to the square of DG (II. 10.), - — ^^— 
are equivalent to the aggregate squares of ' 
A, B, and C. And, by thus repeating the process^ it may 
be extended to any number of squares. 

Cor> If four lines A, B, C, and D be all equal, it may 
be easily shown that the resulting line, or side of the qua- 
druple square, is double of each. 

PROP. XIII. PROB. 

To find the side of a square equivalent to the 
difference between two given squares. 

Let A and B be the sides of two squares ; it is required 
to find a square equivalent to their difierence. 

Draw CD equal to the smaller line B, from its extre- 
mity erect (I. 34?.) the indefinite per- 
pendicular DE, and about the cen- 
tre C, with a distance equal to the 
greater line A, describe a circle cut- 
ting DE in F: DF is the side of 
the square required* 

For join CF. The triangle CDF 
being right*angled, the square of its 
hypotenuse CF is equivalent to the 
squares of CD and DF(II. 10.), and consequently taking 
the square of CD from both, th.e excess of the square of 
CF above that of CD is equivalent to the square of DF, 
or the square of DF is equivalent to the excess of the square 
of the line A above that of B. 
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PROP. XIV* THEOR. 

The rectangle contained by two straight lines^ 
is equivalent to the rectangles contained under 
one of them and the s^reral sf^giaeiits into which 
the other is divided. 

The rectangle uncter AC and AB, is equivalent to the 
rectangles contained by AC, and the segments ADt DE, 
andEK 

For, through the poinU D and E| draw DF and EG 
parallel and equal to AC (I. 2S.). 

The figures AF» DO, and EH are evidently rbom- 
bcddal; they are ako rectangular, for 
the angles ADF, AEG, and ABH 



F G 



are each equal to the opposite angle 
ACF (I. 26.). And the opposite c — F a h 
sides DF, EG, and BH, being equal 
to AC,— the spaces into which the rectangle BC is resol- 
ved, are equal to the rectangles contained respectively by 
AC and AD, DE and EB. 

PROP. XV. THEOR* 

The square constructed on the sum of two 
straight lines, is equivalent to the squares of those 
lines, together with twice their rectangle. 

If AB and BC be two straight h'nes placed ocmtinoouB; 
the square erected on thdup sum AC, is equiiraient to the 
two aqoarcarf^f AB, BC, and twice the rectangle contained 
by them. 
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Fof through B draw BI (L 9S*) pmraUid to AI>» make 
AF equal to AB, and through F. draw FH parallel to D^. 

It is manifest that the spaces AG> GS9 D6 and CO| 
into which the square of AC fa diWd- 



edy are all rhomboidal i^id rectangii* ^ 



r- 



a 



lar. And because AB is equal to 
AF| and the opposite sides equal, 
the figure AG is equilaterali aiid ha- 
ving a right angle at A, is hence a -4.' i — 'C . 

square. Again, AD beipg. <Bqual lo 
AC, take away the equals AF and AB, and there remaipa 
DF equal to BC, and consequently IG ^ttd to GH 
(I. 26.) : wherefore IH is likewise a square* The rect- 
angle DG is contained by the sides FG and DF, which 
are equal to AB and BC $ and the rectangle CG is con- 
tained by the sides GB and GH, which are likewise equal 
to AB and BC. Consequently the whole square of AC is 
composed of the two squares of AB and BC, together 
with twice the rectangle contained by these lines. 

Cor. )f the two lines be equal, the square of iheli' sum 
will include four squares of each; the same property that 
was exhibited in the corollary to Prop. 12. 

PROP, XVI. THEOR. 

The square constructed on thie difference of two 
straight lines, is equivalent to the squares of those 
lines, diminished by twice their rectangle. 

Let AC be the difference of two straight lines AB and 
BC; the square of AC is equivalent to the excess of the 
two squares of AB and BC above twice they: rectangle. 

For let the squares of AB, BC, and AC be completed, 
and produce CE and DE the sides of the latter to H and I. 
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It 18 etident, that OE is eqinl toBL or the tqaare of BC; 
Co each add the intermediate rect* 
angle EB| and GC is equal to IL ; 
bat the rectangle under AB and 
BC is eqnal to the rectangle IL, 
which is also equal to DO. From 
the compound surface CAFOBKL, 
or the squares of AB and BC, take 
away the space DFGBKLC, or the 
rectangles IL and DO, that is, 
twice the rectangle under AB and BC, — and there re* 
mains ABEC, or the square of the difference AC of the 
two- lines AB and BC. 



PROP. XVU. THEOR. 



The rectangle contained by the sum and diffe- 
rence of two straight lines, is equivalent to the 
difference of their squares. 

Let AB and BD be two continuous straight lines, of 
which AD is the sum and AC the difference ; the rectan- 
gle under AD and AC is equivalent to the excess of. the 
square of AB above that of BC. 

For, having made AG equal to AC, draw GH parallel 
to AD (L 23.), and CI, DH, parallel to AE. 

Because GK is equal to KC or HD, and EG is equal 
to CB or BD, the rectangle EK is 
eqpal to LD (II. 2. cor.) ; and 
consequently, adding the rectangle 
BG to each, the space AEIKLB 
is equivalent tb the rectangle AH. 
But this space AEIKLB is the ex- 
cess of the square of AB above IL 



E 
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or the square of BC ; and the rectangle AH b oontamed 
by AD and DH or AC. Wherefore the rectangle under 
AD and AC is equivalent to the difference of the squares 
ofABandBC. 

Cor. 1. Hence if a straight line AB be bisected in C 
and cut unequally in D, the rectangle under the unequal 
segments ADj DB, together with the square of CD, the 
interval between the points of section, is equivalent to the 
square of AC, the half line. For AD ^ ^ ^ 

is the sum of AC, CD, and DB is evi- , ' h-+— 5 

dently their difference; whence, by the PropositicMi, the 
rectangle AD, DB.is equivalent to the excess of the square 
of AC abbve that of CD, and consequently the rectangle 
AD, DB, with the square of CD, is equivalent to the 
square of AC. 

Cor^ 2. If a straight line AB be bisected in C and pro* 
duced to D, the rectangle contained by AD the extended 
line, and its produced part DB, together with the square 
of the half line AC, is equivalent to ' the square of CD, 
which is made up of this half line and of the part produ- 
ced. For AD is the sum of AC, CD, ^ q ^ jj 
and DB i» their difference; whence ' ' ^ * 
the reclangle AD, DB is equivalent to the excess of the 
square of CD above AC ; or the rectangle AD, DB, with 
the squarjB of AC, is equivalent to the square of CD. 

Scholium. If, enlarging our views, we consider the dis- 
tances DA, DB of the point D from the extremities of AB 
as segments of this line, whether formed by internal or ej:^ 
temal section } both corollaries may be comprehended 
under the same enunciation. That, if a straight line be di- 
vided equally and unequally, the rectangle contained by 
the unequal segments is equivalent to the difference of the 
squaresof the half lineand of the interval between the points 
of section. ' 
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PROP. XVIIL THEOR. 



The sum of the squares of two straight Imes is 
equivalent to twice the squares of half their sum 
and of half their difference. 

Let AB» BC be two Qantinaoiu straight liuM^ D the 
middle poiiit of AC, and oootcqaentlj AD half the tomof 
diese lines and DB half thair diffiirenoe^ the squarai cf 
AB and BC ai^e together eqnivalflilt to twke the sqliare 
of AD, with twioe th^ sqaare of DB* 

For erect (I. 5.'cor.)theperpendiailarDEeqaal to AD 
M DC, join AE and EC, tbYough B alid F drkw (L SS.) 
BF and FO parallol to D£ and AC, and join AF. 

Because AD is equal to DE, the angle DAE (I; 10.) is 
equal to DEA, and since (I. SO. cor.) they make up toge- 
ther one right angle, eaeh of theni tnUst be half a right anF> 
gle. In the same manner^ the angles DEC and DCE of 
the triangle EDC are proved to be each half a right 
angle; consequently the angle AEC, composed of AED 
and CED, is equal to a whole right angle. And in die 
triangle FBC, the angle CBF being 
equal to CDE (I. 22.) which is a 
rigl4 angle, and the angle BCF being 
half a right angle-^the remaining an- 
gle BFC is alao half a right an^Ie 
(I. SO.), and therefore equal to the angle BCF ; whence 
(I. 1 1.) the side BF is equal to BC. By the aaoie reason- 
ing, it may be shown, that the right-angled triangle GEF 
is likewise isosceles. Wherefore, the square of the hy- 
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potenuse EF, which is equivaloit lo the BqaArcs of £G and 
GF (II/10.)» is equivalent to twice tbef iqvare of GE ox 
ofDB; and the square of A£» in tbl^ rightrangled tra« 
angle ADE, is equivalent to the squared i0f AD md Df^ 
or twice the square of AD. But ainoe ABF k i^ right 
angles the aqnafe of AF is equhnkni fo the sqUiirM df 
AB and BF or BC I and heeanse AEF is likewise a right 
m(^9 the square of the same line AF is ^qnivalent to the 
sqifeveaof A£ and EF, that ia, to twice thesquafr^^ AD 
•ild of DB. Cionsequendy the squares df AB, BC are to^ 
0Btfaer.eqttivakttt to twice the aqoxtres of AB and DBi'^^ 
. Ccnr. Henoe if a straight Kne AB be bifliMt^ in G and 
cut ukieqpiaBy' in D^ whether bjr ia# 
iimaaior£^€r»aj8ectioo^theaquare8 ^ 9P ? 
of th^uneqoal segments ADand DB ^. c p, n 
are tcgetber eqmvailent to twice the 
Square of the half line AC» and twice the square of CD 
the interval between the pointa of division. 



PROP. XIX. PROB. 

To cut a given straight line, such that the 
square of one part shall be equivalent to the rept- 
apgle contained by the whole line and the re- 
mwmigpart 

Let AB be the straight line which it is required to di- 
vide into two segmenU, BF and AF, such that the square of 
the one shall be equivalent to the reetan^e contained by 
Ae whole line and the other^ 
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Prddaoe AB tiH BC be equal to 
it» erect (L S-cor.) theperpendieu* 
lar BD equal to AB or BC, bkect 
BC in £ (1. 7.), join ED and make 
TEiF equal to it ; the sqaave of the 
segment BF it equivalent to the rectangle amtained by 
the whole line BA and its remaining segment AF. 

For complete the square BO (L S5.)»*inake BH equal 
to BF, and draw IHK and FI parallel to AC and BD 
(L 230 Since AB is equal to BD, and BF to BH ; the 
ren^ainder AF is equal ta HD : and it is fitfther evident^ 
that FH is a square, and that IC and DK are rectangles. 
But BC being bisected in E and prodoced to F, the 
rectangle under CF, FB, or the rectangle IC, together 
with the square of BE, is equivalent to the square of EF 
or of DE (II. 17. cor. 2.)- But the square of the hypote- 
nuse DE is equivalent to the squares of DB and BE 
(11. 10.) $ whence the rectangle IC, with the square of BE, 
is equivalent to the squares of DB and BE ; or, omitting 
the common square of BE, the rectangle IC is equivalent 
to the square of DB. Take away from both the rectangle 
BK, and there remains the square BI, or the square of 
BF, equivalent to the rectangle HG^ or the rectangle 
contained by BA and AF. 

Cor. 1. Since the rectangle under CjP and FB is equi- 
valent to the square of BC, it, is evident that the line CF 
is likewise divided at B in a manner similar to the origi- 
nal line AB. But the line CF is made up, by joining the 
whole line AB, now become only the larger portion, to its 
greater segment BF, which next forms thesmaUer portion 
in 'the new compound. Hence this peculiar division of 
any line being once obtained, a series of other lines, all 
possessing the same property, may readily be found, by 
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repeated additions. Thus, let AB be so cut, that the 
square of BC is equivalent to the rectangle BA^ AC : 
Make successively, BD equal to BA, DE equal to DC, £F 

AC B D E F Cr 

t '- i ' I ' r . ' " i ' ' ' — i • * . ' / ' i' " ' T . 

equal to BB^ and FG equal to FD ; the lines CD, BE, 
-DF, and EG, beginning in succession at the pointe C, B, 
D, and E are divided at the points B, D, E, and F, such 
that, in each of them, the square of the larger part is equi- 
valent to the rectangle contain^ by the whole and the 
smaller part.^— Even if the section of AB were assumed at 
first iaexaclr, this series b^combinatidns woftM^ktWays ap- 
proach to greater accuracy. 

The procedure might likewise be reversed. If FD, 
EB, and DC be made successively equal to FO, £F and 
DE, the lines DF, B% and CD will be divided in the same 
manner at the points E, D and & 

Cor. 2. Hence also the construction of another problem 
of the same nature ; in which it is' required to produce a 
straight line AB, such that the rectangle contained by the 
whole line thus produced and the part produced, shaU bcf 
equivalent to^die square of the line AB itself. For, by 
tMs proposition, divide AB in C, so 

that the redangle BA, AC shall, be ^~^^ » — - — i 

equivalent to the square of BC, and produce AB until BD 
be equal to BQ. Then, from what has been demonstra- 
ted, it foQows that the rectangle under AD and DB 
must be equivalent to the square of the whole line AB. 

H mU be corvoenient^for the sake of conciseness^ to design 
note in future this remarkable division qfalifie^ where tie 
rectangle uhder the whole and one part is equivalent to the 
square of the other^ by the term Medial Section. 
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PROP. XX. THiJOR. 

The square of the side of an isosceles triangle 
is greater or less than the sqiiare of a straight line 
d:i:awn from the vertex to tlie: lytK^ or its exten- 
sion, <by the rectangle containied under its inter- 
nal or external segment^. 

1. Jf BD be drawnfitM) ihevettgx, of the iso^cel^es tn- 
-a;ngle ABQ to a point X) m the bi^e; tfa« ^vare of AB 

^xpeedf, iChe. square of QDi by the rectaDg)^ under the Mg- 
ments AD, DC. 

For (1.7.) bisect the base AC in £;aDdJom BE. Be- 
icause tb^ triangles ABE and CBE have ; 
the sidei^ AB» AE equid to BC, C£» apd 
the side BE common* the; are equal 
(1. 2.), and consequently the correspoodiiig 
anises BEAf BEC aie equal, aud leec^ 

of thi9ni.(DQi^ *.) a nghtaugle, Where^ 

fqreiiu the triangle AEB>tbefiquareof the -^-^ ^ 
hylpptenus^ A0 i$ equivalf^t lo the iiquai^.of AE and 
BE (11. 10.) ; and since. AC lis cut ^Ualiy in E aiid im- 
equally in D, thesquereofAE is equivalent to the aifuHDe 
ofPE» (bcgether with the rectangles AD, DC (11. 17. cot. 
1.) ; consequently tbfe aquare of AB is eqAitalent. to the 
squares of BE and DE» together tdtktheredtangk AD| 
DC. But the square of BD is equivakiil.to the sqoarei 
of BE and DE (11. 10.) ; whence the square of AB is 
equivalent to the square of BD, together with the rectangle 
AD, DC. 

2. But the square of die straight line BD draws from 
the vertex to any pomt in the base produced, b greatar 
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tlittfiUlio s^iMM of AB by the v#oliiiigl6 ^^Mti^ed -jini^ 
AD md S€^ K^ externa ieg^ 
■^tt of the base. 

For dvmr BE^es before^ «o hi- 
sect the bate AG» The sqpisrs^r 
D£ is eqaiTslent to the square of 
iJ2».tdg«lftei! wkh th» veotsngfe 
▲D, DC, (JL 17. cor. 2L>| to 
eadi of thcaie add the afiiare of 
BE; and the squares efDE sfiid BE, tiiat is, iIm s^naie 
of BD (IL 10.), are equivalent to the squares of AS and 
BE, or the square of BA, together with the rectangle AD, 
DG. 

PROP. XXI. THEOR. 

^e difference between the squares of the sides 
of a triangle, is equivalent to twice the re^twgjle 
contained by the base and the distance of its 
middle point from the perpendicular. 

het the side AB of the triangle ABC be greater thaji 
BC J and, having let fall the perpendicular BE, and bi- 
sected AC in D, the excess of the square of AB abon^e 
that of BC is eqeiva}ent to twice the rectangle contained 
bj'the base AC and segment DE. 

For the square of AB is equivalent to the squares of AE 
and BE (IL lO.), and the square of BC is equiv^l^t tfr 
the squares CE and BE; wherefore,^ since the sqnamt.pf 
'^E occurs in both, the «cess of the square of AB aboire 
that of BC is equivalent to tb^ excess 
of t&e square of AE above that of CE« 
But the excess of the 9quare of AE 
above that of CE is (IL H.) equiv^ 
lent to the rectan^^c contaimd by their 
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mm AC and thdr diffimno^ which is endttdy the dou- 
ble of DE| the distance of the iHHot £ from the middteD; 
and oontequently the diflference between the squares of AE 
and CE, being equivalent to the rectangle contained by 
AC and the doaUe of DEy is equTaknt to twice the rect- 
angle under AC and DE. 

Cor. The difference between the squares of the sides of 
a triangle is equivalent to the diflBMrence between die 
squares of the segments of the base made by a perpendicoF 
Uur; a property likiBwise easily derived from the preceding 
propontion. 

PROP. XXn. THEOIL 

In any triangle, the sum of the squares of the 
sides is equivalent to twice the square of half the 
base and twice the square of the straight line 
which joins the point of its bisection with the 
vertex* 

Let BD be drawn from the vertex B of the triangle ABC 
to bisect the base ; the squares of the sides AB and BC are 
Ic^ether equivalent to twice the squares of AD and DB. 

For let fall the perpendicular BE (L 6.); and if the 
point D coincide with E, the triangle ABC ^ 

being evidently isosceles, the squares of AB 
and BC are the same with twice the square 

of AB, or twice the squares of AE and EB, 

orofADandDBClI. 10.). . ii. uk c 

But If the perpendicular iall upon C, the triangle is 
right-angled, and the squares of AB and ^ 

BC are then equivalent to the square of 
AC and twice the square of BC, or to 

twice the squares of the two halves AD >^ / IK 

isnd DCf with twice the square of BC ; 
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bitf, in the right-angled temtigle DEB, (II. 10.), twice 
the squares of DC and BC are equivalent to twice the 
square of DB, and consequently the squares bf AB and 
BC ^ve ef|uiyalent to twice'tbe squares of AD and DB. 

In every other case^ m^hether tlie perppndiciilar BE fall 
ivithin or without the base AC, the 
squares of AE, EC, the unequal seg- 
ments of AC are (XL 19. cor.) equiva- 
lent to twice the square of AD and twice 





the square of DE ; add twice the square 
of EB to both, and the squares of AE, 
£B and of CE, £B, or the squares of 

the two hypotenuses AB, BC are equi- __ 

▼alent to twice the square of AD, and 

twice the squares of DE, £B| that is, (IL 10.) to twice 

the square of DB«, 



PJIOP. X?ap. THEOB. 



The square of the side of a triangle 13 greater- 
9r lea3 than the squares of t^e base and the other, 
side, according as the opposite angle is obtuse or 
acute, by twice the rectangle contained by the 
base and the distance intercepted between the 
vertex of that angle and the perpendicular* 

In the oUique-angled triangle ABG, where the perpen- 
dicular BD faHs without the base ; the square of the side 
AB which subtends the oblique angle exceeds the squares 
6t the sides AC and BC which contain it, by twice the 
rectangle under AC and CD« 

For the square of AD, or the square of the Suni of AC* 



A 
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i^id CD « (U. 1&) ^vida)! tt» die iqmmi of dieie 1 

AQCDftogelberwilhtwk^di^imtaBgle. AddtolN^ 

lli^sqQur^of PB» And ibe fqasmdr AI^ 

DQ« or (IL 19.) the «Vmo of AB U 691H 

Yftkm; to the iqmm of«ACV ^nd the 

squares of CD, DB^ together nfth twice 

the rectangle A(5, CD; but the sqnans 

of CD, DB are (IL 10.) cquiTalent to the square of CB| 

whence the square of AB exceeds the iqwuMof AC» BC^ 

by twice the rectangk under AC end CD. 

Again, in the acute-angled triangle ABCf where <he 
perpendicular BD fidls within the Iritfiglei 
the square of the side AB that subtends die 
acute angle is less than the squares of die 
containing sides AC, BC, bjr twice the reoU 
togle under the base AC and its intercepted 
portion CD* 

For the square of AD, or the square of the difference 
between AC and CD, iff (IL 16:) equivalent to the squares 
of AC and CD, diminished by twice their rectangle.' Add 
to each die square of DB, and the squares of AD and DB9 
or the square «f AB, are equivalent to Ae square of AQ 
with die squares of CD and DB, or to die square of BCt 
^ipninjsbefl by twice the rectangle under AC and CD* 
Cons^quendy die square of AB is less than die squares of 
AC and BC, by twice the rectangle under AQ and CD* 

Car. If the triangle ABC be isoscdes, having equal sides 
4c and BC, the square of the base AB is eqpuvak^ to 
twice the rectangle jinder ihe side AC, and the a^aceot 
segment AD made by. the perpendicular BD, whether the 
vertical aoglje be o]i)tuse or acid;e. For the square of AB 
is ec]p]ivalent to the squares of AC jind BC, or to twicp |h^ 
square ojT 4^^ increased or diipinished by twi^ th^ JWt^ 
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an^ under AC and CD; ihat is, equivalent to twice the 
rectangle under AC and AD^ the sum or difference of AC 
and CD. — This might also be demonstrated from the co- 
rollary, to Prop. 10. 

S^ol. When the three sides of a triangle are given^ the 
segments of the base made by a perpendicular may be S>und 
dtber by Prop^ 21. or Prop. 23., and thence the perpen- 
dictdar can easily be determined from the application of 
Prop. 10. But half the rectangle under this perpendicu* 
lar and the base will, by corollary to Prop. 5., express the 
area of the triangle. These propositions are l)ence ex* 
Itremely useful in Practical Geometry. 

PROP. XXIV. THEOR. 

The sqjuares of the sides of a rhomboid are to« 
gether equivalent to the squares of its diagonals. 

Let ABCD be a rhomboid : The squares of all the sides 
AB| BC, CD, and AD» are together equivalent to the 
squares of the diagonals AC and BD. 

For the angles BCE and CBE are equal to the alternate 
angles DAE and ADE, and the 
interjacent sides l^C and AD are 
equal : wherefore (I. 20.) the tri- 
angles BEC and DEA are equal ^— - 
Consequently CE being equal to 
EA, the squares of AB, BC are (II. 22.) equivalent to twice 
the square of AE and twice the square of BE ; whence 
twice the squares of AB, BC, or the 'squares of all the sides 
of the rhomboid are equivalent to four times the square of 
AE and four times the square of BE, that is, to the squares 
of AC and BD. 
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1. Ant portion of the cir- 
comferenoe of a drde is called 
an arCf and the straight line 
which joins the two extremi- 
tiesi a chord. 



S. The qiace indaded between an arc and its chordj is 
named a ^gm^n^. 



8* Asedor is the portion of a drde con- 
tained by two radii and the arc lying be- 
tween them. 



4. The tangent to a circle is a straight 
line which touches the drcumference^ or 
though extended would meet it only in a 
single point 
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5. Cirdei are said to touch 
mutually, if they meetf but do 
not ent each other. 



6. The point where a straight line touches a drde^ or 
one circle touches another, is called the point of contact. 




7. A straight line is said to be inflected 
from a point, whenitfierminiiltaili another 
straight line, or at the drcumference of a 
circle. 
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^ PROP* L THEOR. 
A circle is bisected by its diameter. 

The circle ASBE ii divided iato £#o equal portions^ 
by the diameter AB. 

For let the portion ADB be reversed and Hj^lied to 
the other portion AEB« the straight 
line AB and its middle point, or 
the centre Cf remaining the same* 
And since the radii of the citck 
are all eqnalf or the distance of C 
from any point in the boundary 
ADB is equal to iu. distance fmti 
any point of the opposite boundary 
A£B» e^exy point D of the forme): muit find on/its ap- 
pUcaition a corresponding point c^ the httar, anS conse- 
quently the two portions ADB and AEB wU emirely 
coincide. 

Car. The portion ADB limibed by a diameter, is : thus 
a smidtde^ <and the arc AJOB is a smidrcumference^ 

PROP. 11/ THEOR, 

A straight line cuts the circumference of a cir- 
cle only in two points* 

If the straight line AB cut the 
dircnrnfiraice of adrcle in D^ it 
can meet' it agam only in another 
point £» 

For join D and the centre C ; 
and because from the point C on- 
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Ij two equal straight lines, such as CD and CE^ can be 
drawn to AB (I. 17. eor.) the .cirde described from C 
through the point D will cross AB again only at the point E. 

PROP. IIL THEOB. 

The chord of an arc lies wholly within the cir* 
de. 

The straight line AB which joins any tiwo|KHnts At B 
of the drcumference of a cirde^ lies wholly within the fi- 
gure. 

For, from the centre C, draw OD 
to some poiht D in the Aord AB, and 
join CA and CB. 

Became CD A is the exterior an- 
gle of the triangle CDB, it is greater 
(I. 8.) than the interior CBD or 
CBA; but CBA, bemg (I. 10.) e* 
qual to CAB or CAD, the angle CDA is consequently 
greater than CAD, and therefore its opposite side CA is 
(I. IS.) greater than CD, or CD is less than CA, and 
thus the point D must lie within the circle. 

Cor. Hence a circle is conc&ve towards its centre. 

PROP. IV. THEOR. 

A straight line drawn from the centre of a cir- 
cle at right angles to a chord, likewise bisects it ; 
and, conversely, the straight line which joins the 
centre with the middle of a chord, is perpendicu- 
lar to it* 
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^ Hi* ptfpfeBdiralar let faHiitaA \k^ c^ilM C iB|Ma the 
diofdABy cmsiitinto two equal pa^ AD» DB. 

>Eor>m CA^ CB: Andf ia the tijungles ACD^ oBCp^ 
the ndU AC ia^^ iaqiiid td. CB, CD ii 
conuBpa to both, and the ri^t angle 
ADCis equal to BDC; thiese trianf- 
gles haymg thus their conrei^nding 
angles at A and B both acute, areeqiial 
(I. 81.) and consequently the side AD 
is equal to BD* 

Again, let AD be equal to 6D ; the bisecting line CD 
is at right angles to AB. 

For join CA, db. The triaAgles ACt> and fiCD, ha- 
ying the sides AC, AD equal to CB,.BD, and the remain- 
ing side CD common to both^ are equal (L 2.), .and con^ 
sequently the angle CDA is equal to CDB, and each of 
them a right angle. 

Con Hence a straight Kne cutting two eoncentri^' dr- 
des has equal portions intercepted by their c^rcukiifef^ 
ences; for the perpendicular from the centre would bisect 
both the chords. 



PROP. V. THEOR. 

A stridght Me which bisects a chord at right 
Angles, passes though the centre of the circle. 



If the perpendicular F£ bisect a 
chord AB, it will pass through G 
the centre of the circle. 

For in FE take any point D, and 
join DA and DB. The triangles 
ADC and BDC, having by hypb- 
thens the side AC equal to BC, the 
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right ngle ACDeqiudtaBCD,«tid tke lUe GD 
moUf ar« equal (L SOt and oonMqaeBdy th» b«ie ilD iv 
cquidtoBIX The point D iiy lherrfor^ibaio«itBe of 
some cude described throngh A atid B § Btid* thnv tte 
centrn of all the drdes that gbd paa diotigh the peiale ' 
A and B are found in thestraight line EF« The centre) 6 
of the circle AEBF must hence ocenr in that perpendkidafci 
Corl The centre of acirde may be fi>and» bgr bisecting 
the chord AB by the diameter £F (L *!.), and biaeoting 
this line again in.G. 



PROP- VI. THEOB. 

The diameter is the greatest line that can be 
inflected in a circle. 



The diameter AB is greater than 
any other chord D£. 

For join CD and CE. The two . 
sides DC and EC of the triangle 
DCE are together greater than the 
third side DE (I. J4.): But DC 
and CE are equal to AC and CB, 
or to the whde diameter AB- "Wlierefiire AB is greater 
than DE. 




PROP. VII. .THEOR. 



If from any eccentric point, two straight lines 
be drawn to the circiunference of a circle j the 
one which passes nearer the centre is greater 
than that which ties more remote. 
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LetC be the ceiibne of a drde^ 

and A a diffisrent pointy frMi whkk 

two stnugbt lines AD and A£ are 

drawn to the circumference; of 

these lines, AD, whrch lies nearer 

to B the opposite extremity of the 

diameten is greater than AE, which 

lies more remote from it 

For, whether the point A oc- 

cnrs in circnrnfereiicfl^ pr within 

or without the circle, the triangles 

ADC and AEC have the tide: CD 

equal to CE, the side GA con^ 

mon to both, but the contained 
angle DCA greater than EGA ; 
wherefore (L IS.) the base AD is 
likewise greater than the base AE. 
Chr. 1. Hence the straight line 
ACB, which passes though the 
centre^ is the greatest of all those 
lines that can be drawn to the diw 
cumference of the circle from any 
eccentric point A. For it is en« 
dent from the Proposition, that the 
nearer the point D approaches to B, the greater is AD| 
consequently the point B forms the extreme linUt of mi^ 
rity^ or AB is the greatest line that can be dmwn fiom A 
to the drcumference. 

Cor. 2. Hencealso^ whether the eecentricpoiiit be with*. 
Ill OTi without the^ drde, the straight line AH is theshor^ 
e^ that can bedntwn from A to the drcumftrence. For 
AE is less than AD, and AO less than AF I andth^iiear- 
c^ the ten^LiMling point approach^ lio Q, ^ich is ob?i« 
ousjy the most remote from B^ the shorter mnst be its dis* 
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lance from A. Wherefore the point H markt the Kmit of 
minority, and AH is the shortest line that can be drawn 
from A to the circnmference of the circle* 



PROP. Vm. THEOE. 



From any eccentric point, not more than two 
equal straight lines can be drawn to the circum-r 
ference, one qn e^h side of the diameter. 

Let A be a point which is not 
*the centre of. the circle, [and AD a 
straight line drawn from it to the 
circumference. 

Find the centre C (III- 5. cor.) 
join CA and CD, draw (I. 4.) CE 
making ap angle ACE equal to 
ACD and cutting the drcumfev 
rence in E, and join AE : The 
straight lines A]S, AD ane eqaaL . 

For the triangles ADC, AEC 
having the side CD equal to. CE, 
the side AC common, and the con- 
tiuned angle ACD eqOial to ACE, are equal (L S.), and 
consequently the base AD is equal to AE. ' 

But, .except AE, np straight line can be drawn from A 
on the same side of the diameter HB, that shall be equal 
to ADc :For if the line t^minate in a point F between. E 
and B, it will be greater than AE (III. 7.); and if th^ line 
terminate in G between E and H, it will, fi>r the same- 
xeasooy bo ksa than A£« 

Cbr. 1. That point from w^iph more than two equal 
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straight lineB can be drawn to the circumference, ie the 
centre of the drde. 

Cor. %. Hence a circle wiU no( cut another in more 
than two points. 

PROP. IX. THEOH. 

A circle may be described through th^re^ ppiota^ 
which are not in the same straight line* 

Let A^ 6, C, be three points not lyii^ in the same di- 
rection ; the circumference of a circle may be made to pass 
ihrough them. 

For (I. 7».) bisect AB by the per- 
pendicular DF, and BC by the per- 
pendicular EF. Thete straight lines 
DF, EF will meet ; because, D£ be- 
ing joined, the angles EDF, DEF 
are less than BDF, BEF, and con- 
sequently less than two right angles, 
and DF, EF are not parallel (I. 23.), but concur to form 
) a triangle whose vertex is F. 

Again, every circle that passes through the tWo points 
A and B, has its centre in the perpendicular DF (III. 5.) ; 
and, for the same reason, every cirde that passes through 
B and C has its centre in EF ; consequently the cirde 
which would pass through all the three points must have 
its centre in F, the point common to both the perpendi- 
culars DF and EF. 

. It is farther manifest, that there is only one circle which 
can be made to pass through the three points A, B, C$ 
for the intersection of the straight lines DF and EF, whidi 
marks the centre, is a single point. 
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Cor. Henoe the mode of deacribing • oiide aboQfc m 
l^ven triangle ABC, the centre being dwqrt foimd hj 
the concurring perpendiculars DF and EF, whid bisect 
the sides Aft and CB. 



PROP. X. THEOR. 

Equal chords are equidistant from the centre 
of a circle } and chords which are equidistant 
from the centre^ ate likewise equid* 

» Let ABi DE be equal chords inflected within the same 
circle; their distances 6om the centrdp or die perpendicn- 
lars CF, CG, let M upon them^ are equal. 

For the perpendiculars CF and OG bisect the ehoids 
AB and DE (III. 4.), and consequently BF, DO, the 
halves of these are likewise equal. The right-angled tri- 
angles CBF and CDO, which are 
thus of the same character, haying 
the^ two sides BC, BF equal reqpec- 
tively to DC, DG, and the corre- 
sponding angle BFC equal to DGQ, 
are equal (I. 21 •)9 and consequently 
the side FC is equal to GC. 

Again, if the chords AB, DE be equally distant fiom 
the centre, they are themselTcs equal. 

For the same cdnstruction remaining: Jlie triangles 
CBF and CDG are still right-angled, or of the same cha- 
racter, and have now the two sides CB, CF equal to CD, 
CGj find the angle BFC equal to DGC ; consequently they 
are equal, and the side BF equal to DG; the doubles of 
these^ therefore, or the whole chords AB, DE are equal* 
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The greater chord is nearer the centre of a 
circle j and that chord which lies nearer the centre 
is the greaten 

^Let the chord DE be greater than AB ; its distance from 
the centrci or the perpendicular CG let fall upon it, is less 
than the distance CF. 

For^ in the^ right angled triangle BCF, the square of 
the hypotenuse BC is equivalent to 
the squares of BF and FC (II. 10.) ; 
and, for the same reason, the square 
of the hypotenuse DC of the right an- 
gled triangled DC6 is equivalent to 
the squares of DG and GC. But the 
radii BC and DC are equal, and so 
consequently are their squares; wherefore the squares of 
DG and GC are together equivalent to the squares of BF 
and FC. And since DE is greater than AB, its half DG, 
made by the perpendicular from the centre, is greater than 
BF, and consequently the square of DG is greater than 
the square of BF; the square of GC is, therefore, less than 
the square of FC, because, when conjoined with the squares 
of DG and BF, they make the same amount, which is 
the square of the radius of the circle. Hence the perpendi- 
cular GC itself must be less than FC. 

Again, if the chord DE be nearer the centre than AB, 
it is greater than AB. 

For the same construction remaining: It has been pro- 
ved that the squares of BF and FC are together equiva- 
lent to the squares of DG and GC ; but GC being less than 
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FC| thie squire of OC likewise mast be less than the square 
of FC, and conse^n^ljF the square of DG is greater than 
the square of BF ; whence the side DO is greater than 
BF| and itk double^ or the ichord BE, is greater than AB» 



PROt. XIL THEOft. 

In the same or equal circlesi equal angles at the 
centre are subtended by equal chords^ and termi* 
nated by equal arcs. 

If the angle ACB at the centre C be equal to DCE, the 
chord AB is equal to DE^ and the arc AFB equal to 
DGE. 

For let the sector ACB be applied to DCE. The cen- 
tre remaining in its place^ the radius CA will lie on CD; 
and the angle ACB being equal to DCE, the. radius CB 
will adapt itself to CE« And be- 
cause all the radii are eqnalf their 
extreme points A and 1i must co^ 
incide with D and E; wherefore 
the straight lines which join those 
points, or the chords AB and JDE, 
must coincide. But the arcs AFB 
and DGE that connect the same points, will also coincide i 
for any intermediate point F in the one, being at the same 
distance from the centre as every pbintof the other, must, 
on its application, find always a corresponding point G. 

The same mode of reasoning is applicable to the case of 
equal circles* 

Cor. 1. Hence, in the same or equal circles, equal arcs 
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have equal chords and terminate equal angles at the cen- 
tre. 

Car. 8« Hence akd^ in the same or equal circles^ equal 
chords must subtend equal arcs of a likekind, that is, arcs 
which are both greater or both less than a semicircum&- 
rence. 

SduoU The length of a chord in a circle is thus insuflS- 
cient alone to determine the magnitude of the angle which 
it subtends at the centre, for A6 is the chord both of the 
small arc AFB and of its explement, the large compound 
arc AEB. To remove the ambiguity, it is always requisite 
to knowy whether this angle be greater or less than two right 
angles* 

PROP. XIII. PROB- 

Tobisect a giveU: arc of a curcle. - 

Let it be requured to divide the arc A£B into two equal 
portions; 

Draw the chord AB, and bisect it (I. 7.) by the per- 
pendicular EF cutting the circumference AB in £: The 
arc AE is equal to EB. 

For the triangles ADE, BDE, have the side AD equal 
to BD| the side DE common, and 
the containing right angle ADE &- 
qual to BDE ; they are (I. S.) con- 
sequently equal, and have the base 
AE equal to BE. But these eqAal 
chords AE, BE must subtend equal 
arcs of a like kind (III. 12. cor. 2.), 
and the arcs AE, BE ate evidently each of them less than 
a semicircumference. 

Cot. The correlative or explemental ai^c AFB is also 
bisected, by the perpendicular EDF at the opposite point F. 
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PROP. XIV. PROri. 
An arc being given, to complete its circle. 

JLet ADB be an arc ; it b required to trace out tKe cir« 
de to which it belongs. 

Draw the chord AB, and bisect ii 
by the perpendicular CD (I. 7.), cut- 
ting the arc in D, join AD, and from 
A draw AC making an angle DAC 
equal to ADC (I. 4.) : The intersec- 
tion C of this straight line with the 
perpendicular! is the centre of the 
circle required. 

For join CB. The triangles ACli 
and BCE, having the side £A equal 
to EB> the side EC common, and the 
contained angle AEC equal to BEC, 
are equal (1. 3.), and consequently AC 
is equal to ^C. ]^ut (I. 11.) AC is 
also equal to CD| because the angle 
DAC was made equal to ADC. Wherefore (III. 8. cor. 1.) 
the three straight lines CA, CI^, and CB being all equals 
the point C is the centre of the circle. 

PROP. X\^. THEOR; 

The angle at the centre of a circle is double oj^ 
the angle which, standing on the same arc, has 
its vertex in the circumference. 




Let AGf be an arc of a circle ; the angle which it termi- 
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nate9 at the oentrei is double of ADB the corresponding 
angle at the circumference* 

For join DC and prpduceit to the opposite circumfe- 
rence. This diameter DCE, if it lie not on one of the sides 
of the angle ADB^ must either fall within that angle or 
without it. 

First, let DC coincide with D6. And because AC is 
equ^l to DC, the ;^ngle ADC is equal 
to DAC (1. 10.) » but the exterior an? 
gle ACB is equal to both, of these (I. 
so.}, and therefore equal to double of 
either, or the angle ACB at the centre 
is double of the angle ADQ at the 
circumference. 

Next, ill the straight line DCE lie within the angle 
ADQ. From what l^as been demon- 
strated, it is apparent, that the angle 
ACE is double of ADE, and the an- 
gle BCB .double of BDE; \vherefore 
the sum of the angles ACE, BCE, or 
the whole reverse angle ACB, is 
double of that of the angles ADE, 
BDE, or tlje compound angle ADB at the circumference. 

Lastly, let DCE fall without the apgle ADB. Because 
the angle BCE is double of BDE, and 
^e angle ACE is double of ADE; 
jtbe excess of BCE above ACE, or 
the angle ACB at tl^e centre, is double 
of the excess of BDE above ADE, 
that 19, of the apgle ADB at the cir- 
cumference. 

p?n Pence if ^n equal citde be described from any 
point D in the circumference, its arc intercepted by the 
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lines DA and DBwm be the half of AQ, and the wliol* 
of the Ulterior arc half <^ the exterior. 



PROP. XVI. THEOB. 

The angles in the same segment of a aide are 
equaL 

Let ADB be the segment of a dr* 
cle; the angles AFByAGB contain- 
ed in it, or which stand on the same 
opposite portion AEB of the cir- 
cumference, are equal to each other* 

For join CA* CB* The angle 
ACB, or its reverse at the centre^ 
and terminated by the arc AEB, it 
double of the angle AFB or AOB 
at the circumference (III. 15.); these 
angles AFB, AGB, which stand on 
the same arc AEB, are^ therefere^ 
in every case, the halves of the same 
central angle ACB^ and are oonsegnently equal to each 
other. 

Cor. Hence equal angles at the circumference must stand 
on equal arcs ; for their doubles or the central angles, be- 
ing equal, are terminated by equal arcs (III. 12.); Hencle 
also equal angles that stand on the same base have thdr 
vertices in the same segmented a circle. 

Schol. Hence the ordinary construction of theatres, the 
seats being disposed in large arcs of a circle, so that the 
stage may to each spectator subtend an equal angle, or 
present always the same visual magnitude. 
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PROP. XVII. THEOR. 

The opposite angles of a quadrilateral figure 
contained witl^in a circle, are together equal to 
two right angles, 

Let ABCD be a quadrilateral figure inscribed in a cir- 
pie ; the angles A and C are together equal to two right 
angles, and so are those at B and D. 

for join EB and ED. The angle BED at the qentre 
is double of tb0 angle BpD at the 
circumfjsrenc^ (III. 15.); and for the 
same reason, the reverse angle BED 
is double of BAD. Consequently 
the angles BCD and 3AD are the 
halves of angles about the point E, 
l?hich make up four right angles; 
wherefore the angles BCD and BAD ar^ tpgether equal 
tQ two right angles* 

Xn the same manner, by joinmg EA and EC, it may 
be proved that the angles ABC and ADC are together 
equal to twp right angles, 

Cor» 1. Hence it is evident ftovfi Prop. I. 16., that a 
circle knay be described about a quadrilateral figifre which 
has its opposite angles equal to two right angles. 

Cor. 2. Hence if one side of a quadrilateral figure in- 
scribed in a circle be produced, it wilji form an exterior 
equal to the opposite angle. 

Cor. 8. Hence the angles at the base of a triangle in« 
scribed in a cirde^ are together equal to an angle contain- 
ed in the segment opposite to its vertex. 
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PROP. XVIII. THEOR. 
Parallel chords intercept equal arcs of a circle* 

Let the chord AB be parallel to CD; the intercepted 
arc AC is equal to BD. 

For join AD. And because the 
straight lines AB and CD are pa- 
rallel, the alternate angles BAD and 
ADC are equal (L 22.) $ wherefore 
these angles, having their vertices in 
the circumference of the circle, must 
stand on equal arcs (III. 16. cor.), 
and consequently the arcs AC and BD are equal to each 
other. 

Cor. Hence, conversely, the straight lines which inter- 
cept equal arcs of a circle are parallel ; and hence another 
mode of drawing a parallel through a given point to a gi- 
ven straight line. 

PROP. XIX. THEOR. 

The angle in a semicircle is a right angle, the 
angle in a greater segment is acute, and the angle 
in a smaller segment is obtuse* 

Let ABD be an angle in a semicircle, or standing on 
the semicircumference AED ; it is a right angle. 

For ABD, being an angle at the 
circumference, is half of the angle 
at the centre terminated by the same 
arc AED (III. 15.) ; it is, there- 
fore, half of the angle ACD formed 
by the diverging of the opposite por- 
tions CA, CD of the diameter, or 
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or half of two right angles, aad is oonseqaently equal to 
one right angle. 

Again, let ABD be an angle in a segment greater than 
a semicircle, or standing on a less arc AED than the semj-r 
circumference ; it is an acute angle. 

For join CA, CD. The angle ABD is half of the cen- 
tral angle ACD, which is evidently less than two right 
angles; where^re ABD is less than 
one right angle, or it is acute. 

But the angle AED, in the small- 
er s^ment, is obtuse. For AED 
stands on the arc ABD, which is 
greater than a semicircumference, 
and terminates an angle at the cen- 
tre^ the reverse of ACD, and greater, therefore, than two 
right angles ; AED is hence an obtuse angle. 

Cor. Hence conversely the ^rc which contains a right 
angle must be a semicircle. 

Schd. From the remarkable property, that the angle i^ 
a semicircle is a right angle, may be derived an elegant 
method of drawing perpendiculars. 



PROP. XX. THEOE. 

The perpendicular at the extremity of a diame^ 
ter is a tangent to the circle, and the only tangent 
which can be applied at that point. 

Let ACB be the dis^meter of a circle, to which the 
straight line EBD is drawn at right angles from the esctre- 
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miQr B; it will toach tbe cir- 
camference at that point. 

For CBy being perpendico- 
lar, is the shortest distance of 
the centre C from the straight 
line EBD (1. 17.}; wherefore 
every other point in this line 
is farther from the centre than 
Bj and consequently faUs without the circle. 

But EBp, drawn at right angles to the diameter, is the 
only straight line which can pass through the point 8 
and not cut the circle. Foe were HBF such a line, the 
perpendicular CG let fall upon it from tbe centre, would 
be less than CB (L 17.% and must therefore lie within the 
circle ; consequently HBO, being extended, would agam 
meet the circumference. 

Cor. Hence ^ straight line drawn from the ppiilt of ooi|- 
tact at right angles to a tangent, must be a diameter, or 
must pass through the centre of the circle. 

Scholium. The nature of a tangent to the circle is, 13ce 
that of parallel lines, easily discovered from fhe considera^ 
tion of limits. For suppose the 
' straight line DE, extending both 
ways, to turn about the extre- 
mity B of the diameter AB ; i% 
vnH cut the circle first on the one 
side of AB, and afterwards on the 
other. But the arc AH being less 
than a semicircumferenc^, the an- 
gle HBA which the Une IKE' 
makes with the diameter is acute 
(III. 19.}; and, for the same reason, the angle KBA is 
acute, and consequently its adjacent angle D'BA is obtuse. 
Thus the revolving line DE, when it meets the semicir- 
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^Bttfe^noe AHB» inafces an acutd angle t^Ith ibtt diame- 
ter; but when it comes to meet ihe opporite aemicircum^ 
ferenoey it makes an obtuse angle. In pasifting, therefore^ 
through all the intermediate gradations from minority to 
majority, the line D£ mast find a certain individual posi- 
tion in which it is at right angles to the diameter, and cuts 
tite circle neither dn the one side nor on the other* 



PROP. XXI. THEOR. 

If, from the point of contact, a straight line be 
drawn to cut the circumference, the angles which 
it makes with the tangent are equal to those in the 
alternate segment^ of the circle. 

Let CD be a tangent, and BE a straight line drawn 
from the point of contact, cutting the circle into two s^*- 
ments BAE and BF$: ; the angle EBD is equal to EAB, 
and the angle EBC to EFB. 

For draw BA perpendicular to CD (I. 5. cor.), join 
AE, and from any point F in the opposite arc, draw FB 
and F£. 

Because BA is perpendicular to the tangept at. B, it is 
a diameter (XXL 20. cor.), and con- 
sequently AEFB is a semicircle; 
wherefore AEB is a right angle 
(XXL 19.), and the remaining acute 
angles BAE, ABE of the triangle, 
being together equal to another right 
angle, are equal to ABE and^EBD, 
which compose the right angle ABD. 
Take the angle ABE away from both, and the angle BAE 
remains equal to EBD. 
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AgBin^ the oppodte angles BAE and BFHof the qM- 
drilateral figure BAEF^ being equal to two right ai|j^ 
(III. I?.}* are equal to the angle EBD with its adjacent 
angle EBC $ and taking away the equals BAE and EBD* 
there remains the angle BFE equal to EBC. 

Cor. If a straight line meet the circumference of a cir« 
cle, an4 make an angle with an inflected line equal to th^t 
in the alternate segment, it touches the circle. 

Schoh A tangent ma^ be considered as only a secant 
arrived at its ultimate position, when the two points through 
which it is drawn come to coincide. Suppose the straight 
line joining B and F were extended, it would make with 
the chord BE an angle EBF, equal to what the arc EF 
subtends from any point in the opposite circumference. 
But, when the point F is brought into the situation B, and 
BF merges into a tangent, the angle EBF passes into 
EBD, and the angle of the opposite or alternate ^egmeqt 
l:>ecomes BAE. 

PROP. XXII. PROB. 

To draw a tangent to a circle^ from » given 
point without it 

Let A be a given point, from which it is required to draw 
a straight line th^t f\\fM touch the circle D6H. 

Find the centre C (III. 5. cor.), 
jpin AC, and on this as a diame- 
ter describe the circle AGCK, cut- 
ting the given circle in the points 
G, K: join AG, AK; either of 
these lines is the tangent required. 

For join CG, CK. And the angles CGA, CKA, be- 
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iBg esdi in a 8i^icircle» are right angles (III. 19.), and 
ODiisequently AG, AK, touch the cirde DGH|^ at the 
points G, K (in. 2a). 

Cor» Hence tangents drawn from the same point to a 
circle are equal ; for the right angled triangles ACG and 
ACK having the side CG equid to CK, CA common^ are 
equal (I. 21.}, and consequently AG is equal to AK. 



PROP. XXIII. PRO]S. 

t)n a given straight line, to describe a segment 
of a circle that shall contain an angle equal to a 
given angle. 



Let AB be a straight line, on which it is requitredl to de«' 
scribe a segm^it of a circle containing an angle equal to C. 

If C be a right angle, it is evident that the problem wUI 
be performed, by describing a semicircle on AB* But if 
the angle C be either acute or 
obtuse ; draw AD (1. 4.) making 
an angle BAD equal to C, 
erect AE (1. 34.}, perpendicu- 
lar to AD, draw EF (I. 5* cor.) 
to bisect AB at right angles 
and meeting AE in E, and, 
from this point as a centre and 
with the distance EA, describe 
the required segment AGB. 

Because EF bisects AB at 
right angles,, the circle described through A must also pass 
through (IIL 5.J the point B ; and since EAD is a right 
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aogle^ AD toucheB die circle al A (III. 90.)$ end the «i# 
fgk BAD, wbkh vae made e^aal to C,. it HfM (IIL Sl.> 
to the angle in the alternate segment AGB. 



PROP. XXIV. THEOIL 

Two straight lines drawn through the point of 
contact of two circles, intercept arcs of which the 
chords are paralleL 

Let the circles ACE and AfiD tonch mutually in Ay 
and from this point the straight lines AC, AE be drawn 
to cut the circumferences $ the chords C£ and BD are 
parallel. 

For draw the tangent FAG, (IIL 20.), which must 
touch both circieiE^ 

la the case of internal contact, the 
an^^OAE is equal to ACEin the al- 
ternate segment, (IIL 21.); and, for 
the same reason, GAE or GAD in 
the smaller circle is equal to ABD | 
consequently the angles ACE and 
ABD are equal, and therefore (L S2.) 
the straight lines CE and EiD are pai^alld* 

When the contact is exter* 
nal, the angle GAE is still 
equal to ACE, and its vertical 
angle FAD is, for the same 
reason, equal to ABD; whence 
ACE is equal to ABD; and 
these being alternate angles, the straight line CE (L 22.) 
i§ parcel to BD. 
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PBOP. XXV, THEOR, 

If through a point, within or without a circle, 
two perpendicular lines be drawn to meet the 
circumference, the squares of all the intercepted 
distances are together equivalent to the square of 
the diameter. 



Let E be a point within or witbput a circle, and AB, 
CD two straight lines drawn through it at right angles to 
the circumference; the squares of the four segments E A, 
EB, ED, and EC, are together equivalent to the square 
of the diameter of the circle* 

For draw BF parallel to CD, and join AP, AD, CB, 
pndDF. 

Because BF is parallel to CD, th6 
«rc BC is equal to the arc FD (III. 
18.), and consequently the chord BC 
is also equal to the chord FD (III. 12. 
cor. 1.); but BC being the hypotenuse 
of the right-angled triangle BEC^ its 
square, or that of FD is equivalent to 
the squares of EB and EC (11. 10.), 
and AED being likewise right-angled, 
the square of AD is equivalent to the 
squares of EA and ED. Whence the 
squares of AD and FD are equivalent 
to the four squares of EA, EB, ED, 
and EC. But since ED is parallel to 
BF, the interior angle ABF is equal to AED (1. 22.), and 
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therefore a right angle $ consequently ACBF is a seaicifw 
de (III. 19. cor.) and AF the diameter. The an^^ ADF 
in the opposite semicircle is hence a right angle (III. 19.)» 
and the square of the diameter AF is eqiiiyalent to die 
squares of AD and FD, or to the sum of the squares of 
the four segmente, EA, EB, £D| and EC intercepted be- 
tween the circumference and the point £• 

PROP. XXVI. THEOR; 

If through a point, within or withotit a circle, 
two straight lines be drawn to cut the circumfe- 
rence ; the rectangle under the segments of the 
one, is equivalent to that contained by the seg- 
ments of the other. 

Let the two straight lines Ai) and AF be extended 
through the point A, to cut the circumference BFD of a- 
circle ; the rectangle contained by the segments. AE and 
AF of the one, is equivalent to the rectangle under AB 
and AD, the distances intercepted from A in the other. 

For draw AC to the centre, and produce it both ways 
to terminate in the circumference at G and H; let fall the 
perpendicular CI upon BD (L 6.), and join CD. 

Because CI is perpendicular to ADt the difference be- 
tween the squares of CA and CD, the sides of the trian- 
gle ACD is equivalent to the differ- 
ence between the squares of the seg- 
ments AI and ID the segments of 
the base (II. 21. cor.) ; and the dif-^ 
ference between the squares of two 
straight lines being equivalent to the 
rectangle under their sum and their 
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-dIFefenee (II. l^.^.the reclaogle 
contjiixiied by the sum aod differ- ; 
ence of AC^ CD is equivaleDt to 
the rectaDglc contained by the 
sum and diffetence of AI, ZD*. 
But since the radios C6 is equal 
to CH, the sum of AC and CD 
is AH, and their difference is 

AG ; and because the perpendicular CI bisects the chord 
BD (III. 4.), the sum of AI and ID is AD, and their dif- 
ference AB. Wherefore the rectangle AH, AG is equi- 
valent to the rectangle AB, AD. In the same way it is 
proved, that the rectangle AH, AG is equivalent to the 
rectangle AE, AFv and consequently the rectangle AE, At", 
is equivalent to the rectangle AB, AD. , 

Cor. 1. If the vertex A of the straight lines lie within 
the circle and the point I coincide with 
it, BD, being then at right angles to CA, 
is bisected at A (III. 4.), and the rect- 
angle AB, AD becomes the same as the 
square of AB. Consequently the square 
of any perpepdicular AB limited by the 
circumference is equivalent to the rectangle under the seg« 
ments AG, AH, into which it divides the diameter. 

Cor» 2. If the vertex A lie without the circle and the 
point I coincide with B or D, the an- 
gle ABC being then a right angle, the 
incident line AB must be a tslngent 
(III. 20.), and consequently the two 
points of section B and D coalesce in 
a single point of contact. Where- 
fore the rectangle under the distances AB, AD becomes 
the same as the square of A& ; and consequently the 
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rectangle oonbuned by dieiegnmite AO9 AH 6f die t 
kbeteri ii eqnivdent ito the i^oai^ tf the teDgent AB* 



PROP. XXVU. PROB. 

^o construct a square equivalent to a given 
rectilineal figure. 

Let the rectilineal figure be reduced by Proposition 6. 
Book II. to an equivalent rectangle, of 
which A and B are the two codtaiii- |""^ ' 
ing sides ; draw an indefinite straight 
line CE, in which take the part CD 
equal tp A and D£ to B, on the com- 
pound line C£ describe a setnicircie, ^ ^ a 
and ifirom the point D erect the perpendicular DF to meet 
the circumferendte in F : this line DF is the side of a square 
isquivdeDt to the given rectilineal figure. 

For, by Cor. 1. to the last Pirbposition, the square of 
the perpendicular DJE* is equivalent to the rectangle under 
the segments CD, DEofthe diameter, and is consequent- 
ly equivalent to the rectangle contained by the sides A and 
B of a rectangle that was made equivalent to the rectilineal 
figure. 

PROP. XXVIII. THEOft. 

A quadrilateral figure may have a circle de- 
scribed about it, if the rectangles under the seg- 
ments made by the intersection of its diagonals 
bte equivalent) or if those rectangles be equivalent 
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which are contained by the external -segments 
formed by producing its opposite sides. 

Let ABCD be a quadrilateral figarej of which AC and 
BD are the diagonals, and such that the rectangle AE, EC 
is equivalent to the rectangle BE, ED; a circle may be 
made to pass through the four points A, B, C, and D. 

For through the three points 
A, B> C (IIL 9. cor.)} describe a 
circle and let it cut BD in G* Be- 
cause AC and BG intersect each 
other within a circle, the rectan- 
gle AE, EC is equivalent to the 
rectangle BE, EG (III. 26.) ; but 
the rectangle AE, EC is by hypothesis equivfdent to the 
rectangle BE, ED. Wherefore BE, EG is equivalent to 
BE, ED ; and these rectangles having a common base BE, 
their altitudes EG and ED (II* S* cor.) are equal, and 
hence the point G is the same as D, or the circle which 
was described passes though all the four pomts A, B, C, 
and D. 

Again, if the opposite sides CB and DA be produced 
to. meet at F, and the rectangle CF, FB be equal to 
DF, FAji a circle may be described about the figure. 

For, as before, let a circle be described through the three 
points A, B, C, but cut the side AD in H. From Propo- 
sition 26, the rectangle CF, FB is equivalent to HF, FA $ 
but the rectangle CF, FB is also equivalent to DF, FA ; 
whence the rectangle HF, FA is equivalent to DF, FA ; 
and the base HF equal to DF> or the point H is the 
same as D. 
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. BOOK IV. 
DEFINITIONB, 

1. A rectilineal figure i^ said to be ifh 
sfribed in a circle, when all its angulf^r 
points lie on the circumf^reppe. 



2. A rectilineal figure ciratmscribes f^ 
circle, wben each of its sides is a ^nr 
gent. 



3. A circle is insfribed in a rectilineal 
figure^ when it touches all the sides. 






( 
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\ 

4f. A drde is detcribed aboot a rectili* 
neal figure or circumscribes it, when the dr- 
cumferenoe passes through all the angular 
points of the figure. 

5. Polygons are equilateral^ when their sides, in the 
same order» are respectively equal : They are eguiangidarp 
if an equality obtains between their corresponding angles. 

6. Polygons are said to be regular ^ when all their sides 
and their angles are equaL 

7. A figure otjhs angles or sides is called h pentagons 
b: six'sided figure, Vk M9pag(mf aa eight'Stded figure, an 
octagon : a ten-sided figure, a decagon / and a twetve^sided 
figure, a dodecagon^ 
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PRQP. I. PHOB. 

(jiven an isosceles triangle, to construct ano- 
ther on the same base, but with only half the ver- 
tip^ angle,. 

Let ABC be an' isosceles triangle standing on AC; it 
is required, on the same base, to construct another isosce- 
les triangle, that shall haye its Vertical angle equal to half 
of the angle ABC. 

Ifisect AC in D (I. 7.), join DB, 
which produce till 3£l}e equal to BA 
or BC, and jom AE, CE : AEC \s the 
isosceles triangle rei^ir^cL . 

^oTf the straight, lipeBB being e- 
qual to EliAand BC, the, point B is tb^ 
centre of a circle which passes through 
the points A, E, and C ; and consequently thp l^ngle ABO -, 
is the double of AEC at the circumference (I|L 15.}, or / 
the vertical angle A^C is half of ABC. But the triangles 
AEDand CED, having the side DA eqiial to DC, the 
side DE common to both, and the. right angle AD& 
(III. 4.) equal to CDE, are (I. S.) equal, and consequent- 
ly AE is equal to CE. Wherefore tlfe triangle AiSC if 
likewise isosceles. 




PROP, 11. PROR 

Given an acute-aqgled isosceles triangle, to con- 
struct another on the 9ame base^ which shall havet 
double the vertical aogle. 
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Let ABC be an Bcate*angled isos- 
celes triangle; it is required, on the . 
base AC, to construct another isosce- 
les triangle;, having its vertical angle 
double of the an^e ABC. . . 

Describe a circle through the three 
points A, B| and C (III. 9. cor.), and draw AD, CD to 
the centre D; |the triangle ADC is the isosceles triangle 
required. For the angle ApC, being at the centra of the 
circle, is [III. 15.) double of ABC| the corr^ponding an- 
gle at the circumference* 




PROP. IIL THEOR. 



If an isosceles triangle hnv^ each angle at the 
base double of the vertical angle, its base >eill be 
equal to the greater segment qf pne of its sides 
divided by a medial section, * r. , ^ 

I^et ABC be i^i isosceles triangle which has each of the 
angles BA(j^, BpA double of the vertical an^e ABC; the 
base AC is equal to tb^ greater segment formed by a me«^ 
dial section of the side AB. 

For draw CD to bisect the angle BCA (L 5.), ^nd 
about the triangle BDC describe a circle (III. 9- cor.).. 

Because the angle BCA is by 
hypothesis double of ABC and has 
been bisected by CD, the angles 
ACD, BCD are each of them, equal 
to CBD, aind consequently the side 
BD is equal to CD (I. 1 1.). But 
the triangles BAC and DACy hav- 
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iDg the angle ACD equal to ABCV tnd the angle at A 
oommon to bothi must ba^e also (I. ^(K) the retrndning^ 
angle CDA equal to BCA or CAD ; whence (L 11.) the 
triangle DAC Is likewise isosceles^ and die side AC equal 
to CD ; but Ct) hdag equal to BD, therefore AC is also 
equal to it And since the angle ACD is equal to 'CBD 
in the alternate segment of the cirde, the straight line AC. 
touches the cifcutiaference at C (III. 31. cor.); wherefore 
Hke rectangle: contauied by AB and AD (III. 26. cor. 2.) 
is equivalent to^tke square of AC, or the squareof BD; or 
die side AB is ^Ut by a medial sectiian in D, and its great- 
er segment BD 4s equal to the baise AC of the isosceles 
triangle. 

^ Cor. Hence ^e interior triangle ACD is likewise isosc^ 
Ito and of tfaesame nature Wi^i ABC, hating^be'greater 
[^^ment of AB^or its side, and'dve smalbr s^^jbent-for 
it8l[)ase. •:'•''• '•'" 



PROP. IV. PROB. 

Given either one of thfe^sMeB, or the base, to 
construct an isosceles triangle, so that each of the 
angles at the base may be double of itp vertical 
angle. 

' First, let one of the sides ABbejgjmDf to conistfilct^ich 
an isosceles triangle. 1 ! .!i: . -. ,: j • i r. ' 

Divide AB by & medial section fat C (II. 19w)» tad on 
CB, as a base with the distance Afi foir each of the udes, 
describe an isoecdes triangle (L 1.) . 
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N«El» let tbfibMe^Bbegiinen, 4 c. b 

to eoortnict ta iaoacdes triangle of J^ ' j^ ^ 

Ibif natore* 

Prodjaite AB tO;Ci such that the rectangle AC^ CB be 
equal to the square of AB (IL 19. eor. 2.\ and on the 
bate AB, with the distance AC for each of the sidesi de- 
scribe an isosceles triangle. 

These isosceles triangles will fulfil the conditions r^ 
quired. For it is evident, from die last Proposition^ that 
isosceles triangles constituted <m CB or ABj with each of 
the angles at the base double the verti^ angle, would 
have AB or AC for their sides, and coxiseqpiently. (I. 2.) 
must coincide with the triangles now described. 
, Car. Hence of sudi aki isosceles triaqj^e the vertical 
aiogle ifi.csqual'to tl^e fifth part of two right angles; for 
each of the angles at tbe Ime beiog do^^e of the ?ertica( 
angle, they are both equal to four times it, and consequent- 
ly this vertical angle is the fifth part of all the angles of 
the triangle, or of two right angles. 



PROP. V. PROB. 

On a given finite stxaight line, to describe a 
regular pentagon. 

Let AB be the straight line^ on whidi itiareqmred to 
describe a regular five-sided figure. 

On AB erect (IV. 4.) the isosceles triai^Ie ACB, hav- 
ing each of the angles at its base donUe of its vertical an- 
gle, from A as a centre with the dtttance AC describe an 
arc of a circle, and fi:om B as a centre with the same dis- 
tance describe another arc, and firom the vertex C in£ect 
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llw sirfligfat lin^iCE^ CD equal 
to AB; The points C, B, E 
mark out the pentagon. 

For it is evident from this oon* 
struction that he isosceles tri- 
angle CAE, CBD are each cf 
them equal to ACB, whence 
the angle CBD is equal to ACB 
or to half of CBA. Wherifc&r^» BF and AG bisect 
4fce ai%leftjat tfai^^sieof tfaetriajigte ACB, andbonsoqueiit- 
i^(IV.9.):AB.»,equal to BF and FC, or to: AG uyt 
(MX Agaih^ ithfi tciaagles BAD and BFC» haviBg the 
sides AB, BD equal to BF, BC, and the contidnfid.apgles 
equal, are themselves equal (I. S.)} and consequently AB 
is equal to AD, wd the angle BAD equal to BFC, or 
thrice ACB. In the same way it is shown that AB is 
^ual to BE^ an^.that ABE is thrice ACB. Also the 
triangles Al)B,'ABE being isosceles, the angles A1)B, 
AEB are each equal to ACB ; but CDB and CEA are 
double of .CB ; the whole angles CDA^ CEB are each of 
them triple ACB; and thus, ^consequently, the i^ngles 
round, the figi;r$ are each equal to thrice the vertical an- 
^le of ,tl?ie original isosceles triangle. , . 



PROP. VI. PROB. 

. On a given finite straighit Hn^^ to describe a 
rejgular hexagon. » ^ « j : 

Let AB be the given straight In^, cm wtlldi it is re- 
quired to describe a regulaf sbc-isided figure. 

On AB construct (L 1.) the equilateral triangle AOB, 
and repeat equal triangles abcmt the Vertex O; these tri- 
angles i^U together cofl^tiose the hexagon required. 
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Because AQB is an eqoiliiteral trianglti eack of its «i-* 
gles is eqaal to the third part of 
two right angles (L 50. cor. 1.) j 
wherefore the vertical angle 
AOB is the sixth part of four 
.right angleS} or six of such an« 
gles may be placed about the 
point O. But the bases of the 
triangles AOB» AOC, COD, 

DOE, EOF, and BOF are all equal ; and so are tha an- 
gles at the. bases, which, taken by pairs, ferm the internal 
angles of the figure B ACDEF. Thia figure is, therefore^ 
a regular hexagon. 




PROP. VIL PRQB. 

On a given finite straight line, to describe a 

regular, octagon. 

,.. . » 
Let AP be the given straight line, qh. which it is rp« 

quired to descpbe a regular eight-sided figure^ 

Bisect AB (I. 7.) by the perpendicular CD, wh|ch ma^e 

equal to CA or CB, join DA and DB, produce CD until 

DO be equal to DA or DB, 

. draw AO and BO, thus forming 

(IV. 1.) an angle equal to the 

half of ADB, and about the ver- 
tex O, repeat the equal trian- 

gles^OB, AQE, EOF/FOa, 

GOH, HOI, lOK, and join 

KB, to compose the octagon. 
For the distances AD, BD are 

evidently equal; and because CA| CD, and CB are all 
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equal) the angle ADB is contained in a semicircle^ and 
is therefore a right angle <IIL 19.)* Consequently AOB 
is equal to the half of a right angle, and eight such angles 
Will adapt theiAselves about the point O : thus the vertical 
angle of the triangle KOB must be eqaal to AOBt and 
also the side BK to AB. Whence the figure BAEFGHIK, 
having eight equal sides and equal angles, b a regular 
octagon. 



PROP. VIII. PROB. 

On & given' finite straight line, to describe a 
regular decagon. 

Let AB be the straight line, on which it is required id 
describe a regular ten-sided figure. 

On AB construct (IV. 4.) an isosceles triangle having 
each of the angles at its base double of the vertical angle^ 
and, about the point O, place 
a series of triangles all equal 
to AOB: A regular decagon 
will result from this composi^ 
tion. 

I^or the vertical angle AOB 
of the isosceles triangle is equal 
Co the ISfth part of two right an* 
gles (iV, 4. cor.), or to the tenth 
part of four right angles; whence ten such angles may be 
formed about the point 0. ^The figure teACDEFGHIK, 
having therefore ten equal sides and equal angles, is a 
regular decagon. 
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PROP. IX. PROS. 

On a given finite straight line, to describe a re- 
gular dodecagon. 

Let AB be the straight linei on which it is required to 
describe a regular twelve-sided figure. 

On AB construct (I. 1.) the equilateral triangle ACB» 
and again (IV4 1.) the isosceles triangle AOB, having its 
vertical angle equal to the half of ACB, and repeat this 
triangle AOB about the point 
O; a regular dodecagon will 
be thus formed. 

For ACB being an equilate- 
ral triatigle, each of its angles is 
the third part of two right an- 
gles (I. SO. cor. 1.); conse- 
quently the angle AOB is the 
sixth part of two right angles 
or the twelfth part of four right angles, and twelve such 
angles can, therefore, be placed about the vertex O. 

Scholium. Hence a regular twenty-sided figure may be 
described on a given straight Ythe, by first constructing on 
it an isosceles triangle having each of the angles at the 
base double of the vertical angle, and then erecting ano- 
ther isosceles triangle with its vertical angle equal to thef 
half of this. And, by thus changing the elementary tri- 
angle, a regular polygon may be always described, with 
twice the number of sides. 
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PROP. k. PROB. 
In a given triangle^ to inscribe a circle^ 

Let ABC be a triangle^ in which it is required to in- 
scribe a circle. 

Draw AD and CD .(I. 5.) to bisect th^ angles CAB and 
ACB) and from their point of concourse D/witb its dis- 
tance D£ from the base, describe the circle £FO : This 
circle will touch the triangle internally. 

For let fall the perpendiculars DG and DF upon the 
sides AB and BC (L 6.). The 
triangles ADE, ADG, having the 
angle DAE equal to DAG, the 
right angle DEA equal to DGA, 
and the interjacent side AI) com- 
mon, are equal (L 20.}, and there- 
fore the side DE is equal to DG. 
In the same manner, it is proved, 

from the equality of the triangles CDE, CDF, that DE 
is equal to DF; consequently DG is equal to DF, and 
the circle passes through the three points E, G, and F. 
But it also touches (III. 20.) the sides of the triangle in 
those points, for the angles DEA, DGA^ and DFC are all 
of them right angles. 

PROP. XL PROB. 

tti a given circle, to inscribe a triangle equian- 
gular to a given triangle. 

Let GDH be t circle, ih whioh it is requined to inscribe 
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a triangle that shaQ have iu angles equal to thoie of the 
triangle ABC. 

Assuming any point D in the circumference of the cir- 
cle, draw (til. 22.) the tan- 
gent EDF, and make the an- 
gles EDG, FDH equal to 
BCA, BAC, and join GH : 
lie triangle GDH is equi- 
angular to ABC. 

For EF being a tangent, 
and DG drawn irom the 

point of contact, the angle EDG, which was made equal 
to BCA, is equal to the angle DtiG in the alternate seg- 
ment (III. 21.); consequently DHG is equal to BCA. 
And for the same reason, the angle I)GH is equal to BAC $ 
wherefore (I. SOi) the 'remaining angle GDH of the trian- 
gle GHD is equal to the remaining angle ABC of the 
triangle ACB, and these triangles are mutually equian- 
gular. 



PkOV. XII. PtlOB. 

About a given circle, to describe a triangle e- 
quiangular to a given triangle. 

Let GIH be a circle, about which it is required to de- 
scribe a triangle, having its angles equal to those of the 
triangle ABC* 

Draw any radius PG, and with it make (t. 4.) the an- 
gles GFI, GFH equal to the e^cterior angles BAE, BCD 
of the triangle ABC, and, from the points G, I, and H 
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dtaiw the tangents KSf, KL> and LM to fiirm ^tbe.tffiin- 
gle KLM : T^» triangle is eqaiangdlar to ABC- 

For all the angleis of the.qtiadriJatenA figine KI£G bo? 
ing equal to four right 
angles, and the 9n§^ 
KIF and KGF being 
each a right angle (IIL. 
go*}, the remaining an- 
gles QKf. and GFI are 
together ' equal . to two 
right anglesKand consequently equal to liie angles BAiO 
and BAE on the same dde of the straight jine EIX Ba( 
jtfae ai^gls GFI wais/ made equal to BAE; whaioe GKI is 
equal to CAB. In like minner, it may. be prcyred that t^ 
angle GIflH if eqo^.to' ACB ; and the an^ at K .an4 
M being thus equal to BACand BCA, therbinaini|igai||^f 
Hi L is (I. SO,) equal Ibo^at at B, and the two tri^gki 
JKLM an4 ABC fffc jtberefere equiangular* 



PROP. XIII. THEOB. 

A straight Inie drawn from the .vertex of an 
equilateral triangle inscribed In a circle to any 
point in the opposite circumference, is equal to 
the two chords inflected from the same point to 
the extremities of the base. 

Let A^C be an equilateral triangl0 inscribed, in a cir- 
cle, and BD| AD, and Cp chords drawn from its^ three 
corners to a point D in the circumference ; BD which 
crosses the base AC is^ual to AD and CD taken together. 
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'For, fiom BDoat off DE eqiiid to DA» wd .joiii AE. 
The angle iADB» k (IiL^i9;)«qdali;t6 
ACAIntEeoune ^cgmabtf irindi^ being: 
the angle of an equilateral triang^ iis 
equal (I. SO. cor. 1.) to the third j^ut 
of two right angles. Bat the triangtt 
A0£ being Isoscdes by construcUoiii 
the angles DAE, DE A at iU base are eqtiai (1. 10.), and 
each of them is, therefore, equal to half of the Remaining 
two-thirds of two right angles, or ^qual fo one-third part 
Odnsequettlly ADE Is likewise on equlhrteral triangle (L II. 
coi».)i md the ailgle DAE eqaal to CAB ; take CAfe from 
both, and there remams the asgle DAC equiil fo EAB; 
but the an^e ABD is equal to ACDin <he same iegmetit 
And thus the triangles ADC and A^B have th6 angles 
SAC, DCA eqoalt0EAB,EBA,aiid themterjacentside 
AC equal to ABj they are toniseqilenlly equal (I; So.), 
and the side DC is eqwl to BB. But DE wAs madeequid 
to DA ; wherefore DA and DC are together equal to DE 
and EB, or to DB^ 



PROF. XIV. THEOR. 

' .• • 

Abou|; snd in a given square, to circumscribe 
a^d inscribe a circle. 

Let ABCD be a square about which it is required to 
circumscribe a circle. 

Draw, the diagonals AC, DB intersecting each other in 
0, and, from that point with, the distance AO, describe 
the circle ABCD : This circle will circuniscribet^e square. 
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Because the diagonals of the .square ABCO are equal 
and bisecteach othet^ tfie Strai^ 
lines OA, OB> OC, and ODare 
mi 'e^ual, Md cond^uently thd 
circle described through A, pass- 
es through the other points B, 
'Catid'D. ' ' 

Again, let it be required to 
Inscribe & cirde in the square 
ABCD. 

From O the intersed;ion of the difigonals and with its 
distance from the side AD, -describe the drcle EGHF. 
This circle will touch the square internally. ^ 

For let fall the perpendiculars OG, OH, and OF (I. 6.}. 
And because the straight lines AB, BC> CD, and DA are 
equal, they are equally distant from the trentre O of the 
exterior circle (III. l^O.); wherefore the perpendiculars 
0£, OG, OH, and OF are all -equal, and the interior 
circlepasses through the points G, H, and F; but (III. 20.) 
' it likewise touches the sides of the square^ since they are 
perpendicular to the radii drawn from Ot ' ' 

Cor. Hence an octagon may be inscribed within a given 
square. For let tangents be applied at the points I, Kf 
L, and M, where the diagonals cut the interior circle. ' It 
is evid^tit, that the triangle AOE is equal to DOE, lOP 
to EOP, and £OZ to MOZ; whence the angles POE 
and ZOE are equal, being the halves of EOA and EOD, 
and consequently the triangles PEO and ZEO are equal. 
Wherefore PZ, the double of PE, is equal to PQ, the « 
double of PI ^ and the angle EZM is, for a like reason, 
equal to EPI. And^ in this manner, all the' sides and all 
the angles about the eight-sided figure PQRSTWYZ are 
proved to be equal. 
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PROP. XV. PBOB. 

In and about a given circle^ to inscribe and ci& 
cumscribe a square. 

Let EADB be a circle in which it is required to inscribe 
a square. 

Draw the diameter ABf cross it by the perpendicnkr 
ED through the centre, and join AD, DB» BE, and EA : 
The inscribed figure ADBE is a square. 

The augles about the centre C, being right angles, are 
equal to each other, and are, therefore^ subtended by equal 
chords AD, DB, BE, and A£, but 
one of the angles ADB, being in a se- 
micircle, is (III. 19.) a right angle, 
and consequently ADBE is a square. 

Next, let it be required to circum- 
scribe a square about the circle. 

Apply tangents FG, GH, HI, and 
FI at the extremities of the perpendicular diameters: 
These will form a square. 

. For all the apgles of the quadrilateral figure CG, being 
together equal to four right angles, and those at C, A^ and 
D being each a right angle, the remaining angle at G is 
also a right angle, and CG is a rectangle ; but it is like- 
wise a square, since AC is equal to CD. In the same 
manner, CH, CI, ^nd CF are proved to be squares ; the 
sides FG, GH, HI, and IF of the exterior figure, being 
therefore the doubles of equal lines, are mutually equal, 
and the angle at G being a right angle, FH is consequent- 
ly a square. 

Cor. Hence the circumscribing square is double of the 
inscribed square, and this again is double of the square con- 
structed on the radius of the circle. ^ 
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",!^ , PEOF, XVI. PROS. 

Ib and about a given cirde» to inscnbe and cir- 
cumscribe a regular pentagon.. 

I^et ABCDE be a cirde in. which it is r^uired to in-- 
flonbe a regular pentagon. . . 

CSonstmct an isosceles triangle having each of its an* 
gles at the base double of its vertical angle (IV. '4.), and 
leguiangular to this, inscribe the triangle ACE within the 
qliicle (ly. ll.)» d^w,AP> EB bi»9cMQg the angles CAE, 
CEA (i. 5.), and join AB, BC, CD, andDEl : The figure 
ABCDE is a regular pent^gon^ 

For the angles AEB, BEC are each the half of C^ A, 
and ^refore e^pal to ACE ; 
but the angles EAD, DAC . 
are likewise equal to AGE. 
Hence these angles, being all 
^nal, must stand on equal 
arcs (III. 16. cor,); and the 
chords of these arcs, or the 
sides AB, Bq, CD, DE, and , 
AE are equal (III. 12. cor.) 
And because the segments EAB,»Ab4 BCD, CDE> and 
BEA are evidently equal (III. 1 6.), the interior angles of the 
figure are all equal, and it is, therefore, a regular pentagon. 

Next, let it be required to circumscribe a regular penta* 
^n about the circle. 

- At, the points A, B, C, D, and E apply tangents j these 
will form a regular pentagon. 

For FAK being a tangent, th^ angle KAE is equal to 
ACE (III. 21.) ; and in like manner it is shown that the 
angles AEK, DEI, EDI, CDH, DCH, BCG, CBG, * 
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ABF, BAF are all equal to ACE. The iaotceles trian- 
gles AKE; BFA, baying therefore die angles at the 
base equal and tibe bases themselves AE^ AB, are equal 
(I. 20.) ; for the same reason, the triangles BG€; CHD, 
DI£| EKA, are equal. Whence the internal aii^^ of 
the figure are equal, and its sides, being double of those of 
the annexed triangles, are likewise equal : TbeVigdte'iSf 
therefore^ a regular pentagon* ' ^ 

PROP. XVII. PEOB. 
To inscribe a regular hexagon in a gtven circle. 

Let it be required, in the circle FBD, to itiscribe a 
hexagon. 

Draw the radius OA, on which construct the eqnilateriii 
triangle ABO (I. 1. cor*), and repeat the equal triangles 
about the vertex O: These triangles will compose a hexagon^ 

For the triangle ABO, being equilateral, each of its an- 
gles AOB is the third part of 
two right angles, and conse- 
quently six of such angles may 
be placed about the centre O. 
But the bases of the triangles 
AOB, BOC, COD, doe; 
EOF, and FOA form the sides 
of the figure, and the angles at 
those bases its internal angles i wherefore it is a regular 
hexagon. 

Cor. 1. Tangients applied at the points A, B, £!, D» E, 
F, would evidently form a regular circumscribing hexagon* 
An equilateral triangle might be inscribed by joining this 
alternate points ; and, by applying tangents at those points. 
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an^eqinkieeal trittgle inp^Id bemaik to ctlHSUiiscrihe ihe 
drde. 

Cor. 2. The.8ide« AB of theinscrihfidLb^3i«{|oiii^ eqntd 
totlie mdius; andsinoe ABDisadglitaiAigkd Iriangle^ 
and the squaries of AB and BD are equal to ibe s^ais^f^ 
AD, or to four times the square of AO, the square of BD 
the side of an inscribed equilateral triangle is triple the 
square of the radius. 

Cor. S. The perimeter of the injscribed hexagon is equal 
to six times the radius,' or three times' the diameter, of the 
circle. Hence the pircumference of « ^tcte bang, from 
its perpetual .curvatnre, greater than shy intermediate sys* 
tern of straight lines^ is more than triple its diameter. 

PROP. XVIII/ PROB. 
To inscribe a regular decagon in a given circISb* 



Let ADH be a circle^ tn which it is 4r<^iiired tp inscribe 
a regular decagon. 

Draw the radius OA, and with OA as its side describe 
the isosceles triangle AOB, having ^ch of its. angles ^ 
the base double of its vertical angle (IV. 4.}, repeat the 
equal tri^gles about the centre O: These triangles will 
compose a decagon. , ,? 

For the vertical angle AOB 
of the component isosceles tri- 
angle, is the fifth part of two 
right angles (IV/4. cor.)^ and 
consequently ten such angles . 
can be placed about the point . 
Oi But the sides andantes 
of the resulting figure are aU 
evidently equal ; it is, therefore, a regular decagon. 
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Cor. Heneea Ngolar pentagcm^inbefonradfajjoinr 
iog the alternate points A, C^ E, 0| I» and A. It is abo 
jnapifeiti * tluit a decagon and a petotagoQ may 1)e circum- 
seribed aboitft Cbeeirds^ by applying tingents at their, so* 
teral aiigular points. 



PROP. XIX. THEOR. 

# 

The square of the side of a pentagon inscnbed 
in a circle, is equivalent to the squares of the sides 
of the inscribed hexagon and decagon. 

Let ABCDEF be half of a decagon inscribed in a cir« 
cle whose diameter is AF^ the square of AC, the side of 
an inscribed pentagon, is equivalent to the square of AB 
the side of the inscribed decagon, and of the square of thef 
radius AO, or the side of an inscribed hexagon. 

For join AD, and draw OB, OC, and OD. SBnce the 
arc DEF is double of AB, the angle AOB at the centre it 
-{UL 15.) evidently equal to OADor OAO at the cmam- 
ference ; and because the arc BjCDEF again is double ^ 
DEF, the angle OAB at the circamference is likewise e- 
qual to AOG at the centre. Whence the triangles AOB 
and AGO, having the an- 
gles OAB and AOB equal 
to AOG and OAG, and 
the interjacl^nt side AO 
common, are equal (1. 20.), 
and therefore the base AB 
is equal to OG. Conse- 
quently, (IV. 18.) GAO is an isosceles triangle, having 
encb of the angles at its base double the vertical angle; 
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wherefore (IV* S.) OO is equal to the greater segment of 
thie^ side AO divided fay a medial sectioi^ and consequently 
OC is diyided at O by a medial section. But (II. 20.) 
the square of ACj drawn from the vertex to a jK>int in the 
extension of the base of the triangle OAG^ is equivalent 
to the square of A6» together with the rectangle under OC 
and CG, that is, to the square of 0G# Whence the square 
of AC, the side of the inscribed pentagon, is equivalent to 
the squares of AO and of AB, the sides of the hexagon 
and decagon. 

Cor. The triple chord AD of the decagon is equal to 
the annexed sides AO and AB of the inscribed hexagon 
And decagon. For the triangle OAG, being equal to AOB 
or COD, the angle DCO or DCG is equal to AGO or 
DGC, and consequently (I. 11.) CD is equal to GD. 
Wherefore AD being equal to AG and GD, is equal to 
AO together with OG or AB. 

Scholium* Hence the sides of the inscribed decagon and 
pentagon may be found by a single construction. For 
draw the perpendicular dia- 
meters AC and EF, bisect OC 
in D, join D£, make DG e- 
qual to it, and join G£. It 
' is evident that AO is cut me- 
dially in G (II. Jd.}, a^d con- 
sequently that OG is equal to 
a side of the inscribed deca- 
gon. But GOE being a right- 
angled triangle, the square of G£ is equivalent to the 
squares of GO and OE (II. 10.), or the squares of the 
sides of die decagon and hexagon ; whence GE is equal to 
the aide of the inscribed pentagon. It also follows, that 
CG is equal 16 CI or CP, the triple chords of the inscri- 
bed decagon. 
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PROP. XX. PROR •' 

In a given circle, to inscribe I'eguil^ polygons 
of fifteen and of thirty sides'. 

Let AB and BC be the sides of an inscribed decagon^ 
and AD the side o/a hexagon likewise inscribed ; the arc 
BD will be the fifteenth part of the circumference of the 
circle, and DC the thirtieth part. 

For, if the circumference consisted of thirty equal poi- 
tions, the arc AB would be equal 
to three of these, and the arc AD 
to five; consequently the excess 
BD is equal to two of these por- 
tions, or' it is the fifteenth part of 
the whole circumference. Again, 
the double arc ABC being equal to six portions, and ABD 
to five, thej defect DC is equal to one portion, or to the 
thirtieth part of the circumference. 

Scholium. From the inscription of the square, the pen- 
tagon, and the hexagon, — may be derived that of a variety 
of other regular polygons : For, by continually bisecting 
the intercepted arcs and inserting new chords, the inscrib- 
ed figure will, at each successive operation, have the num- 
ber of its ^ides doubled. Hence polygons will arise of 
6, 8, and 10 sides; then of 12, 16, and 20^ next of 24, 
S2, and 40; again, of 48, 64, and 80; and so forth re- 
peatedly. The excess of the arc of the hexagon above 
that of the decagon, gives the arc of a fifteen-sided figure ; 
and the continued bisection of this arc will mark out poly- 
gons! witbSO, 60, or 120 equal sides, ii^ perpetual succession. 
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The same results might also be obtained from the difiPer- 
ences of the preceding arcs. ^ 

Of the regular polygons, three only are susceptible of 
perfect adaptatioui and capable therefore of covering, by 
their repeated addition, a plane, surface.^ These are the 
equilateral triangle, the square, and the hexagon. 'The 
angles of an equilateral triangle are each two-thirds of a 
right angles those of a square are right angles, and the 
angles of a hexagon are each equal to four-third parts of 
a right angle. Hence there may be constituted about a 
point six equilateral triangles, four squares, and three 
hexagons. But no other regular polygon can adpiit of a 
like disposition. . The pentagon, for instance, having each 
of its angles equal to six-fifths of a right angle, would not 
fill up the whole space about a point, on being repeated 
three times ; yet it would do more tthan cover that space, 
if added four times,— forming when tripled only three right 
angles and three-fifths, but when quadrupled, four right 
angles, and four-fifths. On the other hand, since each 
angle of a ^lygon which has more than six sides must 
exceed four- third parts of a right angle, three 'such poly- 
gons x»nnot stand round a point. Nor can the space 
about a point ever be bisected by the application of any 
regular polygons, of whatever number of sides ; for their 
angles are always necessarily each less than two right 
angles* 
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GEOMETRY. 



BOO^ V. 
OF PROPORTION, 

Tii!b preceding Books treat jof magnitude as 
concrete, or having mere extension ; and the sim* 
pier properties of lines, of angles, and of surfitces, 
were deduced, by a contmuous process of reason- 
ing, grounded on the principle of superposition. 
But this mode of investigation, how satisfactory 
soever to the mind, is by its, nature very limited 
and laborious. By introducing the idea of Nnm-- 
her into geometry, a new Bcene is opened, and a 
far wider prospect rises into view. Magnitude, 
being considered as discrete^ or composed of in- 
tegrant parts, becomes assimilated to multitude ; 
and under this aspect, it presents a vast system of 
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relations, which may be traced out with the ut- 
most facility. 

j^^2^m^5 were at first employed, to denote the 
aggregation of separate, though kindred, ob- 
jects ; but the subdivision of extent^ whether ac- 
tually effected or only conceived to exist, bestow- 
'ing on each portion a sort of individuality^ they 
came afterwards to acquire a more comprehensive 
application. In comparing together two quanti- 
ties of the same kind,' the one may contain the 
other, or be contained by it ; that is, the one may 
result from the repeated addition of the other, or 
it may in its turn produce this other by a process 
of successive composition. The one quantity ist 
therefore, equal, either to so many times the 
other, or to a certain aliquot part of it. 

Such seems to be the simplest of the numerics^l 
relations. It is very confined, however, in its ap- 
plication, and is >evidently, in this shape, iosoffi- 
eieni altogether for the purpose of general eom^ 
farison. But that ob|ect is atta&tted,^by adopting 
some intermediate term of reference. Though a 
quantity should ^neither C(Mitain another exactly, 
nor be contained by it;, there may yet exist a 
third and «naller quantity, which is at ojice ca- 
pable of measuring them botk Hiis mM^ttrr cor- 
Tespond& to the arithmetical unit ; and as number 
denotes the collection of units, so ^tion^ may be 
viewed as the aggregsteof its. component measures. 

But i^athematical quantities ave not aU siiscq^^ 



tible of such perfect mensuration. Two quantities 
may be conceived to be so constituted, as not to 
admit of any other quantity that will measure 
them completely, or be contained in both of them 
without leaving a remainder. Yet this apparent 
imperfection, which proceeds Entirely from the 
infinite variety ascribed to possible magnitude, 
creates no real obstacle to the progress of ac- 

. ewAte science. The measure or primary element^ 
being assumed in* succession still i^maUer and 
smaller, its corresponding remainder must be per- 
t>etually diibimshed. This contimied exhaustion 

^will hence approach nearer than any assignable 
difference to its, absolute term. 

Quantities in general can, there&re, either ex- 

. actly or to any required degree of precision^ be 

represented abstractiy by numbers ; and thus the 

sddnce of Geometry is at last brougiit uiklar .the 

ai^mion <!yf Ai^bmetic. 

It is obvious, that quantities of atiy kind Mtiate 
have the same composition, when each contains 
its measure the same number of times. But quan- 
tities, viewed in pairs, may be considered as ha- 
ving a similar composition, if the corresponding 
terms of . each cpair contaiii its measure eguaUy. 
Two pairs of quantities of a similar Qovetftmition^ 
l)eing thus formed by the same distinct aggregsa-- 
tions of their elementary parts, constitute a Fr<h 
portion. ., . . 
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DEFINITIONS. 

1. Quantities are komogeneauSf which can be added to- 
gether* 

2. One quantity is said t« contain anothefi when the 
gnbtraction of the smaller — continued if necessary— -leaves 
no remainder. 

8. A quantity which is contained in another^ is said to 
measure it. 

4. The qaanti^ which is measured by another, is caUed 
its multiple i and that which measures the other^ its sub* 
multiple. 

5. ZiEIre multiples and submnltiples are those which 
contain their measures equally» or which equally measure 
their corresponding compounds. 

6. Quantities are commensurable^ which have a finite 
common measure ; they are incommensurable^ if they will 
admit of no such measure. - 

7. That relation which one quantity is conceived to bear 
to another in regard to their compositioUy is. named a 
ratid. 

8. When both terms of comparison are equal, it is call- 
ed a ratio of equality s if the first of these be greater than 
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theseeoiidy it isa ratio oimajorityi and if the first be less 
than the seoondf it 18 a fatio of fliiitar%. 

9. A proportion or analogy oonststs in the identity of 
ratios* 

10. f'our quantities are said to hepropottUmal^ when a 
subitinltiple of the first is contained in the second as often 
as a like submultiple of the third is contained in the fourth. 

11* Of proportional quantities^ the first of each pair is 
named the antecedent^ and the second the consequent. 

12. The antecedents are homologous terms; and so are 
the consequents. 

IS. One antecedent is said ^o d^ to its consequent as 
another antecedoit to its consequent. 

14. The first and last terms of a proportion are called 
the extremes^ and the intermediate onesi the means. 

15. A ratio is direct ^ if it follows the order of the terms 
compared I it is inverse or reciprocal^ when it holds a re- 
versed order. 

Thus, if the ratio of A to B be considered as direct^ the 
ratio of B to A is inverse or reciprocak 

16. Quantities form a continued proportion, when the ' 
intermediate terms stand in the double relation of conse- 
quents and antecedents. 
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17. When a proportum coneiBto of thvce ianm^ the 
middle one ia said to be « fMetmfivpQtttwnal beUvsen A0 
two extremes. 

18. The ratio which one quantity has to another nl»g^ 
be iDonsidered as compounded of all the connecting ratios 
among afiy interposed quantities. "^ 

Thus, the hitio of A to D is viewed as eonqfounied of that 
of A to B, that of B to C, and that of C to p. 

19. Of quantities in a continued proportion^ the JBrst is 
said to have to the thurd, the duplicate ratio of what it 
has to the second ; to have to the fourth, a trijiicaie ratio ; 
to the fifth, a quadruplicate ratio ; and so forth, according 
to the number of ratios introduced between die extreme 
terms. 

20. If quantities be continual^ proportion^! the ratio 
of the first to the second is called the subduplicate of the 
ratio of the first to the third, thesubtriplicate of the ratio 
of the first to the fourth, &c. 



To facilitate the language of demonstration relative to 
numbers or abstract quantities, ii is expedient to adopt a 
clear and concise mode of notation. 

1. The sign = expresses equality ^ z^ majority ^ and ,^1, 
tninority : Thus A = B denotes that A is equal to B, 
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Ar:^BiigBiSe8 tiial A is greater than B» and A^:C3 iai^ 
pona tM A is leiB than B. 

9. 13>a a%nB + and -p- mark the additmi and subtiae^ 
tion of the quantities lo ivhieh tliey are prefixed : Thm^ 
A «f* B denotes that B is to be jom^ to A, and A-rB 
Hgnifies that B is to be taken away from A. Sometiniea 
Ijttse twa symbob are c omb i ne d togedier: Thu8» AdbB' 
Mpresents m&ier the mm of A and B9 or the ^ceto of 
A above B. 

8* To espress midtipKcationy the qnimtities are placed 
dose together ; or diey may be connected by the fiill 
point (•)> or the St Andrew's cross X : Tims, AB| or A.B^ 
or A X B^ denotes the product of A by B ; and ABCin- 
dkatea the resnk ci the continned nrakiplication of A by 
B^ and of this product again by C* 

4. yf/hm the same nwnber is ivpeatedly mdtipHed, 
the product is termed its power^ and the number itself^ 
in reference to that power, is called the root. The nota- 
tion is here still farther abridged, by retaining only a single 
letter with a small figure over it, to mark how often it is 
understood to be repeated : This figure serves also to dis- 
tinguish the order of tiie power. Thus A A, or A^, signi- 
fies that A is multiplied by A, and that the product is the 
second power of A ; and AAA, or A', in like manner, im- 
ports that A A is again multiplied by A, and that the result 
is the third pcmer of A. 

5. The roots are denoted, by prefixing a contracted r,. 

or the symbol V. Thus VA or VA marks the second 
root of A, or that number of which A is the second power ;. 

VA signifies the third root of A, or the number which 
has A for its third power. 
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6. Tor^resentthemultiidioation of complex qoffiifitiei^ 
they are indoded by a parentheiis. Thas^ A(B-|-€U-D) 
dimotes tbat the affioimt of B+C— B^' conridered ak a 
ungle quantity, is multiplied into A. 
' 7. Ratios and analogies are opreteed, by nisertii^ pojnta 
in pairs between the terms. Thus A : B denotes the i^- 
tioofAtoB; and the compound qrmbols A : B.:: C:I>» 
ngnify that the ratio of A to B is tiie same as that of G fo 
Djorthat AistoBasCtoD. ' 

8. The result of the mubiidication of two numbertr is 
called their product, and, in reference to it, die numbers 
themselves are termedjfSzc/or& . . 

9. A divisor is tiie number contained in anotiier called 
the dividend, and tiie quotient expresses bow often it is ao 
contained. The dividend, or containing number, is henc^ 
the same as the product of the dttisor fay the qnoficnt. 



, BOOK. V, I S3 

PROP. 1. THEOB, 

Tbe product of a number into the sum or dif- 
fereAceoftwo numbers, is equal to the sum or 
differenj^e of its products by those numbers. 

Let Af B, and C be.three niimb^rs ; the pvodufit of .the 
sum or difference of B ^nd C by the number A, is eqiud 
to the; sum or difference of the s^arate products AB <^d 

For the produi^ AB is the same as each iinit contained 
in B repeated ^ times, ^nd the product AC is the WW 
as the units in C likewise repeated A times ; whence (he 
sum of the products AB and AC is equal to the units con* 
tainedj in both B and C» all repeated A times, or it is 
equal to this sum of the numbers B and C multiplied by A» 
Again, for the same reason, the difference between the 
products AB and ^C must be equal to the difference be- 
tween the units contained in B and in C, repeated A time$ ; 
that is, it must be equal to the difference between the lum- 
bers B and C multiplied by A. 

Cor* !• Hence a number which measures a&y two nnm« 
bers, will measure also their sum and their difference. 

Cor. 2. It is hence manifest, that the first part of the 
proposition may be extended to more numbers than two { 
pr U)at 4B+AC+ AD+j &c. =A(B+C+P+, &c.) 
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PROP. 11. THEOR. 

The product which arises from the contiinied 
midtiplicatioii of any numbers^ is the same ifi 
whatever order this operation be perfwined. 

Let A and B be two numbers; the prodnctAB is equal 
10 BA. 

For the product AB is the same as eadi unit in B add- 
ed together A times, or as often as there are units in A^ 
which is evidently the same thing as A itself repeated B 
timesy that in, BA. 

Next, let there be three numbers A, B^ and C; die 
products ABC, ACB, BAC^ BCA» CAB, and CBA are 
all equal. 

For put D== AB or BA ; then DCsCD, that iS| ABG 
sCAB, and BAC=CBA. 

Again, put Er:AC or CA; then EBsBEi that i% 
ACBsBAC, and CABsBCA. 

Lastly, put FzsBC or CB; then FAcAF, that is, 
BCA=ABC, and CBA=ACB. 

And thus the several products are all mutually equaL 

It is also manifest, that the same mode of reasomng 
might be extended to the products of any multitude of 
numbers. 

Cor. Hence the permutations of quantities may be eauly 
found. Thus AB can be written only two ways; but 
the changes are tripled in ABC, or multiplied to six ; they 
are again quadrupled in ABCD, which admits of twenty- 
four different arangements i and the five letters A, B, C, 
D, E, might, for the same reason, be disposed no fewer 
than an hundred twenty ways. 
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PROP. III. THEOR. 

Homogeneous quantities are proportional to 
their like multiples or submultiples. 

Let A| B be two qaibitities of the same kind) and pA^ 
^B their like mult^les ; then A : B iipK zpB» 

For, sjnce A and B are capable of bemg measured to 
any reqmred degree of predsion^ sappoie a to be the mea- 
sure whidi A find B cMtain m and n times, or that* As 
m.a and B = n.a s consequently pK =sp.ma, and jiB ==p.iia. 
But (V. 2.) p.ma^m.paf i^nd p.naz^npa. Wherefore a 
and pa are like submultiples of A and of ^A, which con- 
tain them respectively m times ; and these like submultiples 
are both contained equally, or n times, in B and in pB. 
Consequently (V. def. 10.) the quantities A, B^.juid pA^ 
jpB are proportional ; and A, ^ A are the antecedents, and 
B, ^B, the consequents, of the analogy. 

Again, because the ratio of ^A tp jpB is thus the same 
as that of A to B, which, in reference tb^A and^B, are 
only like submultiples, it follows that homogeneous quanti- 
ties are also proportional to their like submultiples, 

PROP. IV. THEOR. 

In proportional quantities, according as the 
first term is greater, equal, or less than the se* 
cond, the third term is greater^ equal, or less 
than the fourth. 

Let A: B: :C:D; if At::s^B, then C:x-D ; ifA=B, 
then C=D; or if A^riB, then C-^D. 

For, if A be greater than B, then the measure or sub- 
multiple of A must be contained oftener in B, and hence 
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the like submnltiple of C will be conUused oftener in D ; 
wherefore C is greater than D. 

If A be equal to Bf the measure of A is contained e- 
qaally in B, and hence that of C in D, or C is equal to D. 

Baty if A be less than B, the measure of A is not con- 
tuned ao often in B^ and hence the maasnreof C k not 
contained so often in Dy or C is less than D. 

Schotium. On this proposition is grounded the mode of 
stating a proportion in the Rule of Three^ while the atith- 
netieal operation itself will be found to depend on Propo- 
sition VI. 

PROP. V. THEOR, 

Of four proportionals^ if the first be a multiple 
or sul^ultiple of the second, the third is a like 
ultiple or submultiple of the fourth. 

Let A : B : : C : D; if A=pB, then CsspD. 

For^ suppose the approximate measures of A and C to 
oe a and c, and let A=:mp.a, and Czumpx. It is evident, 
from the hypothesistthat A=:j7B=inp.a,or B=:9».a; but 
the consequents B and D must contain their measures 
equally (V. def. lO.)) and therefore D=m.c. Whence C 
=:/wp.£:= (V. 2.) Jp.»«c==pD. 

Again, if <7A=:B ; then will qC^Ji. 

For, let Azzna^ and Czznc ; therefore B^qA=zqna=: 
(V. 2.) nqMf and, from the definition of proportion, D= 
nqx= (V. 2.) q.nc=:qC. 
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PROP. VL THEOR. 



' If four numbers be proportional, the product 
of the extremes is ^qual to that of the mdans ; 
and of two equal products, the factors are con« 
vertible into an analogy, of which these form se- 
verally the extreme and the mean terms. 

Let A : B : : C : D; tlien AD=BC. 

For (V. S-) A-D : B.D : : B.C : B.D; and the second 
term of this analogy being equal to the fourth, therefore 
(V.40AD=BC. 

Again, let AD=BC ; then A : B : ; C ; D. 

For, by identity of ratios, AD : BD : : BC : BD, and 
hence(V. 3.) A:B::C:D. 

Cor» 1. Hence the greatest and least terms of a prpppr*- 
tion, are either extremes or means. 

Cor. 2. Hence also a proportion is not affected, by trans- 
posing or interchanging its extreme and mean terms.-— 
On this principle ore founded the two following theorems. 

PROP. VIL THEOR. 

The terms of an analogy are proportional by 
inversion^ or the second is to the first, as the fourth 
to the third. 

Let A : B : : C : D ; then inversely B : A : : D : C. 

For the extreme and mean terms are thus only.mutual- 
ly interchangedi and consequently the same equality of 
products AD and BC (V. 2.) still obtains. 
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PROP. VIII. THEOR. 

Numbers are proportional by aUematioth or the 
first is to the third, as the second to the foorth. 

Let A : B : : C : D ; then aUemaidy A : C : : B : D. 

For the extreme terms being still retained, the mean 
terms are merely transposed with respect to each other; 
the same equality of prodocts, therefore^ likewise here sab- 
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The terms of an analogy are proportional by 
composition ; or the sum of the first and second is 
to the second, as the sun^ of the third and fourth 
to the fourth. 

Let A : B : : C : Dy then by composition A-f-B : B : : 
C+D : D. 

Because A : B : : C : D» the product ADsBC (V. 6.) ; 
add to each of these the product BD, and AD-|-BD= 
BC+BD. But (V. 1.) AD+BD=D(A+B), and 
BC-|-BD=B(C-|-D); wherefore (V. 6.) assumuig the fee- 
tora of these equal products for the extreme and mean 
terms, A-f B : B : : C+D : D. 
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PROP.X. THEOR. 

The terms of an analogy are proportional by 
dmsfonf or the difference of the first and second 
is to the second^ as the difference of the third and 
fourth to the fourth. 

Let A : B : : C : D; suppose A to be greater than B, 
then will C be greater than D (V. 4.) : It Ib to be proved 
that A— B : B : : C— D : D. 

For, since A : B : : C : P» the product ADssBC 
(V. 6.}| and, taking BD from both, the compound product 
AB—BD h equal to BC— BD ; wherefore, by resolution, 
(A— B)D=:B(C— D)» and consequently A— B : B : : 
C-.D : D, 

If B be greater than A, then BD^AD;=BD-^BC9ind, 
by resolution, (B-A)'D=:B (D---C); whence B*-A : B 
: ; D— C : D. 

PBOP. XI. THEOB. 

The terms of an analogy are prc^rtional by 
cofwersion ; that is, the first is to the sum or dif- 
, ference of the first and second, as the third to the 
sum or difference of the third and fourth. 

Let A : B : : C : D, and suppose A^^IQ^ then A ; Ast=B 
: : C : CdfcD. 

For, since (V. 6.) the product ADsBC, add or sub- 
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strad these to or from the product AC i and ACdb:AD 
=:AC=ft=BC Whereforr^t by resobtion, A(C=i=D)=C 
( A=fc:B), and consequently A : Ast:B : : C : C=1=D. 

If AicCB, then AD— ACsBC— AQ and» by resoln- 
tion» A(D— C) = C(B— A), whence A : B— A : : C : D— C. 

Cor. Henc^ by inyersiony A=ipB : A : : CdbD : C^ or 
B— A : A : : D— C : C. 



PROP. XIL THEOR. 

The terms of an analogy are proportional by 
wlmng ; or the sum of the first and second is to 
the difference, as the sum of the third and fourth 
to their difference* 

Let A : B : : C : Dy and suppose A*p^B ; then A+B : 
A--B : ; C+D t C-.D. 

For, by conversion, A : A+B : : C x C+D, and alter- 
nately A : C : : A+B : C+D. 

Again, by conversion, A : A— B : : C : C — ^D, and al- 
ternately A : C : : A — B : C — D. Whence, by identity 
of ratios, A+B : C+D | : A — B< : Cr-D, and alternately 
A+B : A— B : : C+D : C— D. 

The same reasoning will hold if A be less than B, the 
order of these terms being only changed. 
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PROP. XIII. THEOR. 

A proportion will subsist, if the homologous 
terms be multiplied by the same numbers. 

Let A : B : : C : D ; then^A : yB : :pC : jD. 

For, since.^ : B : : C : D, Jteniatdy A : C : : J^ ij); 
bqt the ratio of A to C is the same as ^A : jpC (V* 3,]^ 
and the ratio of B to 1) is the same as jB : qD. Where- 
fore j) A : jpC : : jB : jD, atid, by alternatioii,'pA : jB ; : 
pCryD. ' 

Cor. ,The proppsition may be extended likeiyise^to the 
division of homologous teritis^by employing subihultiples. 



/ JPROP. XIV. THEOR. 

The greatest and least terms of a proportion, are 
together greater than the intermediate ones. 

Let A : B : : C : D; and A being supposed to be the 
greatest ternii the other extreme D is the least (V. 6, cor. 
1.) : The sum of A and D is greater than the stfm of B 
and C. . > 

Because A : B : : C: Di by com^ersion A : A*^^ : : 
C : C— B, and alternately A : C : : A—B : C— D ; but 
A being the greHtest tenD» is therefore greatar than C, 
and consequently (V. 4.) A — B is greater than C— D ; to 
each add B+D* and A+D is greater thati B+C. 



149 ^ ELiMiirts or obomrey. 

The fliiM rMioiiing it appUcabfey if any other tarm of 
the analogy be soppoeed the greatest* 

Car. Henoe the mean term of three proportionals is leaa 
than half the mun of both extremes* 



PROP. XV. THEOB. 

If two analogies have the same antecedents^ 
another analogy may be formed, having the con- 
sequents of the one for its antecedents, and the 
consequents of the other for its consequents^ 

LetA:B::C:DandA:£:;C:F; thw B : £ ; i 
D;F. 

For, alternating the first analogy, A : C : : B : D, alld 
altematidg the second, A : C : : E : F ; whence, by iden- 
tity of ratios, B i D : : E : F. This inference is named a 
direct equality. 



PROP. XVL THEOR. 

If the consequents of one analogy be antece- 
dents in another, a third analogy will arise, ha* 
vlng the same antecedents as the former, and the 
same consequents as the latter. 

LetA:B::C:D,BndB:E::D:P| then A: E:: 
C;F. 

For, attematiDg both ttialogiei^ A : C : : B : D, and 
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B:D::£:Ft whence, by idaiiity of ratiosy A:C:: 
E : F. This concliysion is also named a direct egucdiii/. 



PRO!?, XVII. THEOR. 

If two analogies have the same means, the ex- 
tremes of the one, with those of the other as the 
mean terms, will form a third analogy. 

LetA:B::C:D,andE:B::C:F; then A: E:: 
F:D. 

For, fiinoe A : 3 : : C : D, ADsBC (V. $.)i ^^ he* 
caii8eEtB::C:F, EFsBC. Whence AD sEF, and 
A : E : : F : D. 

CkiT. H»ce the extreme and mean terms being inter- 
changeable, it likewise follows, that, if A : B : : C : D, and 
A : E : : F: £>, then B : £ : :'F : C. 



PROP. XVIII, THEOR. 

If the extremes of one analogy are the mean 
terms in another, a third analogy will subsist, ha- 
ving the means of the former as its extremes, and 
the extremes of the latter as its means* 

Let A;B::C: D, andE:A::D:F; then B:E 
: : F : C; 
Fori from the first analogy ADssBC, and, from the se- 
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oond^ EFsADi whence BCsEF, and oonteqnenUy 
B : £ : : F : C. 

On-. Hence also, if A : B : : C : D and B : E : : F t C; 
then E : A : : D : F. The principle of this and the pre- 
ceding Propositian is naued inverse, cit'perturbaie, equa^ 
lih/. 



PROP. XIX. THEOR. 

If th^e be atty dumber of proportionaH as one 
antecedent is to its consequent, so is^ the sum of 
all the antecedents to the snnii of all the conse- 
quents. 

Let A :B::CiD:tE:F::0:H| then A : B : t 
A+C+E+G: B+D+F+H. 

Because A : B : : C : D, (V. 6.) ADssBC ; and, rince 
A : B : : E : F, AFsBE, and, for the same reason, AH 
=BG. Consequently, the aggregate products AB+ AD 
+AF4-AH=BA+BC+BE+BG; and» by resolution, 
A(B+D+F+H)=B(A+C+E4.G)-, whence A: B: : 
A+C+E+G : B+D+F+H. 

Cor. ] . It is obvious, that the Proposition will extend 
likewi^ to the difference of the homologous terms, and 
may^ therefore, be more generally expressed thus : A : B: 
AdfcC=t=E=t=G : BdbD=l=FdbH. 

Cor. 2. Hence, in a succession of proportionals, as one 
antecedent is to its consequent, so is the silm or difference 
of the several antecedents to the corresponding sum or diffe- 
rence of the consequents* For, if A : B : t C : D : : £ : F, 
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then, by cdfoUftry 1, A : B : : Ails:0=i=E : B!±:Ddbl\ or 
(V. 8.) A : AdbCdbE : : B : BdfcD=!=F; wherefore 
(V- H.) A : Cis^E : : B 2 DstsF, aiid (V. 8.) A : B : : 
CdbB : Dr±rF. 



PROP. XX. THEOR. 

If two analogies have the same antecedents, 
another analogy may be formed with these ante- 
cedents, and the sum or difference of the conse- 
quents. 

Let A:B::C:D,andA:E::C:F} then A : B=t=E 
: : C : I>=b:F. For, by akernation, these analogies become 
A : C : : B : D, and A : C : : E : F; whence (V. 19. 
cor. 2.) A : C : : BdfcE : DdbF, and alternately, A : Bd=E 
: : C : D=i=F. 

Cor. If A : B :: C ; D, and E : B :: F : Dj then 
A=1=E : B : : CztzF : D. For, by alternating the analo- 
gies, A : C : : B : D, and E : F : : B : D 5 whence (V. 19. 
cor. 2.) B : D : : A=±=E : C=t=F, and, by alternatioD and 
inversion, A=4=E : B : : C=i=F : D. 

PROP. XXI. THEOR. 

In continued proportionals, the difference be- 
tween the first and second is to the first, as the 
difference between the first and last terms to the 
sum of all the terms excepting the last 
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LetA:B;:B:C::C:D::D:E| tbeo if Ar^^lO, 
A— B : A : : A— E : A-fB-fC+D. 

For (V. 19.), A : B : : A+B+C+D : B+C+D^-E, 
and consequently ( V. 1 1 . cor.). A— B : A : : (A+ B+ C-h 1>) 
— (B+C+D+E) : A+B+C+D; that is, omitting 
B+C+D in the third ternii A-B : A : : A-E : A+B+C+D. 

If A^B, then B— A : A : : (B+C+D+E)— (A-f-B 
+C+D) : A+B+C+D| that is, B-A : A : : E—A : A 
+B+C+D. 

The same reasoningi it is evident, will hold for any 
number of terms* 

Scholium. Hence the summation of continued progres- 
sions} such asA:B::B:C::C:D::D:E, whether as- 
cending or descending, is easily derived ^ and hence also 
the limit of a perpetually descending progression may be 
discovered, for it is evidently the fourth proportional to 
the difference between the first and second term, the first 
term itself, and the last 

PROP. XXII. THEOR. 

The products of the like terms of any numeri- 
cal proportions, are themselves proportional. 

Let A : B : : C : D 
E:F:;G:H 
I:K::L:M; 
then AEI : BFK : : CGL : DHM. 

For (V. 6.), from the first analogy AD=BC, from the 
second analogy £H=FG, and from the third analogy 
IM=KL; whence the compound product AD.EH«IM= 
BC.FG.KL. But AD.EH.IM = AEI.DHM (V. 2.), 
and BCFG.KL =BFK.CGL ; wherefore AEI.DHM= 
BFK.CGL, and consequently (V. 6.) AEI : BFK : : 
CGL : DHM. 
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The same reason^ it is obvious^ wiH apply to any number 
of proportionals. ' 

Car. 1. Hence the powers of the successive terms of nu- 
merical proportions, are likewise proportional. For, if 
A : B : : C : D, and, repeating the analogy, A : B : : C : D ; 
then, by multiplication, AA ; BB : : CC : DD> or 
A* : B» : : C* : D*. 

Again, let A : B : : C : D, and, repeating the analogy^ 
A : B : : C : D, 
and A : B : : C : D; whence, by multiplying the 
corresponding terms, 

A' : B' : : O : D». 
And so the induction may be pursued generally. 

Cor. 2. Hence also the roots of the terms of a numeri- 
'cal proportion, are proportional. If A : B : : C : D, then 
VA: V^B:: v^CryD. For let v^A: VB:: v^C: VE, 
and, by the last corollary, A : B : : C : E j but A : B 
: : C : D, whence C : E : : C : D, and consequentiy 
E=D, or VA : v'B : : VC : VD. — In the same man- 
ner, it inay be shewn in general, that, if A : B : : C : D, 

V^A : VB : : V'C : VD. 



PROP. XXIII. THEOR. 

The ratio which is conceived to be compounded 
of other ratios, is the same as that of the products 
of their corresppnding numerical expressions. 

Suppose the ratio of A : D is compouhded of A : B, of 
B : C, and of C : D, and let A : B : : K : L, let B : C : : 
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M : K| and let C : D : : O : P; then will A : D : : 
KMO : LNP. 

Fori tince A : B : : K : Li 
B : C : : M s N, 
and C : D : : O : P, 
the products of the similar terms are proporticmal (V. 32.)^ 
or ABC: BCD:: KMO: LNP. Bat A:D:: ABCrBCB 
(V. $.), and consequently A : D : : KMO : LNP. 

The same mode of reasoning is applicable to any num- 
ber of component ratios. 



PROP. XXIV. THEOR. 

A duplicate ratio is the same as the ratio of the 
second powers of the terms of its numerical ex- 
pression, and a triplicate ratio is the same as that 
of the third powers of those terms. 

Let A : B : : B : C : : C : D; then A* : B* : : A : C, 

and A' : B' : : A : D. 
For, since A : B : : B : C, 

and*A : B : : A : B, the products of the corre- 
sponding terms are proportional (V. 29.), or A' i B* : : 
BA : CB. Whence (V. S.) A* : B» : : A : C. 
Again, since A : B : : B : C, 
and A : B : : C : D, 
and A : B : : A : B, as beforei (V. 
22.), A» : B' : : BCA : CDB. And consequently (V. 3.}, 
A» : B' : : A : D. 
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PROP. XXV. THEOR. 

The product of the numbers expressing the 
sides of a rectangle, will represent its quantity of 
surface, as measured by a square constructed on 
the linear unit. 

Let ABCD be a rectangle and OP the linear measure; 
and suppose the side AB^to contain OP9 m times, and the 
side BC to contain it, n times. 

Divide these sides accordingly -^ 

into such parts (I. S6.), and, j_.^-__p__^__. 

through the points of section, | 

draw straight lines (I. 23.) 
parallel to AD and DC: the 
whole rectangle will thus be 

divided into cells, each of them equal to the square of OP. 
It is evident, that there stand on 6C, n columns, and that 
each of these columns contains m cells ; consequently the 
entire space includes, m,n cells, or is equal to the square 
of OP repeated mn times. 

Cor. i. If 171=7}, then AB=BC, and the rectangle be- 
comes a square ; but mn is in that case equal to mntf or m*. 
Whence the surface of a square is expressed by the second 
power of the number denoting its side. 

Cor. 2. Rectangles which have the same altitude m are 
as their bases n and p ; for (V. 3.) mn : mp : : n : p. And 
triangles having the same altitude, being (II. 5. cor.) the 
Halves of these rectangles must likewise be as their bases* 

Cor. 3. If two rectangles be equal, their respective sides 
are rcciprocaHy proportional, or form the extremes and^ 
means of an analogy. For if mn szpq^ then (V,6.)m ip:: 
q : If. 
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PROP. XXVI. PROB. 



Given two homogeneous quantities^ to find^ if 
possible, their greatest common measure. 

Let it be required to find the greatest common measure^ 
which two quantities A and B» of the Bame kind, will admit. 

Supposing A to be greater than B, take B out of A, tOl 
the remainder C be less than it ; again, take C out of B, 
till there remain only D; and continue this alternate ope- 
ration, till the last divisor, suppose E, leave no remainder 
whatever ; E is the greatest common measure of the quan- 
tities proposed. 

For, the quantity sought, as it measures B, will mea- 
sure its multiple; and since it also measures A, it must 
measure the difference between the multiple of B and A 
(V. 1. cor. lOf that is, ,C; the required measure there- 
fore, measures the multiple of C, and consequently rthe 
difference of this multiple and B, which it measured, — ^that 
is D : And lastly, this measure, as it measures the multiple 
of D, must consequently measure the difference of this from 

C, or it must measure E. Supposing the decomposition 
to terminate here, the common measure of A and B, since 
it measures E,'must be E itself; and it is also the greatest 
possible measure, for nothing greater than E can be con- 
tained in this quantity. 

By retracing the steps likewise, it might be shown, that 
E actually measures, in succession, all the preceding terms 

D, C, B, and A. 

If the process of decomposition should never terminate 
the quantities A and B do not admit of a common mea- 
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sttrey— -or they are incommensurable* But| as the residue 
of the subdivision is necessarily diminished at each step of 
this operation, it is evident that some element may always 
be discovered, which will measure A and B nearer than 
any assignable limit. 



PROP- XXVII. PROB. 

To express by numbers, either exactly or ap- 
proximately, the ratio of two given homogeneous 
quantities. 

Let A and B be two quantities of the same kind, whose 
nomerical ratio it is required to discover. 

Find, by the last proposition, the greatest common mea- 
sure E of the two quantities $ and let A contain this mea- 
sure K times, and B contain it L times : Then will the 
ratio K : L express the ratio of A : B. ' - 

For the numbers K and L severally consist of as many 
units, as the quantities A and B contain their measure E» 
It is. also manifest, smce E is the greatest possible divisor, 
that K and L are the smallest numbers capable of express- 
ing the ratio of A to B. 

If A and B be incommensurable quantities, their decom- 
position is capable at least of being pushed to an unlimited 
extent; and, consequently, a divisor can always be found 
so extremely minute^ as to measure them both to any de- 
gree of precision. 
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PROP. XXVIIL THEOR. 

A straight line is incommensurable with its seg-- 
ments formed by medial section. 

If the straight line AB be cut in C, such that the rect* 
angle AB, BC is equivalent to the square of AC $ no part 
of AB, however small, will measure the segments AC, BC. 

For (V. 26.) take AC out 
of AB, and again the re- x Kg y C » 

roainderBCoutofAC. But 

AD, being made equal to BC, the straight line AC is like- 
wise divided in D, by medial section (IL 19. cor. 1.) ; and, 
for the same reason, taking away the successive remaiaden 
CD, or AE, from AD, and D£ or AF from AE, the sub- 
ordinate lines AD and AE are also divided medially in 
the points E and F. This operation produces, therefore^ 
a series of decreasing lines, all of them divided by medUal 
Wtion : Nor can such a process of decomposition ever ter- 
minate; for though the remainders BC, CD, DE, and 
£F continually diminish, they must still constitute the sc^* 
ments of a similar division. Consequently there exists no 
final quantity capable of measuring both AB and AC. 

Cor. Since the square of AC is equivalent to the rect- 
angle under AB and BC, it follows (V. 6. and V. 34t) 
that the whole line AB is to its smaller segment BC in the 
duplicate ratio of the same line to its greater segment AC; 
and therefore the squares of the parts of a line divided by 
medial section are likewise mutually incommensurable. 
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PROP. XXIX. THEOR. 

The side of a square is incommensurable with 
its diagonal. 

Let A6CD be a square and AC its diagonal ; AC and 
AB are incommensurable. 

For make OE equal to AB or BC| draw (I. S. cor.) the 
perpendicular EF and join BE. 

Because CE is equal to BC» the angle CI^B (I. 10.) is 
equal to CBE ; and since CEF and CBF are each right 
angles, the remaining angle BEF 
is equal to EBF, and the side EF 
(I. 1 L) equal to BF; but EF is 
also equal to AE, for the angles 
£AF and EFA of the triangle 
AEF are evidently each of them 
half a right angle. Whence, ma- 
king FH equal to the lines FB, 
FE or AE, the excess AE of the 
diagonal AC above the side AB» is contained twice in AB, 
with a remainder AH; and AH again, being the excess 
of the diagonal AF of the derivative or secondary square 
6E above the side AE, must, for the same reason, be con« 
tained twice in AG, with a new remainder AL ; and this 
remainder will likewise be contained twice with a corre- 
sponding remainder in AH, the side of the ternary square 
KH. This process of subdivision is therefore intermina- 
ble, and continually reproduces the same mutual relations. 
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The doctrine of Proportion, grounded on the 
simplest theory of numbers, furnishes a most 
powerful instrument, for abridging and extending 
mathematical investigations. It easily unfolds 
the primary relations subsisting among figures/ and 
those of the sections of lines and circles ; but it 
also discloses with admirable felicity that vast con« 
catenation of general properties, not less impor- 
tant than remote, which, without such aid, might 
for ever have escaped the penetration of the geo- 
meter. The application of Arithmetic to Geome- 
try forms, therefore, one of those grand epochs 
which occur, in the lapse of ages, to mark and 
accelerate the progress of scientific discovery. 
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DEFINITIONS. 

1. Straight lines drawn from the same point, are termed 
diverging lines. 

2. Straight lines are divided similarly^ when their cor- 
responding segments have the same ratio. 

S. A straight line is cut in extreme and mean raiiop when 
the one segment is the mean proportional between the 
other segment and the whole line* 

4. A straight line is said to be cut harmonically^ if it 
consist of three segments, such that the whole line is to 
one extreme, as the other extreme to ihe middle part. 

5. The area of a figure is the quantity of space which 
its surface occupies. 

6. Similar figures are such as have their angles respec- 
tively equal, and the containing sides proportional. 

7. If two sides of a rectilineal figure be the extremes of 
an analogy, of which the means are two corresponding 
sides in another rectilineal figure ; those figures are said 
to have their sides reciprocally [uroportionaL 
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PROP. I. THEOR. 

Parallels cut diverging lines proportionally. 

The parallels DE and BC cut the diverging lines AB 
and AC into proportional segments. 

Tliose parallels may lie on the same side of the vertex, 
or on opposite sides ; and they may consist of tw0| or of 
more straight lines. 

!• Let the two parallels DE and BC intersect the di- 
verging lines AB and AC, on the same side of the vertex 
A i then are AB and AC cut proportionally, in the points 
D and E, or AD : AB ; : AE : AC. 

For if AD be commensurable with AB, find (V. 26.) 
their comihon measure M, which repeat from' the vertex 
A to B, andi from the corresponding points of section in 
AD and AB, draw (I. 23.) the parallels FI, GK, and HL. 
It is evident, from Book I. Prop. S6. 
that these parallekwiU also divide 
the straight lines AE^nd AC equal- 
ly. Wherefore the measure M, or 
AF the submultiple of AD, is con- 
tained in AB, as often as AI, the 
like submultiple of AE, is contained in AC ; consequently 
(V. def. 10.) the ratio of AD to AB is the same with that 
ofAEtoAC. 

But if the segments AD and AB be incommensurable, 
they may still be expressed numerically, to any required de- 
gree of precision. For AD being divided (I. 36.) into e- 
qual sections, these parts, continued towards B, will, to- 
gether with some reddual portion, compose the whole of 
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AB. Let this difkbn of AD extend through DBm&tu 
bf and draw the parallel be. Let the parts of AD and AB 
be again subdivided, and the corresponding remainder 6B 
will evidently be diminished ; conseqaently» at each sac- 
cessive subdivisioni the terminating 
parallel be will approximate conti- 
nually to BC. Wherefore, by re- 
peating this process of exhaustion, 
the divided lines Aft and Ae will ap- 
proach their limits AB and AC, 
nearer than any finite or assignable interval. Consequent- 
ly, from the preceding demonstration, AD : AB : : A£ : 

AC. • 

And since AD : AB : : AE : AC, it follows, by conver- 
sion (V. 11. )i that AD : DB : : AE : EC, and again, by 
composition (V. 9.), that AB : DB : : AC : EC. 

2. Let the two parallels DE and BC cut the diveif^ing 
lines DB and EC, on opposite sides of A ; the tegments 
AB, AD have the same ratio with AC, AE, or AB : AD : : 
AC : AE. 

For, make AO equal to AD, AP to AE, and join OP; 
The triangles APO and 
AED, having the sid^ AO, 
AP equal to AD, AE» and 
the contained vertical an- 
gle GAP equal to DAE, 
are equal (L S.), and con- 
sequently the angle AOP 
is equal to ADE ; but these 
being alternate angles, the straight line OP (I. 22.) is pa- 
rallel to DE or BC, and hence, from what was already de- 
monstrated, AB : AO Or AD : : AC : AP or AE. 

And since AB : AD : : AC : AE, by composition 
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BD: AD : : CE : AE^ and, by convenioni BD : AB : : 
CE : AC. 

3. Lastly, let more than two parallels, BC, DE, FH, 
and 61, intersect the diverging lines AB and AC; the 
segnienu DA, AF, FO, and OB, in DB, are proportional 
respectively to EA, AH, HI, and IC, the corresponding 
segments in EC. 

For, from the second case, 
AD : AF : : AE : AH ; and, 
from the first case, AF : FO : : 
AH : HI. But from the same 
case, AO : FO : : AI : HI, 
and AO : OB : : AI : IC; 
whence (V. 15.) FO : OB : : 
HI : IC. 

Cor. 1. Hence the converse of the proposition is also 
true, or straight lines which cut diverging lines pro- 
portionally are parallel; for otherwise it would follow, 
that a new division of the same line would not alter the 
relation among the segments, a conclusion which is evi- 
dently absurd. 

Cor. 2. Hence, if any two diverging lines be divided 
equally, the straight lines which join their corresponding 
segments are parallel. 

PROP. II. THEOR. 

Diverging lines are proportional to the corre- 
sponding segments into which they divide paral- 
lels. 
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Let two dhrerging lines 
AB and AC cat the pand- 
kk BC and DE; then 
AB : AD : : BC : DE. 

For draw DF parallel to 
AC. And, by the last Pro- 
position, the parallels AC 
and DF must cut the straight 
lines AB and BC proportion* 
ally,or AB : AD : : BC: CF. 
But CF is equal (I. 26.) 
to the Opposite side DE of 
the parallelogram DECF ; 
and consequently AB : AD : : 
BC : DE. 

Nexti let more than two diverging lines, AB, AF and 
AC intersect the paralleb BC and DE $ the segmenU BF 
and FC have respectively to DG 
and OE the same ratio as AB 
haiTto AD. 

From what has been already 
demonstrated, it appears, that / y^G- 

AB : AD : : BF : DG, and al- 
so that AF : AG : : FC : GE. 
But by the last Proposition, 
AB : AD : : AF : AG ; wherefore AB : AD : : FC : GE. 
The same mode of reasoning, it is obvious, might be ex- 
tended to any number of sections. Whence AB : AD : : 
BF : DG : : FC : GE. 

Cor. 1. Hence the straight lines which cut diverging lines 
equally, being parallel (VI. 1. cor. 2.), are themselves pre 
portional to the segments intercepted from the vertex. 
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Cut, 8. Hence paralklB arc cut pn^ortiona&y by divier- 
goig U&ea. 

PROP. in. PROB. 

^ To find a fourth proportional to three given 
straight lines. 

Let A, B» and C be three straight Itnes^ to which it is 
required to find a fourth proportional. 

Draw the diverging lines 
DG and DH^ make DE equal 
to A, DF to B^ and DG to 
C, join EF^ and through G 
draw (I. 28.) GH parallel to 
EF and meeting DH in H; 

DH is, a fourth proportional 

to the straight lines A, B« and ^ ^ ^^ 

C. 

For the diverging lines DG and D'H are cut prc^n- 
tionally by the paraUels EF and GH (VL 1.), or DE : DF 
: : DG : DH, that is, A : B : : C : DH. 

Cbr. If the mean terms B and C be equal, it is obvious 
that DG will become equal to DF, and that DH will be 
found a third proportional to the two given terms A and B. 

PROP. IV. PROB. 

To cut a given straight line into segments, 
which shall be proportional to those of a diyided 
straight line. 




H 
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Let AB be * straight Iiiiey which it is reqitfred to cot 
into segments proportional to those of a given divided 
straight line* 

From the extremity of AB, 
draw the diverging line AC, 
and make AD, DjS, and EQ, 
equal respectively to the seg- 
ments of the divided line, join 
CB, and draw EG and Df 
parallel to it (L 23.) and meet- 
ing AB in O and F ; in these points AB is cut propor^ 
tionally to the segments of AC. 

For the parallels DF, EG, aqd CB must cut the diver* 
ging lines AB and AC proportionally (VI. 1.), or AF ; F6 
: : AD : DE, and FG : GB : : D^: EC. 

PROP. V. PttOB. 

To cut ofFthe successive parts of a given straight 
line» 

Let AB be a sti'aigbt line, front which it is required to 
cut off successively the biilf,*the third, the fourth, the fifth, 
&c. 

On AB describe (I. 28.) the rhomboid ABCD, widi 
any contained angle, and through E, the intersection of its 
diagonals AC and BD, draw EF parallel to AD, join 
DF, and through G, where it cuts AC, draw GH likewise 
parallel to AD, again join DH find drfiw tl)e parallel IK, 
and so repeat the operation : Then will AF be the half of 
AB, AH the third, AK the fourth^ and AMtl^e fifth part 
of it. 

For the triangles AED and CEB are equal (L 20.}) 
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since they have (I. 23.) the angles DAE and ADE equal 
to BCE and CBE| and the inteijacebt sides AD aiid CB 
(I. 26.) likewise equal j and thferefore DE=EB. But AD 
and^EF being parallel, DE : EB : : AF : FB (VI. 1.); 
whence (V. 4.) AF= FB, or AF is the half of AB. And 
AD and EF being intercepted parallels, AD : EF : : 
AB : BF (VL 2.) ; consequently, since AB is double of BF, 

AD is likewise double of EP |j q 

(V. 5.)» Again, the diver- 
ging lines AGE and DGF 
are proportional to the in- 
tercepted parallels AD and 
EF (VL 2.), or AD : EF 
::AG:GE; andGHbe- 
ing parallel to EF, AG : GE : ; AH : HF (VI. h), whence 
AD : EF : : AH : HF ; but AD was shown to he double 
of EF, wherefore AH is double of HF (V. 5.), or AH is 
two- thirds of AF, or of the half of AB, and is consequent- 
ly the third part of the whole AB. Now, since AF : HF 
: : AD : GH, (VI. 2.) and AF is triple of HF, it is evi- 
dent that AD is triple of GH ; but AD : GH : : AI : IG 
: z AK : KH, and AD being triple of GH, AK must also 
be triple of TilH ; or AK is three-fourtha of AH, which 
was proved to be the third of AB, whence the segment 
AK is the fourth part of tbie whole line AB. By a like 
process, it is shown that AM is the fifth part of AB. 

Cor. This construction likewise exhibits another series of 
portions of the line AB. For, since AF is the half, and 
AH the third, their difference FH must be the sixth part. 
Again, AH and AK being the third and fourth parts, the 
interval HK is the twelfth. In like manner, it is showp 
that KM is the twentieth part of AB. 
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PROP. VL PROB. 

To divide a atrajght line harmonically^ and in a 
given ratio. 

Let AB be a straight line, which it is required to cat 
harmonicallj, in the ratio of K to L. 

Through A draw any diverging line AC, and produce 
it both ways till AC and AD be each equal to K,' make 
A£ equal to L, join 
CB, draw EF parallel 
to AB, and FO paral- 
lel to CA| and join 
DF cutting AB in Hi 
the straight line AB is 
divided harmonically 
in the points H and 6, 
such that K : L : : 
AB:BG::AH:HG. 

For the parallels AC ^ 
and 6F, being int^cepted by the diverging lines AB and 
CB, it follows, (VI. 2.), that AC : GF.: : AB : BG. 
Again, the diverging lines AG and £>Fare cut by the paral- 
lels AD and FG, whence, by the same preposition^ AD or 
AC: GF:AH::HG. Wherefore, AB:BG:: AH: HG; 
and each of these ratios is the same as that of AC or 
AD to GF, or that of K to L. 

Cor. Hence AG is divided internfflly in H and exter- 
nally in B, in the same ratio. > In like jnanner, BH is di- 
vided proportionally, by an external and interad section 
in A and G; for AB : BG : : AH : HG, and alternately 
AB : AH : : BG : HG. 




BOOK VI. 165 

" > ' PROP. Vll. THEpR, 

If a straight liqe be divided internally and ex- 
ternally in the same ratiop half the line is a mean 
proportional between the distances of the middle 
from the two point$ of unequal section« 

Let the straight line AB be divided in the same ratio^ * 
Intenially and externally at the points C and D, and also 
bisected at E ; its half EB is 

a mean proportional between - ^ ? ? "? ? 

the distances EC and ED, or 
EC : EB I : EB : ED. 

For since AC : CB : ; AD : DB, by mixing and invert 
sion AC— CB 1 AC+CB : : AD— -DB : AD+DB, that 
is, 2£C : AB -. : AB ; 2ED, and, halving all the terms of 
the analogy, (V. S.) ISC ; EB : ; EB : ED. 

Cor. Hence if a straight line AB be cut internally arid 
externally at C and D, in the same ratio, the square of the 
interval CD between the points of section is equivalent to 
the difference between^ the rectangles AC^ CB, and AD, 
3D, of the internal and external segments. For (II. 17:) 
AD.DB=ED*— EB% and AC.CBsEB*— EC*; conse- 
quently AD.DB— AC.CB:^ED*— 2EB*^EC*, or (V. 6. 
and VI, 7.) ED»-^2ED.EC+ECS wliich (11. 16^) is the 
square of ED — EC or of CD, The converse of this pro- 
perty must likewise hold. 

PROP. VIII. THEOB. 

If diverging lines divide a straight line harmop 
nically, they will cut every intercepted straight 
line also in harmonic proportion. 
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Let the diverging lines EA, EQ EB» and ED termi- 
nate in the harmonic section oC the straight line AD ; any 
intercq>ted straight line FO will be likewise cat by them 
harmonically, or FG : 61 : : FH : HI. 

For, through the points B and I, draw (I. 2S.) KLand 
MN parallel to AE, and meeting EB and EC produced. 

Because the parallels AE and BL are intercepted by 
the diverging lines DA and DE, AD : DB : : AE : BL 
(VL 2.) ; and for the same reason, the parallels AE and 
BK being intercepted by the cross diverging lines AB and 
EK, AC:CB::AE:BK. 
And since AD is by hy- 
pothesis divided harmoni- 
cally, AD:DB:: AC: CBj 
wherefore AE : BL : : 
AE : BK, and conse- 
quently (V. 8. and 4.) BL 
=BK. But, KL being 
parallel to MN, BL : BK 

::IN:IM(VL2.cor.20i 
consequently, BL being 
equal to BK, IN must also 
be equal to IM ; whence FE : IN : : FE : IM. Again» 
FE : IN : : FG : GI, for the parallels FE and IN are 
cut by the diverging lines 6F and GE ; and FE : IM : : 
FH : HI, since the parallels FE and IM are cut by the di- 
verging lines FI and EM. Wherefore, by identity of ratios, 
FG : GI : : FH : HI ; or the intercepted straight line FG 
is cut harmonically in the points H and I. 

Cor. The transverse line FG would be divided likewise 
harmonically, if it bent from F across the extentions of 
]BC, £B and ED above the vertex E. 
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PROP, IX. THEOH. 

A straight line drawn from the concourse of 
two tangents to the concave circumference of a 
circle, is divided harmonically, by the convex cir- 
cumference and the chord which joins the points 
of contact. 

Let ED and FD be two tangents applied to the eircle 
AEBF; the secant DA, drawn from their point of con* 
course, will be cut in harmonic proportion, by the convex 
circumference EBF and the chord EF which joins the 
points of contact, or AD : DB : : AC : CB. 

For the tangents ED and FD are equal (III. 22. cor.)f 
and EDF being thus 
an isosceles triangle, 
DE*=DC^+EC.CF(IL 
20.);(butIII.2e.cor.2.) 
D£^ is also equal to 
AD.DB, and the chords 
AB and EF, by their mu< 
tnal intersectioQ, make 

the rectangle EC, CF equal to AC, CB. Whence 
AD-DB = DC*+AC.CB, or DC*=AD.DB— AC-CB, 
and therefore (VI. 7. cor.) AC : CB : : AD : DB. 

Car. Hence by applying Prop. 7, it ^llows, that the half 
of the chord AB is a mean proportional between the distan- 
ces of its middle point from C and D ; and that, when AD 
passes through the centre of the circle, the square of the 
radius is equivalent to the rectangle under the distances of 
the chord and Qf the intersection of the tangents from the 
centre. 
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PROP. X. THEOR. 

A straight line which bisects, either infernally 
or externally, the vertical angle of a triangle, will 
divide its base into segments, that are proportion- 
al to the adjacent sides of the triangle. 

Let the straight line BD bisect the tertical angle of the 
tritDgle ABC; it wiU cut the base AC into segmenli 
which have the same ratio as the adjacent sides^ or 
AD:DC;:AB:BC. 

For through C draw CE paraHd to DB (L S50i and 
meeting the production of AB in £• 

Because DB and CE are parallel, the exterior angle 
ABD is equal to BEC, and the 
alternate angle DBC equal to 
BCE (1. 22.) ; wherefore, the 
angle AfiD bang equal by hy* 
pothesis to DBC, the angle 
BEC 18 equal to BCE, and con- 
sequently (L IL) the triangle 
CBE is isoscelest or BE is e* 
qual to BC But the parallels 
DB and CE cut the diverging 
Imes AC and AE proportionally (VL 1.), or AD : DC : : 
AB : BE; that is, since BEr=BC, AD : DC: : AB:BG 

Again, let the vertical Une BD bisect the exterior angk 
CB6 of the triangle; it will divide die base AC mto ex- 
ternal segments AD. and DC, which are also proportional 
to the adjacent sides AB and BC 
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For through C diKw CE parallel to DB^ and meethig 
AB in £. 

The equal anglea 
OBD and DBC 
ar^ from the pro* 
perties of parallel 
straight lines, re- 
q[>ectively equal to 
BEC and BCE, 
and consequently X C S' 

the triangle CBE ia isosceles, or the side BC is equal to 
BE. And since the diverging lines AD and AB are cut 
by the parallels DB and CE proportionally, AD : DC : : 
AB : BE or BC. 

Cor. Hence the converse of the Proposition is likewise 
true, or if a straight line be drawn from the vertex of a 
triangle to cut the base in the ratio of the adjac^t sides, ^ 
it will bisect the vertical angle; for it is evident, from 
VL 6. cor., that a straight line is capable only of a smgle 
section, whether internal or external, in a given propor- 
tion. 

Scholium. The vertical line BD must bisect the base 
AC of the triangle, when the sides AB and BC are equal. 
In the case where BD bisects the exterior angle CBCs if 
AB be supposed to approach to an equality with BC, the 
straight line EC will come nearer to AC, and consequent- 
ly the incidence D of the parallel BD with AC will be 
thrown continually more remote. But when the side AB 
is equal to BC, the straight line BD, being now parallel 
to AC,.will never meet it, or there can be no equality of 
external section ; for though the ratio of AD to CD tends 
towards the ratio of equality as the point D retires, yet the 
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Gonstant difference AC between those distances must al- 
ways bear a sensible relation to them. After BD| in tam- 
ing about the point B, has passed the limits of distance 
beyond C, it re-appearis in an opposite direction beyond 
Af when AB, receding from equalityi has become leu than 
BC. 



PROP- XI. THEOR. 

Triangles are similar, which have their corre*- 
sponding angles equal. 

Let the triangles ABC and DEF have the angle CAB 
equal to FDE» CBA to FED, and consequently (L SO.) 
the remaining angle BCA equal to EFD -, these triangles 
are similar, or the sides in both that contain equal angles 
are proportional 

For make BG equal to ED, and draw GH parallel to 
AC. 

Because GH is parallel 
to AC, the exterior angle 
BGH is equal (I. 22.) to 
BAC, or to EDF; and 
the angle at B is, by hy- 
pothesis, equal to that at 
E, and the interjacent 
side BG was made equal to 
ED ; wherefore (I. 20.) the triangle GBH is equal to 
DEF. But the diverging lines BA and BC being cut 
proportionally by the parallels AC and GH (VL 1.), AB 
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18 to BC as BG to BH, or as ED to EF. Agaia, those 
diverging lines being proportional to the intercepted seg- 
ments AC and GH of the pa]!allels (YL 2,)i AB is. to 
BG as AC is to GH, and alternately AB is to AC as BG 
is to GH, or as £D to DF. In the same manner^ as BC 
is to BH so is AC to GH, and alternatdy, as BC is to 
AC so is BH or EF to GH or DF. And thus» the sides 
opposite to equal angles in the triangles ABC and D£F 
> are the homologous terms of a proportion. 

Cor* Isosceles triangles are similar which have their ver- 
tical angles equal. For the iftipplementary angles at the 
base, forming (I. SO.) the same amount, must consequent- 
ly be equal to each other. 

Scholium* It is obvious that the twentieth Proposition of 
Book I; is but a particular case of this theorem. 



PROP. XII. THEOR. 

Triangles which have the sides about two of 
their angles proportional are similar. 

In the triangles ABC and DEF, let AB : AC ': : DE:DF 
and BC : AC : : EF : DF ; then is the angle BAC equal 
to EDF, and the angle BCA equal to EFD. 
N For (1.4.) draw DG and FG, making angles FDG and 
DFG equal to CAB and ACB. 

By the last Proposition, the triangle ABC is similar to 
DGF, and consequently AB : AC : : DG : DF; but by 
hypothesis, AB : AC : : DE : DF, and hence, from iden- 
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%ofnilio%DO:DF:: 
DE X DF9 or DO if e- 

qaaltoDE. In the tame 

manner, BC : AC : ; 

£F:DF,andBC:ACs; 

GFiDF; wlieDceEF: DF 

::GF:DF,andEFise- 

qual to FO. Wherefore Cr 

die triangles DEF and DGF, having thns the aides DE 

and EF eqnal to DO and FO« and the side DF oprnmon 

to both, are (L 8.) eqnal; tonseqnentlj the angle EDF is 

equal to FDO or BAC» and the angle EFD is equal to 

DFG or BCA. 

Cbr. Hence isosceles triangles which have either side 
proportional to the base are similar. 

Scholium. The second Proposition of Book L may be 
considered as onlj a particular case of this theorem. 



PROP. XIII. THEOB. 

Triangles are similar, if each have an equal an- 
gle, and its containing sides proportional. 

In the triangles BAG and EDF, let the angle ABC 
be equal to DEF, and the sides which contain the one 
be proportional to those which contain the other, or 
AB : : BC : : DE : EF ; the triangles BAC and EDF are 
similar. 

For, from the points E and F, draw EG and FG, ma- 
king the angles FEG and EFG equal to CBA and BCA. 
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The triangles BAG and EGF, haTtngthus their oorre^ 
qKmding angles equal, are similar (VI. ll.)f 9nd therefore 
AB : BC : : EG : ER Bat by hypollieeis» AB : BC : t 
£D : EF; where- 
fore EG^: EF : : 

ED : EF, and con. /\ ^ 

sequently EG is e- 
qual to.ED. Hence 
the triangles GFE 
and DPE, having the side EG equal to ED, EF common 
to both, and the contained angle OEF equal to ABC or 
l>EFi are equal (I, 8.)f and therefore the angle EFG or 
BCA is equal to EFD ; consequently the remaining angles 
BAG and EDF of the triangles ABC and DEF are equal 
(I. 80,), uid these triangles are (VI. 11.) simUar. 

SchOim. The third Proposition of Book I. is merely a 
particular case of this general theorem. 



PKOP. XIV. THEOR. 

Triangles are similar, which have each an equal 
angle, and the sides containing another angle of 
the same character proportional. 

Let the triangles GAB and FDE have the angle ABC 
equal to DEF, and the sides that contain the angles at C 
and F proportional, or BC : AC : : EF : FD ; while t^ose 
angles are both of them either acute or obtuse, the trian- 
gles ABC and DEF are similar. 

For, from the points E and F draw EG and JFG, 




174 £L£BIBNT8 OF OSOMETRir. 

making the an* 
glei F£0 and 
EFO equal to 
ABC and BCA. 

The triangle 
ABC 18 evidently 
simOar to GEF| 

and BC: CA : : EF: F6; but, by hypothecs, BC : C A : s 
£F : FD» and therefore EF : FG : : EF : FD, and FG is 
equal to FD. Whence the triangles EGF and EDF, ha^ 
ving the angle FEG equal to FED, the side FG equal to 
FD, and the side EF common, and bei^g both of the same 
character with CAB, are equal (L 21.); consequently the 
angle GFE or ACB is equal to DFE, and^thetefbre 
(VI. 11.) the triangles ABC and DEF are idmiiar. 

Scholium. This Theorem exhibits the general property 
of which Prop. 21. Book L is only a particular case* 



PROP. XV. THEO». 

A perpendicular let fall upon the hypotenuse 
of a right-angled triangle from the opposite ver- 
tex, will divide it into two triangles that are simi- 
lar to the whole and to each other. 

Let the triangle ABC be right-angled at B, from which 
the perpendicular BD falls upon the hypotenuse AC; the 
triangles ABD and DBC, thus formed, are similar to each 
other, and to the whole triangle ACB. 

For the triangles ABD and ACB, having the angle 
BAG commcHi, and the right angle ADB equal to ABC, 
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are similar (VI, 11.) Again, the 
triangles DBC and ACB are si'- 
milar, since they have the angle 
BCD common, and the right 
angle BDC equal to ABC. The 
triangles ABD and DBC being, 

therefore, both similar to the same triangle ABC, are evi- 
dently similar to each other (VI. 11.). 

Cor. Hence any side AB of a right-angled triangle is a 
mean proportional between the hypotenuse AC and the 
adjacent segment AD, formed by a perpendicular let fall 
upoii it from the opposite vertex ; and the perpendicular 
BD itself is a mean proportional between those segments 
AD and DC of the hypotenuse. For the triangles ABC 
and ADB being similar, AC : AB: : AB : AD -, and the 
triangles ABC and BDC being similar, AC : BC : : 
BC : CD ; again, the triangles ADB and BDC are simi- 
lar, and therefore AD : DB : : DB : DC. 

Scholium. This corollary affords an easy demonstration 
of the celebrated theorem contained in Prop. 10. B6ok 11. 

PROP. XVI. PROB. 

To find the mean proportional between two gi- 
ven straight lines. 

Let it be required to find the mean proportional between 
the straight lines A and B. 

Fmd C (III. 27.) the side of a 
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square which is equivalent to the rect- 
angle contained by A and B; C is' ci- 
thjB mean proportional required. 
For since C* = AB, it follows ( V. 6.) that A : C : : C : B. 



116 



SLEMBNT8 OV OlOMBTRT. 



PROP. XVII. PROB. 



To divide a straight line, whether Interaally or 
externally, so that the rectangle under its seg- 
ments shall be equivalent to a given rectangle. 

Let AB be the straight line which it is required to cat, 
so that the rectangle under its segments shall be equiva- 
lent to a given rectangle. 

From the extremities of ABj erect the perpendiculars 
AD and BE, equal to the sides of the given rectangle, 
and in the same or in opposite directions, according as 
the line is to be cut inter- 
nally or externally; join 
DE, on which, as a dia- 
meter, describe a cirde 
meeting AB or its exten- 
sion in the point £ : AC . 
and CB are the segments 
required. 

• For join DC and CE. 
The angle DCE, being 
contained in a semicircle, 
is aright angle (III. 19.}, 
and therefor^^ in both 
cases, the angles ACD 
and BCE are together 
equal to a right angle. 
But the angles ACD and 
CD A are likewise toge- 
ther equal to a right angle (1. 30* cor. 1.); and consequent- 
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ly the angles BCE knd CDA are equal. Wherefore the 
right-angled triangles CBE.and CAD» having the acute 
angle ADC equal to BCE, are similar (VI. 11.); whence 
AC : AD : : BE : CB, antj (V. 6.) ACCBsr AD.BE. 

SchaUum. It is obvious that, in the seocmd ^a^e, the cir*' 
ele, lying on both sides of the given line ABi must always 
intersect its extension in two points C and C^ But, in thia 
first case, the circle may either cut A6 jn two points C and 
C, or touch it in a single point, which will hence indicate 
A limitation of the problem. A straigHt line drawu from the 
centre of the circle parallel to AD or BE, must (VI. 1.) 
divide AB proportionally, and therefore bisect it ; but that 
parallel would also be perpendicular (I. 22.) to AB, and 
thence (III. 4.) bisect the chord CC^ Consequently the 
points C and U are equally distant from tlie middle of AB, 
and the portion AC is equal to BO'* When these points 
come to coincide, they must necessarily pass into the middle 
point of AB, or into that of its contact with the circle* 
When the circle does not reaqb AB, the problem fails, be- 
cause (II. I7f cor. 1.) no straight line can be divided in- 
ternally, such that the rectangle under the segments shall 
exceed the square of its half. Such impossibility is inti* 
mated by the circle not reaching the straight line AB. 

This proposition furnishes one of the simplest and most 
d^nt methods for constructing quadratic equations ; the 
segments of the line denoting the roots, and indicating by 
position their distinct character. The £rst case has two 
additive roots, which may become equal or merge in a 
single root, thus limiting the possibility of the equation ; 
the second case has always two unequal roots, the one ad- 
ditive and the other subtractive. In both cases, those roots, 
conjoined in thdr actual position, complete the line AB? 
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PROP. XVIII. THEOR. 

The rectangle under any two sides of a trian^ 
gle is equivalent to the rectangle under the per- 
pendicular let fall on the base and the diameter of 
the circumscribing circle. 



Let ABC be a triangle^ about which Is described a cir- 
cle bavinjf tBe diameter BE } the rectangle under the sides 
AB and BC is equivalent to the rectangle under BE and 
the perpendicular BD let fall from the vertex of the trian- 
gle upon the base AC. 

For join CE. The angle BAD is 
equal to BEC (III. 16.], since they 
both stand upon the same arc BC, 
and the angle ADB, being a right 
angle, is (III. 19.) equal to ECB, 
which is contained in a semicircle. 
Wherefore the triangles ABD and 
EBCbeingthus similar (VI. 1-1 .), AB : BD 
and consequently (V. 6.) AB.BC=EB.BD. 




EB:BC, 



PROP. XIX. THEOR. 



The square of a straight line that bisects, whe^ 
ther internally or externally, the vertical angle of 
a triangle, is equivalent to the differeftce between 
the rectangle under the aides, and the rectangle 
under the segments into which it divides the base. 
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In the triangle ABC, let BE biseot tlie vertical angle 
CBA or iu adjacent angle CBF; then B£^sAB.BC— 
AE.EC, or AE.EO-.AB,BC. 

For (III. 9« cor.) about the triangle describe "a circle, 
produce BE tp the circumferepce, md join CD« 

The angles BAEand BDC, 
standing upon the same arc 
BC, are (III. 16.) equal, and 
the angle ABE is, by hypo* 
thesis, equal to DBC ; where* 
fore (VI. 11.) the triangles 
AEB and DCB are similari 
,^dAB:BE::DB : BC. 
Consequenljiy (VS.) 
AB.BC7BE.BD: but in 
the two cases BE.BDss 
BE.ED+BE* or BE^J) 
—BE* ; and sbce (III. 26.) 

PE.£Da:AE.EC, therefore AB.BCx:AE.EC+BE*, a^ 
AE.EC— BE* ; consequently BE*= AB.BC— AE.EC,or 
AE.EC— AB.BC. 

Scholitm* The two lines which bisect the vertical angle 

bpth iiitefnally^and externally will form the sides and the 

interval, between the points of section in the base, AC will 

constitute the hypotenuse of a right-angled triangle; whence 

. the corollary to Prop. 7. may be easily derived. 




PROP. XX. THEOR. 

The rectangles under the opposite sides of a 
quadrilateral figure inscribed in a circle, are toge- 
ther equivalent t^ the reqtangle under its diago^ 
nals. '^ 

•In the circle ABCD^ let a quadrilateral figure be in* 
scribedi and jbin the diagonals AC, BD| the rectangles 
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AB| CD and BC, AD, are together equivalent to the rec- 
angle AC, BD. 

' For (1. 4.) draw BE, making an angle ABE eqnalto CBI>. 
The triangles AEB and DCB, having thua the ang^Ie 
ABE eqnal to DBC, and the an- 
gle BAE or BAC equal (III. 16.) 
to BDC in the same s^ment of 
the circle, are similar (VI. 11.), 
and hence AB : AE : : BD : CD ; 
whence (V. 6.^ AB.CD= AE.BD. 
Again, because the angle ABE 
is equal to DBC, add EBD Xjq 
each, and the whole angle ABD is equal to EBC; and 
the angle ADB is equal to ECB in the same segment, 
(III. 16.); wherefore the triangles DAB and CEB are 
similar (VI. 11.), and AD : BD : : EC : BC, and conse- 
quently BC.AD=:£C.BD. Whence collectively the rect- 
angles AB, CD and BC, AD are together equal to therect-' 
angles AE, Bt) and EC, BD, that is, to the whole rect- 
angle AC, BD. 

PROP. XXI. THEOR. 
Triangles which have a common angk, are to 
each other in the compound ratio of the contain* 
ing sides.^ 

Let ABC and DBE be two triangles, having the same 
or an equal angle at B ; ABC 
is to DBE in the ratio com-* 
poundied of that of BA to BD, 
and of BC to BE. 

For join AE and CD. , The 
ratio of the triangle ABC to 
DBE may be conceived as com- 
pounded of that of ABC to : 
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DBC, sad of DBC to DBE. But (V. 25. cor. 2.) the 
triangle ABC is to DBC, as the base vBA to BD; and, 
for the same reason, the triangle DBC is to DBE, as the 
base BC to BE ; consequently the triangle ABC is to BBE 
in the ratio compounded of that of BA to BD, and of BC 
to BE, or (V. 23.) in the ratio of the rectangle under BA 
and BC to the rectangle under BD and BE. 

Cor. 1. Hence similar triangles are iii tl\e' duplicate ra- 
tio of their homologous sides. For, if the angle at B be 
^ual to that at E, the triangle ABC is to DEF in the 





ratio compounded of that of AB to DE, and of CB to 
FE ; but, these triangles being similar, the ratio of AB to 
DE is the swne as that of CB to FE (VI. 11.), and con- 
sequently the triangle ABC is to DEF in the duplicate 
ratio of AB to DE, or (V. 24.) as the square of AB to the 
square of DE. 

Cor. 2. Hence triangles which have the sides that con- 
tain an equal angle re- 
ciprocally proportional, 
are equivalent For, the 
angle at 3 being equal 
to that at E, the, triangle 
ABC is to DEF as 
AB.CBtoDE.Fj:;but 
AB : DE : : FE : CB, 
andAB.CB=DE.FE; 
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oomiequently (V. 4.), the tfiird and fborth termi ci the 
analogy being equal* the fim and sesood mint idaa bp 
tquaL 



PROP- XXn. THEOB. 

Similar rectilineal %ures may be divided into 
corresponding similar triangles. 

Let ABCDE and FGHIK be similar rectilineal fignres, 
of which A and F are corresponding points ; these figarea 
may be resolved into a like number of triangles which are 
respectively similar. 

For, from the point A in the one figure, draw the 
straight lines AC, AD, and, from F in the other, draw 
FH, FI •, the triangles BAC, CAD, and DAE are similar 
in succession to GFH, HFI, and IFK. 

Because the polygon ABCDE is similar to FGHIK, 
the angle ABC is e- 
qual to FGH, and 
AB:BC::FG:GH; 
wherefore (VI. 13.) 
the triangle BAC is 
similar to GFH. 
Hence the angle 
BCX is equal to GHF ; and the whole angle BCD being 
equal to GHI, the remaining angle ACD must be equfd 
to FHI. But BC : AC : : GH : FH, and BC : CD : : 
GH : HI, consequently (V. 15.) AC : CD : : FH : HI, 
and the triangles CAD and HFI (VL 15.) are similar. 
Whence, the angle CDA being equal to HIF and the 
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ani^e CDE to HIK, the angle ADE ia equal to FIK; 
abd since CD : DA : : HI : IF, and CD : D£ : : HI : IE, 
therefore (V. 15.) DA : DE : : IF : IK, and the triangles 
DAE and IFK are simUar. 

The same train of reasoning, it is obvious, would a|^y 
to polygons of any numbor of sides. 



PROP. XXIII. PROB. 

On a given straight line, to construct a rectili- 
neal figure similar to a given rectilineal figure. 

Let FK be a straight line, on which it is required i9 
construct a rectilineal figure similar to the figure ABODE. 

Join AC and AD| dividing the given rectilineal figure 
into its component triangles. From the points F and K 
draw FI and KI, making the angles KFIand FKI equal 
to £AD and AED; from F and I draw FH and IH 
making the angles IFH and FIH equal to DAC and 
ADC ; and, lastlyi from F and H draw FG and HG ma- 
king the angles HFG and FHG equal to CAB and ACB. 
The figure FGHIK is similar to ABCDE. 

For the several triangles KFI, IFH, and IIFG, which 
compose the figure FGHIK, are, by the construction, evi- 
dently similar to the triangles EAD, DAC, and CABj in- 




E F K 

to which the figure ABCDE was resolved. Whence 
FK : KI : : AE : ED; also KI : IF : : ED : DA, and 
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IF : IH : : DA : DC, and conseqaenUy (Y. 16.) KI : IH & ; 
ED:DC. Agtin»IH:HFt:DC:CA,and HF:HG;5 
C A : CB ; aod hence (V. 16,) IH : HG : : DC ; CB. Bat 
HG : GF : : CB : BA } and the ratio of GF to FK, beiogr 
compounded of that of GF to FH, of fU to FI, and of FI 
to FK, is the same with the ratio of BA to A£» which is 
compounded of the like ratios of BA to AC, of AC to 
AD, and AD to A£. Wherefore all the sides about the 
figure FGHIK aire proportional to those about ABCDE; 
but the several angles of the former, having a like com- 
position, are respectively equal to those of the latter. 
Whence the figure FGHIK is similar to the given figure. 

The same reasoning, it is manifest, would extend to po- 
lygons of any number of sides. 

' Scholium., The general solution of this problem is derived 
from the principle, that similar triatigles, by their compo- 
sition, form similar polygons. The mode of construction, 
however, admits of some variation.^ . For 'instance, if the 
straight line FK be parallel to A£, or in the same exten- 
sion with that homologous sidei the several triangles FIK, 
FHI, and FGH may be more easily constituted in suc- 
cession, by drawing the straight lines FI and KI, FH 
and IH, and FG and GH parallel to the corresponding 
sides in the original figure ABCDE; because (I. 29.) a 
CQrresponding equality of angles will be thus produced. 

But, if FK have no determinate^positbn, the construc- 
tion may be still farther sim- 
plified ; for, having made AK 
equal to that base and joined 
AD and AC, draw KI, IH, 
and HG parallel to ED, DC, 
and(3B. The figure AKIHG 
is evidently similar to AEDCB, 
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^ce its component triangles have the same vertical angles 
as those of the original figure^ and the angles at the bases 
equal (I. 22.). 

If the given base FK be parallel to the corresponding 
side AE of the original figure, a more general construction 
WiU result Join AF, £K, and produce them to meet in 
O; join OB, 6C, and OD, and draw FG, GH, HI, 
and therefore IK, parallel to AB, BC, CD, and DE : 
The figure FGHIK thus formed is similar to ABCDE. 
For the triangles KOF, FOG, GOH, HOI, and lOK are 
evideptly similar to the triangles EOA, ACB, BOG, 
pQDi and DOE. But these triangles, compose severally 

OO 
B 




A. 

the two polygons, when the point O lies within the ori- 
ginal figure; and when that point of concurrence lies 
without the figure ABCDE, the similar triangles lOK 
and DOE being taken away from the similar compound 
polygons FGHIOK and ABCDOE, there remains the 
figure FGHIK similar to the original one. 

It farther appears, from these investigations, that d rec- 
tilineal figure may have its sides reduced or enlarged in .a 
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girm ratio, by atsaming any point O and cotting the &- 
▼erging lines OE, OA, OB, OC, and OD in that ntios 
the corresponding points of section being joined, will e»- 
bibit the figure required. 

On these principles depends the composition ci tlie 
Pantograph f a very useful instrument in Practical Geome- 
try, for enlarging, reducing, or copying figures. 

PROP. XXIV. THEOR. 

Of similar figures, the perimeters are propor- 
tional to the corresponding sides, and the areas, 
to their squares. 

Let A6CDE and FGHIK be similar polygons, which 
have the corresponding sides AB and FG i the perimeter, 
or linear boundary, ABCDE is to the perimeter FGHIK, 
as AB to FG, BC to GH, CD to HI, DE to IK, or EA 
to KF ; but the area of ABCDE, or the contained sur- 
face, is to the area of FGHIK, in the duplicate ratio of 
those homologous t^rms, or of AB to FG, of BC to GHy 
of CD to HI, of DE to IK, or of EA to KF. 

For, by drawing the diagonals AC, AD in the one, and 
FH,FI in the other, 
these polygons will be 
vesolved into similar 
triangles. Whence 
the several analogies 
AB:BC::FG:GH, 
BCiAC::GH:FH, 

AC : CD : : FH : HI, CD : AD : : HI : FI, and 
AD : DE : : FI 5 IK ; wherefore, by equality and alterna- 
tion, AB : FG : : BC : GH : : CD : HI : : DE : IK : : 




^ ' BOOK vx. 187 

AE : PK» and consequently (V* 19.) as one of the antece- 
dents AB, BC, CD, DE or AE, is to its consequent FG^ 
GH, HI, IK or FK, so is the amount of all those anteo^ 
dents, or the perimeter ABCDE, to the amount of all the 
consequents, or the perimeter FGHIK. 

Again, the triangle CAB is to the triangle HFO (VI. 
21. cor. 1.) in the duplicate ratio of AB to FG, the tri- 
angle DAC is to the triangle IFH in the duplicate ratio 
of AC to FH, or of AB to FG, and the triangle EAD ia 
to KFI in the duplicate ratio of AD to FI or of AB to 
FG; wherefore (V. 19*} the aggregate of the triangles 
CAB, DAC, and EAD, or the area of the polygon 
ABCDE, is to the aggregate of the triangles HFG, IFH, 
and KFIf or the area of the polygon FGHIK, in the du- 
plicate ratio of AB to FG, of BC to GH, of CD to HI, 
orofDEtoIK. 

Cor. Hence also the perimeter ABCDE is to the peri- 
meter FGHIK, as any diagonal AD to the correspond- 
ing diagonal FI, and the area ABCDE is to the area 
FGHIK in the duplicate ratio of AD to FL 



PROP, XXV- PROB. 

To construct fi rectilineal figure that shall be 
Btmilar to one» and equivalent to another, given 
rectilineal figure. 

Let it be required to describe a rectilineal figure similar 
to A, and equivalent to B. 

On CD, a side of A, describe (II. 8.) the rectangle 
CDFE, equivalent to that figure, and on DF describe the 
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rectangle DOHF equivalent to the figure B; find 

(VI. 16.) IK a 

mean proportioniid 

between CD and 

DO, and on IK 

construct, in the 

•ame petition, a 

figure X Bimilar 

to the, rectilineal ^' 

figure A i this will be likewise equivalent to B. 

For the figures A and X, being similari must (VI. S4.) 
be in the duplicate ratio of their homologous sides CD and 
IK ; and since IK is a mean proportional between CD and 
DO, the duplicate ratio of CD to IK is the same as the 
ratio of CD to DO (V. 24.) ; consequently the figure A 
is to die figure X as CD to DO, or (V. 25. cor^ 2.) as the 
rectangle CF to the rectangle DH ; but the figure A is 
equivalent to the rectangle CF, and therefore (V. 4.) the 
figure X is equivalent to the rectangle DH, that is, to the 
figure B. 



PROP. XXVI. THEOR. 

A rectilineal figure described on the hypote- 
nuse of a right-angled triangle, is equivalent to 
similar figures described on the two sides. 

liet ABC be a right-angled triangle ; the figure ACFE 
described on the hypotenuse is equivalent to the similar 
figures AOHB and BIKC, described on the sides AB 
and^BC. , 
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For draw iSD perpendicular to the hypotimiise. Andsinoe 
(yi.l5.cor. 1.) AC:AB:: 
AB : AD, therefore AC is 
to AD in the duplicate ra- 
tio of AC to AB, that is^ 
(VI. 24.), as the figure on 
AC to the figure on AB. 
For the same reason, AC is 
to CD in the duplicate ratio 
of AC to BC, or as the figure 
on AC to the figure on BC. 

Whenge (V. 19. cor. 2.) AC is to tl^e two segments AD 
and CD tAken together, as the figure on AC to both the 
figures on AB and BC ; and the first term of the analogy 
being thus equal to the second, the third must be equal to 
the fourth (V. 4.)»^ or the figure described on the hypote- 
nuse is equivalent to the similar figures described on the 
two sides. 




PROP. XXVII. TMEOR. 

The arcs of a circle are proportional to the an- 
gles which they subtend at the centre. 

Let the radii CA, CB, and CD intercept arcs AB and 
BD ; the arc AB is to BD, as the angle ACB to BCD. 

For (L 5.) bisect the angle ACB, bisect again each of 
its halves, and continue the operation indefinitely. An angle 
ACa will be thus obtained which is less than any assignable 
angle. Let this angle ACa or BCd (I. 4.) be repeatedly 
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applied about the point Ct firom BC towsids DC ; il nnitt 
henoe, by its multiplication, fiU up 
, the angle BCD, nearer than any 
possible diflPerence. But the do- 
•mentary angle ACa being equal 
to BC6, the corresponding arc Aa 
is (III. 12.) equal to B&. Conse- 
quently this arc Aa and its angle 
ACa, are like measures of the ^^^ 

arc AB and the angle ACB, and they are both contained 
equally in the arc BD and its correspondiQg an^ BCD* 
Wherefore AB : "BD : : ACB : BCD. 

Cor. Henee the arc AB is also to BD, aa the sector 
ACB to the sector BCD ; for these sectors may be f ieired 
as compost alike of the elementary sector ACo. 



PROP. XXVIII. THEOR. 

The circumference of a circle is proportional 
to the diameter, and its area to the square of that 
diameter. 

Let AB and CD be the diameters of two circles ; the 
circumference AFO is to the circumference CKL, as AB 
to CD; and the area contained by AFG is to the area 
contained by CKL, as the square of AB to the square of 
CD. • 

For inscribe the regular hexagons AEFBGH and 
CIKDLM. Because these polygons are equilateral and 
equiangular, they are similar j and consequently (VI. 24. 
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eoh) tlte diigoM AB is to the edtre^olldiiig diigo# 
nal CI^, M the perimet^ AEFB6H to the perimeter 
CIKDLM* Bat this proportion mutt subaist, whatever 
be the number of chords inscribed in either circamference* 
Insert a dodecagon in each circle between the bexagoti 
and the circtMference^ and its perimeter wiQ evidently ap- 




proach nearer to the length of that circumference. Pro- 
ceeding Ihus^ by repeated duplications^ — the perimeters of 
the series of polygons that arise in succession, will conti- 
nually approximate to the, curvilineal boundary, which 
forms their ultimate limit. Wherefore this extreme term^^ 
or the circumference AEFBGH, is to the circumference 
CIKDLM, as the diameter AB to the diameter CD. 

Again,, the hexagon AEFBGH (VL 24. cor.) is to the 
hexagon CIKDLM in the duplicate ratio of the diagonal 
AB to the corresponding diagonal CD, or (V. 24f.) as the . 
* square of AB to the square of CD. Wherefore the suc- 
cessive polygons which arise from a repeated bisection of 
the intermediate arcs, and which approach continually to 
the areas of their containing circles, must have still that 
same ratio. Consequently the limiting space, or the circle 
AEFBGH, is to the circle CIKDLM, as the square of 
AB to the square of CD. 

Cor* 1. It hence follows^ that if semicircles be described 
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on the tidei AB| BCo^aright-an^ed tti«i|^andoiiiIie 
fajpotennse AC another iemiciide be detcribad, pa«uig 
(III. 19.) through the vertex B^ the crMcenU AFBD and 
BOCE are togedier equivalent to the tnangle ABC. For, 
by the Proposition, the eqnare of AC it to the square of 
AB, at the circle on AC to the cirde on AB» or (V. 8.) 
at the temicircle ADB£C to the temicircle AFB ; and, 
for the same reason, the square of AC is to the square of 
BC, at the semicircle ADBEC 
•to the semicircle BGC. Whence 
(V. 8. and 19.) the square of AC 
is t6 the squares of AB and BC, 
as the semicircle ADBEC to the 
semicircles AFB and BGC. But 
(II. 10.) the square of AC is equivalent to the squares of 
AB and BC^ and therefore (V. 4.) the semicircle ADBEC 
b equivaletat to the two semicircles AFB and BGC ; take 
away the common segments ADB and BEC, and th^re 
remains the triangle ABC equivalent to the two crescenta 
or lunes AFBD and BGCE. 

Cor. 2* Hence the method of dividing a circle into 
equal portions, by means of concentric circles. liCt it be 
required, for instance, to tri- 
sect the circle of which AB 
is a diameter. Divide the 
radius AC into three equal 
parts, from the points of 
section draw perpendiculars 
DF, EG meeting the cir- 
cumferengp of a semicircle 
described on AC, join CF, 
CG, and from C as a centre, with the distances CF, CG, de- 
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scribe idwmides FHI^OKL i The dwde oa A9 will be 
dMdted ittto tluw eqad portioiii) by tboie inlieri^r eindes. 
IbrjomAFandAO: BeoMHie AFG|^ being ini^ 9eBiieiraie» 
is « light Mgle (III« 19«)» AC is to OD (VI. 15* eor. 1. 
and V. 24.}, as the sqaweof AO to the square of CF, tha( 
is, iM Uie dreje len AB to the oiide FHI i \mt CD is the 
diilNl part of AC^ wfaevefore (V. S.) ihp xitde FHI is the 
third part of the ^irde on AB. In like aoaiiner, it is prOi> 
W9d^ that the circle GKL is twp third»partsof iheeirdeoa 
A8. CoDseqoeBtly, the intenreoipg annular spaoss, and 
the internal circle FHI» .are all equsl. 

Car* 3. Henee, asin Prop. 25/Boo}l III., if four drdes 
be described <m the segments AE, EB, £P and ED of 
two mutual perp^dicokrs dra^m to meet the droum' 
finance of a drcl^ those intermediate circles will be to- 
gether equivalent to the liurge drde. 



PROP. XXIX. THEOR. 

The area of any triangle jis a xaem prc^orttQnjU 
between the rectangle und^r the pemiperimet^r 
and its excess above the base, and the rectangle 
under the separate excesses of thatsemjperimeter 
above the two remaining sides. 

The area of the triangle ABC is a mean proportional 
between the rectangle under half the sum of alFthe sides 
and its excess above AC, and the rectangle under the ex-* 
cess of that semiperimeter above AB and its excess above 

Ba 
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For piodaoe the sides BA and BC^ dnw the itnuglst 
lines BE, AD, and AE bisecting the en(^ CBA, BAG, 
and CAIi join CO and CE; andlet M the perpendicii- 
lars DF, DG» and DH within the triani^ and the per* 
pendicidars £1, EK, and EL withoot it. 

The triangles ADF and ADG» haviiig by. eonstnietioM 
the angle DAF equal to DAG, the aoj^es F and G rig^ 
an|^, and the common side AD, are (L SO.) equal ; fiir 
the sameTeason, the triangles BDO and BDH are eqneL 
In lilce manner, it is proved, that the triangles AEI and 
AEK are equal, and also the triangles BEI and BEL^ 
Whence the triangles CDH and CDF, .ha?ii|g the 
side DH equal to DF, the side DC common, and the 
right angle CHD equal to CFD, are (I. SI.) equaL; 
and, for the same reason, the triangles CEK and CEL 
are equal. Wherefore the segments AF, FC and BG 
are respectively equal to 
AG, CH and BH, and 
compose with them the 
whole sides of the triangle 
ABC. Consequently the 
segments AF, FC and BG, 
or AC and BG, is equal 
to.the semiperimeter, and 
BG is thus its excess a}K>ve 
the base. But the seg* 
ments BH, HC and AG, . 
or BC and AG, being likewise equal to the semiperimeter, 
AG is its excess above the side BC* Again, since the 
segments AK and CK of the base are equal to the produo- 
tioDs AI and CL of the sides AB and BC, the equal lines 
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BI and AL are together equal to the whole perimeter of 
the triangle^ or eadi of tlwin is equal to riie semiperiinetery 
and AI it its excess above the side AB. 

Now, because DG and EI, being perpendicular to BI, 
are parallel, BO : DG : : BI : EI (VI. S.)> &i^.d consequent- 
ly (V. 25» cor. fk) BI combining with the two first 
terms of the analogy, and DG with the two* last, 
BI X BG : BI X DG : : DG X BI : DG xEL But since 
AD and AE bisect the angle BAG and its adjacent angle 
CAI, the angles GAD and EAI are together equal to a 
right angle, and equal, therefore, to IE A and EAI ; whence 
the angle GAD is equal to lEA, and the right-angled 
triangles DG A and AIE are similar* Wherefore (VI. 1 ) •). 
DG ; AG : : AI : EI and (V. 6.) DGxEI=AGx AI; 
consequently BI X BG : DGxBI : ; DGxBI : AGx AI. 
But the triangle ABC is composed of three triangles ADB, 
BDC, and CD A, which have the same altitude; and 
therefore its area is equal to the rectangle under the com- 
mon perpendicular DG and half their bases AB, BC, and 
AC, or the semiperimeter BI. Whence the area of the 
triangle ABC is a mean proportional between the rect- 
angle under BI and its excess above AC, and the rect- 
angle under its excess above BC and that above AB. 

Cor. Hence the area of a triangle will be expressed nu- 
merically, by the square root of the continued product of 
the semiperimeter into its several excesses above'the three 
sides. \ ^ 

PROP. XXX. PROB. 

To convert a given regular polygon into an- 
other, which shall have the same perimeter, but 
double the number of sides. 
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Itisevideotliuttar^gaburpoljgoiiy bydmringliilaifinaBi 
the centre of the inscribed or ciiemnicijfaiiq^eifde to an Ae 
comen, may be divided into as many equal and htmimkm 
triangles as it has sides. Let AOB be sach a sector o^ 
the given polygon i from the centre O let M the perpesi- 
dicular OC, and produce it to D, til) OD be eqoal to OA 
or OB9 and join AD and BD. * The isosceles triaog^ 
ADB is therefore (IV. 1.) constmcted on the same baae 
with AOBt and has only hidf the vertical angle. Conte- 
qnently twice as many of snch angleB cotild be constftnted 
abont Dy as were placed about O. Bisect AD and BD id 
E and F, and the straight 
line joining these points 
must (VI. 2.) be equal to 
half the base A6. Where- 
fore the triangle EDF, re- 
peated about the vertex 
D, would form a regular 
polygon with twice as 
many sides as before^ but 
under the same extent of 
perimeter, since each of 
those sides £F has only 
half the fortner length 
ACB. 

Cor. 1. Hence DG, the radius of the circle which would 
inscribe the derived polygon, is half of CD, that is, half of 
the sum of OC and OA, the radii of the circles inscribing 
and circumscribing the given polygon. Again, since AOD 
is evidently isosceles, AD? =20 A. CD (II. 23. cor.), or 
DE*=OA.iCD, and consequently DE the radius rf the 
circumscribing derived polygon is a mean proportional 
between OA and DG, the radius of the circle circum* 
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9cribiog the given pdygon, and the radius of the circle in* 
scribing tli« ikrived polygon, , 

Cbr« i. Henee the area of a circle ii equivalent to the 
rectangle under its radius, and a straight line equal to half 
lis circumference. Eor the surface of any regular circum- 
scribing polygon, beingcomposed of triangles such asEDF, 
which have all the same altitude DG, is equivalent (IL 5.) 
to the rectangle under D6, and half the sum of their 
baseS) or the semiperimeter of the polygon. Therefore the 
circle itself, since it forms the ultimate limit of the polygon, 
must have its area equivalent to the rectangle under the ra- 
'ditts or the linait of all the successive altitudes and the se- 
micircumference^ which limits also the corresponding semi- 
perimeters* 

iSchoUum^ From this proposition is derived a very sim- 
ple and elegant method of approximating to the numeri- 
cal acpression for the area of a circle. Let the original po- 
lygon be a square, each side of which is denoted by unit ; 
the coinponent sector AOB is therefore a right-angled 
isosceles triangle, having the perpendicular OC, or the 
radius of the inscribed circle, equal to .5, and the radius OA 
of the circumscribing circle equal to V.B or .7071067812. 
But DG, the radius of a circle inscribed in an octagon of 

the same perimeter, is =-^£±2^ = -g+.TOTlOSSlg _ 

.6095585906 ; and DE the radius of the circle circumscri- 
bing that octagon, is = V(OA.DG) = V(.603533906 X 
.707 106812) r=.65S28 14824. Again, the radius of the cir- 
cle inscribed in a polygon of 16 sides with the same peri- 
meter, is ^-608583906 +.65328 H824 ^ .^^^,,,7,3,^ ^ 

and the radius of the circle circumscribing that polygon, 
is s? V(.6284174365X .6532814824) = .6407288619. In 
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like manner, the radii of circles imferibiDg and cirGOiiB-«^ 
scribing the polygons of S2, 64» 1S8, ftc. sides, under the 
same perimeter, are saocessiVely found, by an alternate 
series of arithmetical and geometrical means. 

It may be observed, that these radii mutually ap- 
proximate about four times nearer at each step: 
For, "(II. 10.) CA*=OA*— OC*=(IL 17.) (OA— OC) 
(OA+OC); and, for the same reason, 0£'=D£*— 
DG'=(D£— DO) (DE+DG). But, CA being doable 
of G£, and CA'= 4G£S it is evident that (OA— OC) 
(OA+OC)s:4(D£— DG) (D£-fDG)i and since the 
successive radii must approach on both sides to form 
the same amount, or OA+OC=D£+DG nearly, it 
follows that OA— OC = 4(D£— DG) nearly. In the 
subjoined table, wher^ the computation is carried to ten 
decimal places, this rate of mutual approximation will be 
found true to the last figure, in the expressions for the 
radii of the circles attached to all the polygons bqrond 
that of 256 sides. Thus, for the polygon of 512 sides, 

.6S662S7671-.68661 17828 nnnAnomi-.A k- u • *i. 
. = .0000029960, which is the 

difference between .6366207710 and .6866177750, the 
^ radii of the circles described about and within the polygon 
of 1024 sides. 

After five or six terms have been computed, the rest 
may be found by a simple process,' because the mean 
proportional between two proximate lines is very nearly 
equal to half their sum, or the arithmetical mean. While 
each number in the first column, therefore, is always equal 
to half the sum of the preceding terms in both columns, 
the corresponding number in the second column may be 
considered as equal to half the sum of that number and 
of the term immediately above itself. Thus, .6866207710, 
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the radius of the circle circumscribing the polygon of 1024; 
sklesy is equal to half the sum of .63661777505 the radius 
of its inscribed cirdef and of •68662376719 the radius of 
the circle circumscribing the polygon of 5.12 sides. 

But the final term may be discovered still more expedi- 
tiously ; for, since the numbers in both columns are formed 
by taking successive means^ those of the isecond column must 
each time be diminished by the fourth part of the common 
difference) and consequently (V. 21.) the continued dimi- 
nution will, accumulate to one-third of that difference. 
Wherefore the ultimate radius of the inscribed and cir- 
cumscribing circles is the third-part of the sum of a radius 
of inscription and of double the correspondingradius of cir- 
cumscription. Thus» stopping at the polygon of 256 sides, 

.63665878U1 +2(.6866357516) ^.^366197724, thefinal 
3 

result. 



Naofiidesof 


Radius of Inscribed 


Radius of Circum* 


the Polygon. 


Circle. 


scribing Circle. 


4 


.5000000000 


.7071067812 


8 


•6035533906 


.6532814824 


" 16 


•6284174365 


.€(407288619 


32 


.6345731492 


.6iJ76435773 


64 


.6361083633 


6368755077 


128 


.61364919355 


.6366836927 


256 


.6365878141 


.6366357516 


512 


.6366117828 


.6366237671 ' 


1024 


.6366177750 


.6366207710 


2048 


.6366192730 


.6366200220 


4096 


.6366196475 


.6366198348 


8192 


.6366197411 


.6366197880 


16384, 


.6366197645 


.6366197763 


32768 


.6366197704 


.6366197733 


65536 


.6366197719 


.6366197726 


131072 


.6366197722 


.6366197724 


262144 


.6366197723 


.6368197724 



200 ILEMXNTC OF MOMSTAT. 

Hence the mdins of a circle^ wlHMe tktttbfytmtt U 
4i of the diameteir of a drde whote dteanlferetiee ii 9, 
will be denoted by .6S66197794 ; trbetefere^ tedptt^cOlf, 
the circafiifefeiioe of a circle whode diameter ii 1, n^ bd 
expressed by 8.14109865S69 and its area^ or that of the 
ultimate polygon, by .78^5981484. 

In most cases, however, it will be snttdendy acctmite 
to retain only the first four figures. Wherefore 8.1*15, 
multiplied into the diameter of a circle, wOl denote its dr» 
cumference, and .7854, multiplied into the square Of the 
diameter, will give the numerical expression tor its area. 



APPENDIX. 



The constructions used in Elementary Geome- 
try, were effected by a combination of straight 
lines and circles. Many problems, however, can 
be resolved, by the single application of the 
straight line or of the circle ; and such solutions 
are not only interesting, from the ingenuity and 
resources which they display, but may, in a va> 
riety of practical instances^ be employed with- 
ii)iftta]f68t advaAtage^ This Appendix is intended 
to exhibit a selection of Geometrical Problems, 
resolved by either of those methods separately. 
It is accordingly divided into Two Parts, corre- 
sponding to the rectilineal and the circular con- 
structions. The first is useful in Castrametation, 
and the second can be emplpyed especially in de» 
lineating the plans c£ Fortifications. 
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PART I. 



Problems resolved hy help of (he RtUer^ or by 
Straight Lines onfy. 



PROP. I. PROB. 



To bisect a given an^e. 

Let BAG be an angle, which it is leqaired to bisect, by 
drawing only straight lines. 

In AB take any two points D and £» jQrom AC cut off 
AF eqoal to AD and AG to AE, draw £F and DO» cross- 
ing in the point H : AH will bisect the angle BAG. 

For the triangles EAF and D AG| having the sides £A 
and AF equal by construe* 
tion to OA and AD, and 
the contained angle DAG 
common to both, are equal 
(1. 9.)| and consequently the 
angle AEF is equal to AGD. 
And since AE is equal to 
AG, and the part AD to AE, 
the remainder DE must be 
equal to FG ; wherefore the 
triangles DEH and HGF, having the angle at E equal to 
that at G, the vertical angles at H equal, and also their op- 
posite sides DE and FG, are equal (I. 20.) ; and hence the 
side DH is ^ual to FH. Again, the sides AD and DH 
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are equal to AF and FH, and AH is common to the two 
triangles AHD and AHF, which are therefore equal (L S.)* 
and consequently the angle DAH is equal to FAH. 

In the field, this problem is readily performed by means 
of strings and pegs. ^ 



PROP. II. PROB. 



To bisect a given finite straight line. 

Let it be required to bisect AB^ by a rectilineal construc- 
tion. 

Draw AKdiverging from AB^and make AC=CDs=D£» 
join EB, and continue it beyond B till BF be equal to BE, 
and lastly join FC $ which will bisect AB in the point O. 

For draw BH parallel to AE. 
And because BD evidently bi- 
sects the sides EC and £F of 
the triangle CEF, it is parallel 
to the base CF(VI. 1. cor. 2.) ; 
wherefore BDCH is a parallelo- 
gram, which has (I. 26.) its op- 
posite sides BH and CD equal 
But AC being parallel to BH, 
the angles GAC and 6CA are 
equal to GBH and OHB, and 
the side AC, being made equal 
to CD, is hence equal to its cor- 
responding interjacent side BH s whence the triangles 
A6C and BOH are equal (I. 20.), and therefore AO is 
equal to B6» 

This construction is evidently much longer than the 
ordinary process, but then it requires not the application 
of compasses. 
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PROP. IIL PROR 

Through a given pointf to draw a line parallel 
to a given straight line. 

Let it be reqairedi by a rectilineal conitructioD^ to draw 
through C a straight line parallel to AB. 

In AB take any two points D and F| join CD, which 
produce till D£ be equal to it; 
again join E with the point F, 
and continue this till FO be e» 
qual to £F : Then CG» being 
joined, will be parallel to AB» 

For, since AB or DF evident- 
ly bisects the sides EC and EG 
of the triangle CEO, it must be parallel to the base CG 
(VL l.cor.2.). 

Parallel lines are thus traced on the ground by help of 
a string. 

PROP. IV. PROS. 

From a point in a given straight line, to erect 
a perpendicular. 

Let C be a given point, firom which it is required, by 
help of itraighi lints meidy, to erect a petpendicular to 
AB. 

In AB, having taken any point D» draw BE equal to 
DC and inclined to AB, jom EG and produce it until C6 
be equal to CD orDE^ make CF equal to CE, join FG 
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aadim>diioetiiiitiaOHbecq^^ TboiCHwill 

be perpeodieular to AB» 

JFor Ibe ttbngles IK3E kI\ 

and GCff^ kaviiig the fides 
BC^ C£ equal to 6C, GF» 
«nd the contained angles 
Veitical at C, nre. equal 
<L SO; whence FGsrCD 
=CG=6H. The point 
Q is therefore the eeotre of 
m semicircle which would 
pass through F, C, H, and 
consequendy theangle FCH 
is a right angle (III. 190i or CH is perpendicular to AB. 

PROP. V. PROB. 

To let fall a perpendicular upon a given straight 
line from a point without it. 

Let C be a given point, from which.it is required, by a 
rectilineal construotiptit to let faU a perpendicular to AB* 

In AB take any 
point D, draw DF ob- A u 

liquely, and make D£ 
=DF±=DG,join FE 
and produce it until 
EH be equal to EG, 
make EI=EF, join 
HI and (Appendix, 
Part I. Prop. S.) draw 
CK parallel to it : CK is the perpendicular required. 
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<06 AFKmilZ. 

For the point D being dbviously the onCre of a 
circle paaiiog tbhnigb O, F, and £, the angle OFE ia m 
rig^t angle; and the triangles EOF, £HI, having the 
sides 6E, EF equal to HE, EI, and thdr conteined an- 
gles verticnl, are equal (I. 8.), and consequently the an- 
gle HIE is eqaal to OFE, or is a right an^^; bat sinoe 
CK and HI are parallel, the angle CKA is equal to HIE 
(L £2.), and therefore is also a right angle, or CK is per- 
pendicular to AB. 

The more usual mode of drawing perpeudicnlart on the 
ground is derived from Prop. 10. Bode IL, and consists ia 
employing the triangle of cords, the knots being at the in* 
tenrals of 8, 4 and 5 &thoms. 
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Geometrical Problems resohetf by means qf Compos^ 
sest or by Ae mere description qf Circles. 



PROP. I. PROB. 

To repeat a given distance in the same direc- 
tion. 

Let A and B be two given points^ it is required to find, 
by means of compasses only, a series of equidistant points 
in the same extended line. 

From B as a centre, with the given distance BA, de- 
scribe a portion of a circle, in which inflect that distance 
three times to C $ from C, with the same radius, descritje 
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A B C X> E 



Mother dfd^ and insert 
the triple chordi to D; re- 
peat that prooeBB from D^ 
£^ &C. : The equidistant 
points A,' B, C, D, £» &c will all lie in the \ 
line* ^ . 

For, by this oonistruction, three equilateral triangles are. 
formed about the point B, and consequently (L 30. cor. 1.) 
the whole angle ABC, made by the opposite distances 
BA and BC, is equal to two right angles, or ABC is a 
straight line. The same reason applies to the successive 
points, D, E, &c. 



PROP. IL PROB. 

To find the direction of a perpendictditf from 
a given point to the straight line joining it with 
another given point. 



Given the points A and B : to find a third point, such 
that the straight line connecting it with B shall be at right 
angles, to B A. 

From A and B, with any conve- 
nient distance, describe two arcs in- 
tersecting in C, from which, with the 
same radius, describe a portion of 
a circle passing through the points 
A and B, and insert-that radius three 
times from A to D : BD is perpen- 
dicular to BA. 




tot Amwoix. 

For it ii e?idait» from the last FMporilioii^ d^ 
ABD if a temicirciimfereDcey and eMteqiKBlIy (III. 10.) 
the angle ABD oontained in it it a right angle. 

The oonstniction woold be semewhat simplified, fay 
taking the distance AB tot the radios. 



PROP. m. PRQB. 

to find the direction of a perpendicular I^t £iU 
from a given point upon the straight line which 
connects two given points. 

Let C be a point, from which a perpendicnkr is to be 
let fall upon the straight line joining A and B. 

Fkom A as a centre, with the 
distance AC, describe an arc, V 

and from B as a centre, with the | 

distance BC, describe another ] 

arc^ intersecting th^ former in ''^ [ "^ 

the point D : CD is perpendicii^ 

lar to AB. ^ 

For CAD and CBD are W- 
dently isosceles triangtes, and consequently (L 7.) their 
vertices must lie in a straight line AB, wfaidi biascto their 
base CD at right angles. 

It will be perceived that, in assigning the pobt D, this 
construction differs in no respect from the mode employed 
in Prop. 6. Book I. of the ElemeaU. 



PROP. IV. PROR 
To bisect a given distance. 

Let A and B be two given points ; it is required to find 
'the middle point H in the same direction* 

From 9 as a centre, with -the radius B A, describe a se- 
micircle^ by inserting that distapce successively from A to 
Q D, and £ ; from A as a centre, with the distance AE, de- 
scribe a portion of a circle F£0, in which, from the point 
E, insert the chords EF and EG equal to EC •, and from the 
points F and O, with the same 
radius EC describearcs intersect- 
ing in H: This point bisects 
the distance AB. 

For, by the first Proposition, 
the points A, B, and E extend 
in a straight line; but the trian- 
glesFAO, FHO, and FEO, be- 
ing by construction isosceles, 
their vertices A, H, and E 
(I. 7.) most occupy in a straight 
Bne ; whence the point H lies 
in the direction AB. Again, because EFH is an isosceles 
triangle, AF*-HF*=EA.AH (11. 20.); that is, 
AE*—ECSor(III,I9.and 11.10.) AC*orAB*=EA.AH. 
M^herefore, since iEA is double of AB, the segment AH 
must be one half of that distance. 
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PROP, v: ^K)9w 

1*0 trisect a given distanae., 

. Let it be required to find two intermediate points that 
are situate at equal intervals in the line of communicatioii 
AB. 

Repeat (App. 11. 1.) the distance AB on both jides to 
C^fLud D ; from these points, with the radius CD, describe 
the arcs EDF and GCH, from D and C insert the chorda 
DE and DF, CG and 
CH, all equal to DB, 
and, with the same dis- 
tance and from the 
points £ and F, G and 
'Hy describe arcs inter- 
secting in I and K: 
The distance AB is tri- 
sected by the points I 
and K. 

For it may be de- 
monstrated, as in the 
last proposition, that 
the points I and K lie 
in the same direction , 

AB. In like manner, it appears (tl. 20.) that i>G*— 
KG* = CD.DK, or 9AB*— 4AB^ or 5AB' = 8AB.DK; 
and consequently 5AB=3DK, or 2AB=3AK, and AB= 
SBK. But, for the same reason, AB:;?:SAr. 







FROP. VL PROB. 
To cut off any aliquot part ot^ gi^eh distaaoe* 

Suppose it were required to cutoff tbe fifth peit of the 
distance l)etween the points A and B. - 

Repeat (App. IL 1.) the distaBce AB fiHV times, to F^ 
from F, with the radius FA* describe die arc GAH; ia- 
flect the chorda AG 

and AH equal to ABy nr^ * . 

and| with that radius 

andfromthepointsG Ax b* C i>v^ £ i* 

and H, describe arcs A^ ' 

intersecti»ginI:Ar - ^ 
is die fifth part -of the Kne of commaBication AB. ^ 

For, as before, the point I is siti^ate in AB. But since 
AGl isevjdendy an isosceles tFiaogle, and AF is equal to 
FO, it follows (IL S^. <^orO that AG^b AF.AI1 and con- 
sequently AB*=:5AB.AI ; whence AB=:5AL 

3PBQP. VHi PHOB- 

To divide a given distance by medial section., ' 

Ltet it be required to cut the distance AB, such that 
BH»=BA.AH. 

From B describe a circle with the radius BA» which 
insert successiji^ely from A to D^ E, C, and F; from 
the extremities of the diameter AC Kfid with the chord 
A£| describe two arcs intersecting in G $ and, from the 
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poidts £ and F with the distance 60» describe other two 
arcs intetsecting ib H t This is the pdmt of medial section. 
For it is evident that this point H lies in the straight line 
,A&> And because tbc trian* 
gles AGB, CGB have their 
•ides respectiTely equal, the 
angle ABG (I. 2.) is a right 
angle, and conseqiiently (IL 
iO.) AG'=AB*+BG*; but 
AG=AE, and AE*=8AB* 
(IV. 17. cor- 2.); wherefore 
8AB» = AB* + BG*, and 
BG* *: 2AB*. Now since 
BE=EC, it follows, (IL 20.) 
rt^at HE* — BE» = CH.HB; but HE* ~ BE* =± 
BG"" *- BE* s ABS and therefore AB* s= CHiHB. 
Whence CH is cut by a medial section at B, and conse- 
quently (IL 19» cor. 1.) its greater segment BC or AB is 
likewise divided raediaUy at H by the xemainiug portion 
BH- 




PROP. VIIL PROB. 



Tq bisect a given arc of a circle. 

Let it be required to bisect the arc AB of a circle whose 
centre is C. 

Fron^ the extremiti^ A and B wi^h the 'radius AC^ de- 
scribe opposite arcs, ,and firom the centre C of the cird^' 
insert \he chord AB to 1^ and E $ from these points, with 
the distance DB describe arcs iptersecting in F^ and from 
D or E, with the distance CF, cut the given arc AB in 
G : AB is bisected in that point* 




PABT II. £1$ 

Fartl» %iu^i ABODiuid ABEObtfng evidenOj rbomi- 
boii»f DCjmdCEArebolh poralltl to AB; an4 hence con* 
ttitote one straight 

ItMrconseqaeiufcly . ; . S^ 

die tfiangleiL DFC ' 

their correspond- ^^^-''''''^^^^^''^v^ 

ing sides equal, the -4-^- • • - fP*: - : •)^'? 

angle DCF is a .^ 'V-''" -'• '• 

right angle, and 
(11. 10.) DF = 
D(?+CP. Bat, 
in the rhomboid ABCD, DB«+CA'':p2DC'-f-2CB« 
(11. 82.), or BD«a2DC7'+CB*; and since DB:;;I}F> 
8DC» + CB»5=D(?+CF», whence D(7+CB* =x CP, 
or DC»-f-CO*=DO*, and therefore (IL 11.) DC6 is a 
light ang^e» And because CG is perpendicular to DC^ it 
jblikowii^ <L 2^.) petpendipttlar to AB, and the triangles 
CAP and CBP are eqpal (L21.), and the angle AGO 
equal to BCO; whence (UJ. 12.) the arc AG=BO. 



PROP. IX. PROB. 

To find the cenlrc of a citcle. 

Assume an arc AB |rreater than a quadrant, and from 
one eztremitjr B, with the distance BA, describe a semi- 
circle ADC> ct|ttiog the given circumference in D ; from 
the points B and C, with the distance CD, describe arcs 
intersecting in £, and, from that point with the same dis* 
tance, describe an arc cutting ADC in F; and lasd)^,^6ni 



ffl4 AFrBXMX*. 

tlM^li A waA B>lwUi &^ diililibe AFt iMffAbe dircs 
ittterfsethig iit O^ Thb poial b dw ceattm^Ak inck 
ADB. 

For the isosceles triangles BEC, BEF^ Mug evideailf 
equal, the angle FBC is equal to both tlm ao^es^ ftt th« 
base ; but FBC is (I. 82. El.) equal to fbe ilitetJot ki^ltfi 
BAF and BFA of the iso- 
.sceles triangle ABF, and 
hence that triangle is simi- 
lar to BEF. Wherefore 
BE:BF:: BA.: AF, or 
CD : BD : : BA : AG? 
tbusequentty the isosceles 
ikingJes CBD; afad BGA 
<Vit 15. t(ft.) ai-y sitoSat, 
^ttd tfiig an^Ie^ E^D U e- 
l^aat io'GBA V &0 is, therefore, 'patftlfel to CD, iikn! h^ibtSk 
tr. 4J0. ti.) thfe khg^ BDC, w BCD, is ^oiA to sSd. 
^h6 triangles BfeA a^d fiGD, Having thus ihfe ^de'^A 
equal t6Bb, BO common, iind e^iial contafh^ ingles 
GBA and GBD, are (I. S. El.) equal, and therefore the 
side GA is equal to^ GD. Tl^ point G being thus equi- 
distant from three points. A, D, and 1^ in the circumfe- 
rence, is hence (III. 8. cor^) the centre of^qirf^../ 1* 

To divide the circumferencie of a gl^ett'drcU 
successively intOj four, &gh.t, tyelre, and twetotjf- 
^fctur. equal, iwito. .,: • •,.,"..•.,',.•■ -X /> .'.r;.. 
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'Mdiil>4ofh>i»tliti(ixtrcaiilfe»of the diao^^ mi^ 

a distance equal to the chord AE» describe arGtimcif- 
secting io the point F ; and from A, with the distance BF, 
cuft the circumference on opposite sides at 6 and H : AG, 
GC, CH, and HA are quadVants* ' ' *^ 
. For, as before^ AP=AE'=3AB'; and tb^ triangle 
ABF'lieing' rigTit-angljea,' 3AB'= AF'= AB +BF*, and 
therefore BP^=:AG*=2A]i^V whence (11/12.) ABO is 
* Ogb^»^»l^> apd AG^^fl^ai^raiit 

^, From the poiatiJ ^ wi);^ 
Ihe^radiu^ AB, cut tJie /cipcle i^ 
J fnfl K) and frpm A^nd Q ii^y 
Mext the chord Al to L| ^ . and 
M ; the circumference is divided 
ipto eight equal portions by the 
points A, I, G, K, C, M, H, 
and It. 

For BP, being equivalents. 
9AB% 19 equivalent jkp fhd 
squares of BI and IF^ and oonaequaitly BIF/ Is mtigfaik 
ungle; but the triangle BIFtsalso isosceledy andthdvefore 
the angle IBF at the base is half a right angle; >M4ieiio6. 
the art IG is an octant - . . : ' i . . .: *^ 

9. The iarc DG, on being: repeated^ wiR ibrm iwdve e# 
quat sections of 4h&cirenmferetx)e. 
. Por the arc AD is the sixth or twiM^weMUi parts of the 
dtcudifeTence, and AG it the fiinrth or thiee^Cwelfliis; 
consequently thedifferenoe DG ia onoptirelfthi 

4, The aro JD ii ^ twentjr-fourth part of the circum- 
lerence. * . 

For the octant AI is equal to three twenty-fourths, find 
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the MXtanl. AD ii cqaal to tbat fwcDijr'fenrtfat i ^sir dif- 
ferenoe ID Ss henee one tivieiitj4biirth part of the ^afcam- 
.fer«ce* 



PROP. XL PROB. 

To divide the circumference of a given circle 
successively into five, ten, and twenty equal parts. 

Mark out the semicircumferetiee' ADEC, by the triple 
insertion of the radint, from A 'and C, with the double 
chord AE, describe arcs intersecting in F, fiom A» with 
the distance BF, cut the circle in Xi and K, insert the 
chords 6H and GI equal to the radius AB, and, from the 
points H and I, with tiie dis. v^ ' 

tance BF or AG, describe *^ 

arcs intersecting in L. dx'^^^nK 

It is evident from App. II. ^V^ \ ^ 

7, that BL is the greater f A 

segment of the radius BH jd i L 

diTided by a medial, section; V y 

wherefore (IV.SS. cor. 2. EL) . ^ :^ y 
AL it equal to the side of • ^SC,/!^-.^^ 
the inscribed pentagon, and *Cac 

BL to that of the decagon inscribed in the given ciitlew 
Hence AL may be inserted. five times in the circomfe- 
rence, and BL ten times; and consequently the arc MK, 
or the excess of the fourth above the fifth, is equal to the 
twentieth part of the whole cixtumferenoe. 

Scholium. This proposition, ind th^ preceding, include 
the happiest application of the circle to the solution of 
such problems. 



vAtK It. sn 

Fnynlagiven dde to tnioe out a square. . 

I 

Let the points A and B tenninate th^ side of a sqii«rtf 
which it is required to trace. 

FroQt BasacentredescHbe '>C 

thesemiciieleADECVirom A ^ 

and C, with the distance AE, «"\^^T^^^ i^ ' 
describe arcs intersecting in F, •/,,..• \ : 

from Ay with the distance BF, \ »/ \ 

cut the circumferaice in G, jL.-.^....-4 ^ 

and irom A and O, with the 

radios AB, describe arcs intersecting in H: Tlie points 

H and. G are oqmers of the required square. 

For (App.. IL la) the anglef ABQ is a right angl^ and 
the distances AB^ AH» HG, and GB^ ar^ by constrpo^ 
Uon, all equal 

PROP. XIII. P&OB. , 

Given the side of a regtilar pentagon, to find 
the traces of the figure. 

From B describe dirough A the circle ADECF, iti 
which the radius is inflicted four timeS| from A and C 
with the double chord AE describe arcs intersecting in G, 
from E and F, with the distance BG» describe arcs inter- 
secting in H, from A, with the radius AB, describe a por- 
tion of a cucple, inflect BH thrice from B to L and from 
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A to O, and lastly ftom L and 0» with the radios AB, 
describe arcs ini^seclIng.iil-Pt Tha {x>ints A, L, P, Of 
B mark out the polygon. « 

For, firtjin A]^p; 11^9, 1c is; Evident shat BHis;Uie greater 
segment of the distance 
AB divided by a medial 
section. Consequently 
(IV. S. EI.) the isosceles 
triangles. BAI, lAK, 
KAU ABM, . MBN, 
and NBO, have each of 
the angles at the base 
doable their vertical an- 
gle. Wherefore the an- 
gles 6AL aiid ABO are 
each of tiiem dixAAhs of a right i^gle (IV. ^. cor.), and 
lienee (I. SS^ cor.) the points L atid O afe comersof tbe 
pentagon ; but P is evldentiy the vertex of (h^ pei^tagon 
since the sides LP and OP are each equal to AB. - 

Scholium. The pentagon might also have been traced, as 
in Bi)ok IV. Prop. 5,, by d^cribing arcs from A and B 
with the distance HC, and again, from their intersection 
ff and with the, nadius. AB, cvtfing .those aroi in h and O. 
It is likewise evident, from Book IV, Prop. 8, that the 
same previous construction would serve for describing a 
decagork, P being made the oeotr^ of a cinple Int which AB 
is Inserted tea times* 
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PHO?..Xjy. PROP, . 

The side of a regular octagon being given, to 
mark out the %UfSii ,, y 

Let iis\%&A^ Qf 4A Qi^tagpa tteifAVUtein (^points A|ind 
B $ to find tbe remaining comers of the figure. 
. Jrom llie ^ofioXm K andiBi ViUi tlie ^fMlim^ AB^ de- 
scribe the two semicK^jAjEFC mi Bf^Di m\^ 
the fioDhle cfeprU AF, . iqi4 frois A,.C. Md;[B|.;D de- 
fcribe «r<» iii|e^?iectii;^ iq Ui ;! ; froia liies^ |!i#Pti» wJU^ 
the radim AE(i cut tbetsfwleirrlfl^ te K» JU:/M HIdtfr 
MTibe ^ cqpare HMNI» ly mfiUng the d^goMW H14 
IM equal to BH, and . ': .' 
the sides equal to AB ; . 
and, onMUand NI, . . ;; 
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describe tbe rfaombus- 

sesMOKHandNPU: 

The points A, B,K,0, 

M9 N, P, and L,'are 

the several comers of 

the octagon. 

; For <^y iAfii^% iL )P. 

fmp; lOi) BH,vAI Me rbcHb .pfithfip p^lNfOdicikr to 

£A^ and.BKH, AU aitf i[tgbjb^it|^ed iMc^ ttjangle^i; 

HI is therefore parallel to BA, andHMNI, consisting «f 

triangles equal to BKH, is a square ; whence all the sides 

AB, BK,. KO, OMi MN, N P^ PL, and LA of the octa- 

gon are equal : But they likewise contain equal angles ; 

Csr ABKj c^ogpgaed of AB^apd HBK, is aqnal to, t|)ree 

half right angles, and BKO, by reason of theparaOekBH 

and KO, being tbe siipplement of HBK, is also equal to 
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three half right tngles* In the lame nuumery the other 
anglei of the figure may be prcnred to be eqiiaL 



PROP. XV. PROB. 
On a given diagonal to describe a square* 

Let ih^ pdnts A and B' be the opposite comen of a 
square which it is required to trace. 

From B as a centre desMbe the semicirde ADEC, 
ficom A Mid C irith the doiible diord AE describe area 
intersectiog iA F, from C with the distance BF describe 
an arcand cut this from A with the radius AD in O9 
and kstly from B and A with the ^ 

distance BQ describe arcs inter- "^ 

secting in H and Is ABHI is :R<r^"'"*"'""^ 

the required square. /^^ ^v 

Fort in the triangle AGO, the f/\ \ 

straight line GB bisecU the (.' ;':> i, 

base^ and conasquently (II. 22.) ^^\^ / 

AG* + CG*»SAB* + 2BG»; )^ 

but, (by App. H. Prop.. 10.) . 

CG*= BF»= 2AB» } whence AG»ae AB^sr «BG», and 

(IL 110 AHB k a right angle; and the sfctes AH, HB» 

BI, and'IA, being all equal, the figure is therefor^ a 

square. • -r..^-. 

PROP. XVI. PROB. ' 

Two distances being given, to find a third ptth 
portional to them. ^ 




PART IU% Ml 

Let it U. required to find a third proportional to the 
distances AB and CD. 

From any point F ^. jii^.* ^•.* -iB 

with the distance AB, / \ " '-.^^^ '^ 

describe a portion of 
a circle, in which in- 
sert FO equal to CD, 
and from G, with that jt^^ t .f^- 

distance, describe the j^, ,3 

semicircle FHI; HI O—- »!> 

is the third propor- 
tional required. / /K*. 

For the angles OEH 

andIGH are each of r'^-^ClLI^^^^- ■ ' i 

them double the angle OFHor IFH at the circumferenoe 
(IIL 17. £1.) ^ whence the triangles GEH and IGH mast 
also have the angles at the l^ase equal, and are consequents 
ly similar : Wherefore (Vh )2. £1.) EG : GH; : GH ; HI. 
If the fint term AB be less than half the second term 
CD, thb construction, without some help, would evident* 
ly not succeed. But AB may be previpusly doabled, or 
e^sumed 4, a, or 16 tinges greater^ so that the.cii;c)e FGH 
shall always. C|it FHI; and in that case, HI, being like« 
wife doubled, or taken 1^, Bf, or 16 times gceater, will give 
the true result. 




PROP. XVII. PROB. 

To find a fourth proportional to three given 
diltances. 



Lee it be required to find a fourtb pr^ipdrtkotl la tbe 
distances AB, CD, and EF. 

* Frcrni any point G, de- Xt :;-^i-^B 

scribe* 'two concentric circles O* ••'.-•• 'ID 

HI and KL with the distao- El- - :-tF 

ces AB and EF ; in the cir- 
cumferehce of the first insert 
* HI equal to CD, assume any H 
point K in the second cir- |; \1 '*->,G 
cumference, juid cut this in 
L by an arc described from I ^^ 
with the distance HK; the 
chord LK is the fourth pro* 
portional required* 

For the trkfigfes ILtir and HKtSr ^ <»quaf, since their 
eorresponding sides -are evidcmtJy equal ; whence the'an* 
gle IQL is ^tfal to HGK, fmd taking away HGL, die 
angle lOH remains equal to LGK ; consequently the iuh 
oeles triangles GIH and GLK are similar, and GI : IH : : 
Gb : LK, that is, AB : CD : : EF : LK. 

If the third term EF be more than double the £fst AB» 
this eon^thiction, it is obvious, will not answer witiioQl 
some modification. It may, however, be made to suit all 
the variety of cases, by mnhiplylng equally AB And the 
chord LK, as in the last proposition* 




PROP: XVIIL PROB. 



To find the 'linear expregsions for the square 
roots of' the natural numbers^ from one to ten !n- 
elusive. 
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. This prdbtem is efideody tKe tame A^, td'flird the tides 
of squares wbidi are eqnitalent to tbe sueeebive mnhiples 
6^ the square constructed c/A the straight line representmg 
the uniL Let Afi, therefoiTy be fliat measure: And from 
Bas a tentre, describe a circle, in which hiSect the radius 
four times, from A to*C,'D, £» and F;' trdm' the opposite 
points A and % wnfa the double chord' Atf^ deecribe arcs 
mtersecting in G and H,-^with the same distance, and 
from the points D, P, describe arcs intersecting in ' I,—* 
and, with still the same distance and from E, cut the cif'^ 
cumferenceinK; 
and from A and 
K, with the ran 
dius AB describe 
arcs intersecting 
inL: Then will 
AK* = 2AB*, 
AD* = SAB*, 
AE* = 4AB*, 
IK* = SAB*, 
IG* = 6AB*, 
IC* = 7AB*, 
GH*= 8AB*, 
lA* = 9AB*, 
andIL* = 10AB>. 

For, in the isosceles triangles ACB and BDE, the per- 
pendiculars CO and DP must bisect the bases AB and 
BE; and the triangle ADI being likewise isosceles, IP=r 
AP, and consequently IB=AE=:2AB. But from what 
hyw-been formerly shown, it is evident that AK'=:2AB* 
and AD*=:3AB'-, and since AE=:2AB, AE*=:4AB\ 




¥ 



SS4 Avntmix. 

In the nglK.M^;Ied triu^. IBK and VBQ, IK*s IB'-f- 
BK'=4£B*+BK»s5AP%IG*=IB*+BO'74AB*+ 
SAB?=6AB'i bat (11. 83.) IC*sIB*+BC*+IB.2BO 
s4AB*+AB*+2AB*s7AB*. A^, OH bang doable 
of BO» GH? s 4.SAB*s 8ABS and Al being the triple 
of AE, APS9AB*; and lasdy, lAL being a right-an- 
gled triaiigle, IL*«IA'4-AL*s9AB>+AB's 10 AB*.. 
If AB> therefore, denote the anit of any scaler it will 
follow, that AKssV2, AD=VS« A£sV4, IKssVS, 
IG;s V% ICs? y 7, GHs V8,,IAs V9, and ILs VlO. 
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PLANE TRIGONOMETRY. 



Tbioonombtbt is the science of calculating the 
ttdefl dr aUgtes of a trinngle. It groiUKls its can<^ 
clusiom on the applicatioa of the princij^M of 
Geometry and Arithmetic. 

The sided of a triangle att measttred, by re^t* 
ring them to some definite portion of linear ex^ 
tent, which is fixed by convention. The mensu-* 
ration of angles is efiecteds|-by means of that uni^ 
versal standard derived from the partition of a 
circuit. Since angles Were shown to be proper* 
tiolkal to the intercepted arcs of a circle described 
from their verteic, the subdivision of the circumfi^ 
rence will therefore determine their magnitude. A 
quadrant, or the fourth-part a£ the circumference, 
as it corresponds to a right angle, forms hence 
the basis of angular measures. But these mea- 
sures depend on the relation of certain orders of 
lines connected with the circlcy and which it is 
necessary previously to investigate* 
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DEFINITIONS. 

1. The comptaNtfn/ of an arc bits defect from a qoadrantf 
its tupplemerU is its defect from a semicircamference s aod 
its explemetU is its defea from the whole circamferenoe. 

2. The sine of an arc is a perpendicular let fall from 
one of its extremities upon a diameter passing through the 
other. 

S. The versed sine of an arc is the portion of a diame^ 
ter intercepted between iu sine and the circumference* 

/ 

4. The tangent of an arc is a perpendicular drawn at 
one extvemitj to a diameter, and limited by a diameter 
extending through the other. 

5. The secant of an arc is the straight fine which joins 
the centre with the termination of the tangent. 

In naming the sinCf tangent^ or tm:anif of the con^emeiU of an | 

arc» it is usual to emploj the abbreviated terms of casinep cotan^ \ 

gent and cosecant. A farther contraction is frequently made in I 

noting the radius and other lines connected with the circle, by I 

retaining only the first syllable of the word^ or even tbe mere ' 

initial letter. ' 

Let ACFE be a circle, of which the diameters AF and C£ ' 

are at right angles; having taken, any arc AB, produce the 
radius 0B| and draw BD, AH perpendicular to AF, and BG» 
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d perpendicular to CE. Of this assomed arc AB, the cam- . 

plement is BC, the supplement is y\ \i 

BCF, and the explement is 

BCFEA ; the sine is BD, the co- 

sineBG orOD, the versed sine AD, 

the coversed sine CG/ and the 

supplemental versed sine FD ; the 

tangent of AB is AH, and its cO' 

tangent CI ; and the secant of the 

•ame arc Is OH, and its cosecant 

OI. 



O B 



Several obvious consequences flow from these defini- 
tions:— 7 

1. Since the diameter which bisects an arc bisects also 
the chord at right angles, it foJlows that half the chord of 
any arc is equal to the sine of half that arc. 

2. In the right-angled- triangle ODB, BD*+OD*=: 
OB^ ; and hence the squares of the sine and cosine of an 
arc are together equal to the square of the radius. 

3. The triangle ODB being evidently similar to O AH, 
OD : DB : : OA : AH ; that is, the cosine of an arc is tp 
the sine, as the radius to the tangent. 



4. From tbe similar triangles ODB and O AH, OD : OB 
: : OA : OH ; wherefore the radius is a mean proportional 
between the cosine and the secant of an arc. 

5. Since BD*=:AD.FD, it is evident that the sine of an 
arc is a mean propoi^onal between the versed sine and the 
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soppldmentftl tened ifaie^ or between tli6 Mfiii iliA iMetw 
ence of the radios and the cosifle. 

6. Hence also die chord of am arc is a mean proportiotial 
between the yersed she and the diameter; fi>r AB*= 
AD.AF. 

7. The trittgles OAH andlCObeing simiar, AH : OA 
: : OC s CI ; and hence the radtai is i mead ptopctlieMl 
between the tangent of an arc and its cotangent. 

t. SinceOI>:±±BO*:±CO.CE,}tfbilows that die co^e 
of an arc is a mean proportional between the snm Ud iSf^ 
ference of the radius and the sine. 

Hie circumference of the circle is commonly divided 
into 860 equal parts, called degrees, each of them being 
subdivided into 60 minutes, and these again being each 
distinguished into 60 seconds, tt very seldom is required 
to carry this subdivision any farther. Degrees, minutes, 
seconds, or thirds, are conveniently noted by these marks, 

thus, M^ 27' 45'' 42^', sigAifies 23 degrees, 27 minutes^ 
4d seconds, and 42 thirds. 

Scholium. To discern more clearly the connexion of the 
^ fetes derived from tbecirde, it will be proper to trace their 
successive values, while the corresponding arc Is supposed 
continually to increase. Let the arc AB', on theoppodte 
side, be made equal to AB^ draw the diameter FOA, ex- 
tend the diameters &'0B', and ^OB"^, join BB' and ^, and 



TRiooimftRrftT' 



tS9 




•t A Bftfif tlu3 dbubk tang«Dt HAH'. It it eridtfU tJiM 

BEmfe, or thi^ tlw eiiw of the are AB U ciqpiil to the aim 

of iU •Qppleintat ABk 3»l B'E and ^^, or tha sinet of 

ABFi" find ABFi'B' wUdk lifi on the ofipoMt^ lids of the 

dUoKiolery ore Qkewtso e^ndlo 

BE ; that ib^ tke invertad mie 

«f an Alio is e^puil to the sine of 

fliat oBc or of Its 8up{dcBQeiit» 

angineiiliad^ eaoh by a acniU 

drcuoilbrenot. The arc AB» 

and its explement ABFB' havt 

both the sasMoosiaaOE; md 

tiuioppleminitBl acQ ABi, and 

itsddiBCt Q:t>« awhoiedroum* 

fenaaee, batre likewise tbe same cosine^ altboAgh with an 

mnerted position* AH and OH art reqpectmly the taa*- 

gent and seeaM not only of AE^ but of the arc AB£Fi^ 

which is compoiHidtd of the original are and a senuoiiv^ 

emo^Nrencei and the similar lines AH^ and OH'^ on the 

09f osite sid^ ai^e at oaco the tangent and seoant of the 

sapplem^nte) a?c AB6> aD4 of ABAF^B'', likewise ooosf- 

pounded of that arc and a semicircumferenoe.. 

As the prolonged diameter A'OBH, thcrefoee^ turns from 
fight to left aboat the centre O^ the sine and tangent BE 
and AH both increase^ till the arc attaips 90% when the sine 
becomes eqoal to die radius OA, and the tangent vanishes 
iaiie anKmited extent. Between 90^ and 180% tbe due 
be again dtminisfaes, and the tangent AH' re»appeeriog 
in the opposite direetion, likewise eoatraots bj saeosssine 
diminutions. In the diird quadrant Fft^ the sine Ve 
nterges with a eontrarjr posilkmy and inorsases titt it be- 
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comes equal again to the radius $ while the tangent AH, 
resuming its first position, stretches out till it Tanisfaes a.- 
WBj. Betwl^en 270'' and 360% the opposite sine B'E 
again contracts^ and theUngent AH', re- appearing on the 
same side, shrinks also gradually to a point ' In the first 
and fourth quadrants, the cosine 0£ lies on the same side 
of the centre, while the secant stretches from it'in the di- 
rection of the extremity of the arc i but, in the secood 
and third quadrants, the cosine O^ shifts to the other 
side, and the secant shoots from the centre in. a direction 
opposite to the termination of the arc. 

The same phases are thus repeatedat each succeeding re* 
volution. Hence, if m denote any integral number, the sine 
of an arc a is equal to the sine of the arc (Sm-— 1)1 SOP^^a^ 
and to opposite sines of(2m— 1) 180?+aand6f8ffi.l80''.^«-^ 
the cosine and secant of an arc a are equid to the cosine 
and secant of 2i».180^-— a, and to the opposite cosines and 
secanu of (2m— 1) 180»— a and of {2m— I) IBO'^+a / and 
the tangent or cotangent of an arc a is equal to the tangent 
or cotangent of the arc {9m— \) 180^ -fa, and to the op^ 
posite tangents or cotangents of the arcs {2m— ^l) 180— 
and 2m.lS0—a. 

' An arc may, by a simple extension of analogy, be con- ^ 
ceived to comprehend innumerable/ other arcs. Thus, the 
- arc AB, in fact, represents all the arcs which have their 
origin at A and their termination at B ; it therefore in- 
cludes not only the small arc AB, but that arc as aug- 
mented by successive revolutioiis, or the repeated addition 
of entire circumferences. Hence the sine of an arc a is 
the same with the sine of any arc n.S60^+a. 

It may be farther observed, that the tangent of any aire 
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.ending at B is the same as the tangent of any other arc 
,ivhich terminates at the distance of a semicircamference 
.beyond the former; and consequently the tangent of A 
represents the tangents of aU the arcs fulSO^+a. 



PROP. I. THEOR. 

The rectangle under the radius and the sine of 
the sum of two arcs, is equal to the sum of 
the rectangles under their alternate sines and co« 
sines. 

Let A and B denote two arcs^ of which A is the great* 
er ; . then^ R.sin{A+ B) =£ sinAxosB + cosA.8inB. 

Of the two arcs A J3 and BC, it is evident that AC will 
represent the sum, and that BC being made equal to BC, 
their difference 'will be expressed by AC ' Join OC* 
pC; OB and CC ; and draw HFH' parallel, and C^ 
FO, BD, and H'C'E' perpendicular, to the radius OA. 

The triangles COF and COF, are equal, since they have 
the side CO equal to C^O, OF common, and the contained 
angles FOC and FOC^ measured by 
the equal arcs BC and BC^, equal ; 
wherefore the angle OFC is equal 
to OFC, and OF bisects CC at right 
angles. But the triangles OBD and 
OFG being similar, OB : BD : : 

OF : FG or HE, and consequently . ., 

pB.HE=BD.OF. The triangles ^ 

OBD and CFH are likewise similar, for the right aijgle 




GFOfattngaqoal to HFO^ ifHFO be taham fto^ balk 
tbe remaining angle CFH k eqoal lo OFO or OBD; 
erbence QB : OD s t CF : CH, and OB.CH ax OD.CF. 
Wherefore OB.HE4-OaCH, or pB.CEsBD.OF^ 
OD.CF. But BD and OD are the tine and cosine oftfae 
arc AB| CF and OF are the sine and coaine of BC, Bad 
CE it the tine of the compound are AC. Coaaeqoentlji 
fi.sinACs;mAB.cas^C+oosABM'nBC. 

C&r* 1. Heneet likewise, Ibe reetangle under the radfui 
and the tine of the diilbf ence of two arot, la eqaal %o ih$ 
diflerence of the rectangles under their alternate sineiaad 
cosines j or JB^nAC ssm AB.ca5BC—cofAB. sinBC 

Cor. 2. If tbe two arcs A and B be equaly it if cbfbm 
tbat jB^nfiAaWaA.3ix>«A, 

Cbr. 8. Let tbe are A eontaia 45^ i then 
lUld^B'':±:B)msin^5^(eosBxAa$inR):x: ^/iW^ieosBdbtmB) 
or fi.Hn{^59dtB)fsMVl{casTkt=sinBy 

Cor. 4. Let fiA^sCi and, by tbe second ^oroUaiyt 
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The rectangle under the rudiua and the cesina 
of th^ supEi of two arcs, is equal to the difference 
of the rectangles under their respective c<^^ 
and sines* 



^ 



Let A and B denote two arcs» of whidi A is the great* 
er; ihen B.cos{A+3)xcosA^os'Bm^nA*nhB^ 

For, in the preceding figure, the triangles OBD and 
OPtj being similar, OB : OD : : OF : OG, and OB-OGss 
OD.OF, and the triangles OBD and CFH being likewise 
similar, OB ; BD : : CF : FH, or GE, and eonaeqnently 
OB.GEaiiBDXF^ Wherirfbre OB.OQ<^Oa6£« 
OB.OE=OD:OF-.BD.CF; that is, . 
B.cosAC=:cosAB.co$BC — 52iiAB.5mBC. 

Cor. 1. Hence, likewise, the rectangle under the radius 
and the cosine of the difibrence of two^arcs Is equal to the 
sum of the rectangles under their respective cosines and 
sines; or B.eosA(ysx€09AB.cos^C+tinAB.sinBC. 

Cor. 2. If A and B represent two equal arcs, it will follow^ 
that il.cos2As=co5A*— 5mA*= (f05A+«inA)(cMA— «fiA)5 
or, sinccco^A*=:jB* — sinA\ 

Aaw2 A =5^— 25mA*= 2C05A*— jB*. 

Cdr. S. Since, «nA*=4i?(ii-rcos2A), and 
sinB^'s: i£(J3— €ras2B) ; therefore 
rfnA'— sinB*=:Ji?(c(?s2B— cof2A). 

Cor» 4i. Let the arc A be equal to 45*, and 
jR w{45 ^=t:B) =*m45*(a>5BsfcsmB). 

Cor. 8. Let 2A=:C, and by the seeend ooroUarjr,* 
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Of three equidifierentarcs, the rectangle under 
the radius and the sum of the sines of the ex- 
tremes, is equal to twice the rectangle under the 
cosine of the common difference and the sine of 
the mean arc. 

Let Ar— B, A| and A+ B represent three arcs increanu^ ' 
by the comnion difference B ; then 
2i(5i«(A+B)+«>( A— B)) =9cosB.sinA. 

The property is easily deduced by combining the preced- 
iDg theorems i bat it 
will be more easily 
perceivedi by refer- 
ring immediately 
to the original fi- 
gure. The trian- 
gles OBD and 
OFO being simi* 
lar, OB : BD : : 
OF : FO, that is 
OB : BD : : 20F 
: 2FG or CE+ 
CE',andOB(CE 
+C'E0=2OF.BD; 
that intB{8inAC+smAC)zz2cosBC^nAB. 

Cor. U Hencei likewise, of three equidifferent arcs, the 
rectangle under the radius and the difference of the sines 
of the extremes, is equal to twice the rectangle under the 
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liiiie cS thecommon difierence and the cosine of the mean 
arc; or JB/«»{A+B)— «Vi(A— B))=2«»B.co*A. 

Cor. 2. Hence B(cos{A-^B)+€os{A+B))=z2cosB.cosA^ 
and lilcos{A—B)-'C08{A+B))=z2sinB.sinA. 

For OB : OD : : OF : OG : : 20F ; 20G or OE'+OE, 
and OB(OE'+ OE) =:20F.0D ; that is, 

B{cosACy+cosAC)sz2cosBC.cosAB. 
• Again, OB : BD : : CF : FH : : 2CF : 2FH, or 
OE'— OE, andOB(OE'— OE)=2CF.BD5 that is, 

iK^cosAC-'CosAC) = 25i»BC.^iw AB. 

- Cdr. 8. Let the radios be expressed bj unit^ and the arcs 

- B and A denoted by a and na i then collectively, 

• 2$in a.cos narzsin{n+ l)a — «fii(n— l)a, 
2cos a.sin n0szsin{n+ \)a+sin(n'^\)af 
28in a,sin na=:cos{n — 1 }a— co5(ii + 1 )^t And 
2cos a.c6s naszco8{n — l)a+eo8{n+ l)a. 

Cor. 4. Since i;ersB=J? — cosB, it follows that 
jBfWn{A+B)+««(A~B))==22famA--2wr5B.5mA, 
and consequently IZ sifi( A +B)=22J«« A— iWii( A — B) — 
,«wr sB.wnA, or B{sin{A+ By-sin A) ss JJ(«iiA-«n(A-B)\ 
^2versB.8inA* 

In the same way, it may be shown that i2(co5( A^B)— cosA) 
=B(cajA— ^oi( A + B)) — 2versB.cosA. 

• Car. 5. If the mean arc contain 60"", then E(jsin(60'' + B) 
, — «»(60*'-B)^ = 25iwB.ce460**, or 5i«B.5?sf «S0«. But twice 

the sine of SO^ ^ing (cor. 1. def.) equal to the chord of 
60*" or the radius, it is evident that sin{60'' + B} — 
5iii(60*»— B)=«ViB,or 
sin{60^ + B)=5f n(60^— B) + wnB. 
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€br. •• Fh>dMe CE to the dromntenoe^ jofa OI 
tneetingtlMprodiioCio^orFGfaiK, andjoiaC^. SbMs 
FK 18 partUel to CI rad bisecU CC/ it Ukewiae bisects 
IC^ I and beaee OK Is perpendicalilr to K(7, which is, 
therefore^ the sine of half the arc lACX, or of half the smb 
of the am AC and AC, aa CF is the sine of half 4ieir 
difference. Bat(IL8K£k}IC*-^CO'aI&2C'E\arC'K' 
— .CF'sCKC'E' ; coasequentlj sm^AB*^ft«BG » nn 
ACMnACy^ or empbying the general iiotation» 

tinA^sinB* =: sin{A + B)^tin(,A ^ B) = (9. cor. S*) 
ii{(co52B— cosSA.) 

SAolium. By help of thispvDpasition» the slnei and co- 
sines of multiple arcs are eaaily determined; bat the eK« 
pressiops for theni will bcoome shnpler, if» aa m oor* 2. 
the radius be supposed equ} to tt^it. For A» SA aodSA 
being three eqnidiflbrent atcs^ 
MinA'\'Sin^A^2ea$Afnnl^A9i%coiA.%fOiAamAf or 
sifAA^s^cosA^.sinA—sinAi and 
cof A + cos^Azs3cosA»cos:tA=s. 2cos A(2c;oiA* — I )= 
4cosA'— 2f osA, or 
ciosSAsieoffA*— -dcoiA. 

' Again^ since 0A» SA, and 4A are eqnidifieraatariesy 
sm2A+5in4A==2cosA.5fn8A=:8co«A*.SffiA-«4lrasAjtttA9 
or sii»4As8eotA'. «mA»*-4eotA. s/fiA ; 
cos2 A +co54A=:2co«A.ro«SAsfi0Q4A(4cofA^— ^eacA}» 
or cof4A=:8co5A^ — 8rosA*+I. In lil^e manner, assum- 
ing the equidijflferent arcs SA, 4 A) 5 A« the rine and eosiue 
of A A are found ; and this mode of procedure may be con- 
tinually repeated. To abridge the notation^ howevery it 
will be proper to express the sine and the cosine of the arc 
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^ fay find c. The ramlts an tbot ttpmiodi* a tabakt 
fttoM 

(1.) Sin Ba =- 16d^i — 12c«i + t. ; 

Sin 6a = 88c*5 — 82^* + 6cs. 

&0. &C. kc 

Cos 2a :s2c* -^ I. 
Cos Sa ss 4c' -— Sc. 
(2.) Cbf 4a = 8c* — »e;* + 1. 
Q>s5a =i l6c*^20c^+Sd. 
C6S6a ^ Sie^—iBc^ + 1 8c^— 1 . 
&c. &c &c. 

If in these expressiomii u^si* be substituted for c*, hi 
the sines of the odd multiples of a, and in the cosines of 
the even multiples, the sines and codlnes of stieh multiple 
arcs will be represented merely by the powers of the sine a. 

Sin Sa aoc Ss-^^fS , ^ 

(3.) Si« 5a ac 6s— 20«» + i6x, 

Swi7a.o7tf— 66s'+U2«'— 6M^ 
&o» ^c. &c« 

Cos2azs + i^ 9i*. 
(4.) Ow 4a = + 1 — . 8^+85*. 

Cbi 6a = + 1 — 18s»+48lP*— .«5*. 
^ 8cc. &c. &c. 

If the terms of the first table be repeatedly multlpGed 
by Qsj and those o{ the second by 2r, observing the sub- 
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idtatioiM of oor. 2, thfire will remit expremons for the 
lines and cosines* Thus, 2sin a*=s 2s^ =r — cos 2a -4- 1, 
4 5111 a'ss '^2s.co8 2a + 2s^ — sin Sa+sin a 4. 2« = 
— im Sa+Si, and 8 sin a^=:*-95.5m 8a+25.85= +ctfs ^a 
.^^as 2a^$cos 2a+$sscas 4ia — 4cos 2a+S. Again^ 2 cos a* 

' zz2cx = cos 2a+ 1 ; 4fC0S a} sz,2c.cos 2a+2c sz cos 3a+ 
cos a + 2c =: cos Sa+ 8 cos a, and 8 cos a* s: 2cxos Sa+ 
2c.Scos aszcos 4fa+cos 2a+Scos 2a+S^cos^a+4tcos2a+5m 

, In this manner, the foUowing tables are formed. 

Sin a ss s. 
2 Sin a* ^ —cos 2a + 1. 
4 Sf II tf • =r — sin ^a + 85. 
(5,) 8 Sin a* rr + co5 4a — • 4 oif 2a + %. 
16 Sin a' = 4- sin 5a ^^ 5 sin Sa + lOs. 
82 Sin a^ zz ^^ cos 6a + 6 cos 4a.— \5cos 2a+10« 
64 Sin a^ = — sin 7a+7 sin 5a — 21 sin Sa+855. 
&c. &c. &;c. 

Cos a sz c. ' 

2 Cos a* = cos 2a + 1. 
4 Cos a' = cos Sa + 8c. 
(6.) 8 Cos a^ =: co5 4a + 4 cof 2a + 8. 
16 C05 a' =i cos 5a + 5 cos Sa+ lOc. 
82 Cof a^ = C05 6a -f 6co5 4a 4- i5cos2a + 10. 
64 Cb5 a^ = C05 7a + 7 cos 5a 4- 21 cos 8a 4 SSe. 
Slc. &c. &C. 

PROP. IV, THEOR. 

The sum of the sines of two arcs is to their di& 
ference, as the tangent of half the sum of those 
arcs to the tangent of half the difference. 
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If A and B denote two arjcs; sinA+smB : ftnA-^sJnB 



, A+B 



tan- 



A—B 




Ji'A. 



X :l 



For, let AC and AC be the sum and difference of the 

arcs AB and BC or BC'i 

draw the perpendiculars 

C£ and C'E', extend the 

chord CC, and apply at 

B the parallel tangent 

HBL, meeting in K and 

L the diameter produced, 

and draw OCH, OFB 

andOC'H'. Because CE 

is parallel to CF, and CK to HL, CE : CF : : CK : C'K 

(VI. 2. El.) HL : H'L; and consequently CE + CE^r 

CE— C'E' : : HL+HX : HL— HL', that is;2BL : 2BH, 

or BL : BH. But CE and CE' are the sines of the arcs 

AC and AC, and BL and BH are the tangents of AB 

and BC, or of half the sum and half the difference of 

those arcs. Wherefore sinAC+sinAU : sinAC — sinAC^ 

, AC+AC , AC-AC 
: : tan 5 : tan 5 • 

Cor. 1. The sines of the sum and difference of two 
arcs are proportional to the sum and difference of their 
tangents. For CE : CE' : : HL or BL+BH : H'L 
or BL— BH ; that is, resuming the general notation, 
siii(A+B : ««(A— B) : : tenA+tonB : tanA^tanB. 

Car. 2. Let the greater arc be equal to a quadrant ; and 
B+sinB : R-sinB : : /an(45^+ iB) : tan (4^*'— IB) or 
co/{45** + , B.) But, the radius being a mean proportional 
between the tangent and cotangent of any arc,* and the 
cosine of an arc being a mean proportional between the 
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itm and Aitt»ent$ of <ht »diM «tid tlie s(ii«» k toi^ 
lows that R + iinB : cosB : : B : tan{^S^^lBi$ mod 
B—iinB : cofB, or cofB : R+iinB i:R: ian{^if +lB.} 
' Or it, instead of B» there be ittbitittit^ its cotaflkmeat, 
these analogies will become R+tos^ : HtiB : s It : ^aitj.B, 
and iZ-.cof B : smB : : J8 : co^B. 

O^r. S. Since eosB : jR : : fi^xmB : /m(45«— iB]» tfid 
cosB : JZ : : R+sinB : /aii(45o+iB), therefore (Vl. Id. EL) 
catB : JZ : : 22Z : toii(45<'-|B)+/tf>i(45<'+iB)| that Im, 
supposing B to be the complement of SC, iin2C : 2JS : i 
R : tonCf cQ^C. Bat(Prop. i. cor. l.)R.siniC:=:ico8CMnC9 
and consequently cosCsinC iR^iiRi tanC+coiC. 

Cor. 4. Since (4 cor. def.) cosB i R : i B z secB^ 
and (3 cor. def.) casB : <inB : : JB i /anB» therefore 
casB : i2+mB : : A ; to»B-f-«ecB, and consequent^ 
(2. cor. def.) lan{^5^+iB)=itanB+se(iB — This also ap- ^ 
pears clearly from the figure, on supposing 0H'= H'L^^ 
or the angle LOH^ equal to OLH', and consequently the 
arc AC equal to the complement of AB. 

PROP. V. THEOft. 

As tlie ditffereticre of the square of the radiua 
and the rectangle under the tangents of two arcs^ 
is to the square of the radius, so is the sum of their 
. tangents, to the tangent of the sum of the arcs. 

Let A and B denote ftny two arcs ; then, 
B^—t7inA.tanB : JB* :/. tanA+tanB itan{A+B.) 
tn reference to a diagram, let AB and EC be the two 
arcs, AD and BE their tangents, and AF consequefitfy 
the tangent of their sum HC. From the centre 0, draw 
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tp meet tbe e xtenaion of this tangent^ dcftw QH psfP^R^ 
dicnlar toOD and OG making the 
ai^e AOO equal to BOC ; and 
from D draw DI parallel tq BS, 
or (I. 23. EL) OH. 

The triangle AOG mtiit evi* 

^tlybeequal(l. 2(X EL)tGrBOE» 

find therefore AO b eqnal to B£J« 

The parollds BE and DI eut the 

diverging lines OD and OI9 and 

thercfoi«(VI.2, EL) BE;or AO: DI 

: : OB or OA : 'OD 5 bat the 

?%ht angkd triangle DOH being 

(VI. 15. EL) divided by the per- 

pendicular OA into similar tri* 

. angles, OA : OD : : AH: OH, and 

consequently AG : DI j : AH : OH, 

or by alternation AG : AH : ; 

DI : OH. Again, since tbe parallels DI and OH arq 

intercepted by the diverging lines FH and FO, (VI. 2. EL) 

DI : OH : : FD : FH; whence AG : AH : : FD ? FH, 

and (V. 10. EL) GH : AH : : DH : FH : ; (V. 19. i. cor. 

EL) DG : AF. Consequently (V. 25. cor. 2. EL) GH, AD : 

AH.AD : :DG : AF; but (VI. 15. cor. El.) AH.AD^sOA*, 

and hence GH.AD = OA! — AD. AG ; wherefore 

OA*— AD.BE : OA» : : DG ; AF. Nov OA is the 

radius, AD and BE are the tangents of the arcs AB and 

BC, DG being their sum, and AF Is tbe tangent of the 

compound arc AC f the proposition is therefore established.' 

Cor. 1. Hence it follows, by changing the position of the 
figure ; — That the sum of the square of the radiii%' sc(f\dh 
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the rectangle under the tangents of two arcs, is to the square 
of the radios, as the difference of their tangents is to the tan- 
gent of the difference of the arcs. If AandBdenoteflietwo 
arcs, then R*+ ton A/an B : R* : : ton A-/an B : ton(A-B.) 

Cor. 2. Let the two arcs be equal ; and 
J2>^— tonA* : ^ : : StonA : tonSA. 

Cor. 8. Let the greater arc contain 45^, whose tan* 
gent is eqoal to the radios, then 12' z^ i2.tonB : 2* 
: : Bs^an B : /an(45o=±:B), or Bss^an B : JZ=l=tofiB : ; 
JB : ton(45<>=±:B). 

Scholium. Assuming the radios equal to onit, ezpressicMii 
are hence easily derived for the tangents of multiple arcs. 
Let/denotethe tangent of an arc a; then^ by the proposi- 
tion, ^. 

i4^* : I : c2/ : ton3as=-?L- and i— /.iHi- :i::i+ *' 



tanSas: ' . In like manner, it will be found that 



ran4«=.^^-*^^ 



•i_6/«+^ • 



(70ran5a:==j_j~J^ 

1—15/^+15/*— /• 
&C. &c. &c. 



These/onnt<2^ might also be derived from expressions for 
the sine and cosine of the multiple arc which involve the 
powers of the tangent. Thus, from (i), sin2a=z2c$zz 

c" (2^\=zc\2t9 and sinSa = 4c*s— m = Sc**— (i-^«> = 
<^ /?i-i?l)=<?»{S/-^); again, from (2), cortfl=2c«— te 
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(:^— >j*;pc» (^— — ) =c*(i— ^), and cosSfl = ip»— Sf:= 

c'— .Sc(i— c*)=sc' / 1— 3— i;)=C3(i— 3^'). In this way, the 

following tables are fprraed : 

Sin 2a = c\2t. 
ySin 3a = c» (St—tK) 
(8.) Sin 4a=: c* {4t—W), 

Sin 5a = c' (5^_10/^+f^ 
&i? 6a =? f?' {§/— 20/3 + 6/Ov 

&C. &C. &C, ; 

Cds 2a = c*(l— ^*). 
Co5 3a = enlist*). ' 
(9-) Co5 4a = c*(l~6^ + /*). 
Cos 5a = c*(I-^10/* + 50* 
Co^6a :;= <:'^(l-T-15/» + 15/*— /•). 
&c. &c. &c. 

The first set of expressions being divided by the second, 
will evidently give the same, resiilts for the tangent pf ^ 
Viultiple ar^;, 



PROP. VI, THEOR. 

The supplemental chord of half an arc, is a 
mean proportional between the radius, and the 
sum of the diameter and the supplemental chor4 
of the whole arc. 
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This property, which is only a modificati<m of con S.to 
Pn 2. will admit of a move dtnect demonatraUon. For dnw 
the chord AB, the semichords A£ and BE, and the supple- 
mentalchords CB and 
CE, and the radius 
OE. The isosceles 
triangles AEB and 
COE are similar, for 
the angles OCE and 
EAB at the base 
stand on equal arcs AE and EB i consequently AE,: AB 
: : CO : CE. But, ACBE being a quadrilateral, figure 
contained in a circle, CE.AB=:AE.CB+£B.CA= 
AE (CA+.CB), or AE : AB : : CE : CA+CB; wherefore 

CO : CE : : CE : CA+CB, or CE* = CA(^M£?). 

Cor. Hence, in small arcs, the ratio of the sine to the 
arc approaches that of equality. For, let the semi-arcs AE 
and EB be again bisected in the points F and G ; and, 
continuing such subdivision Indefinitely, let the successive 
intermediate chords be drawn. The ratio of the sine BD 
to the arc AB may be viewed as compounded of the ratio 
of BD to the chord AB, of this chord to, the two chords 
AE and EB, of these chords again to the four chords AF, 
FE, EG, and GB, and so forth. But those ratios, it hss 
been shown, are the same respectively as the ratios of the 
supplemental chords CB, CE, CF, &c. to the diameter 
C A And since each of the ratios CB : CA, CE : CA, 
CF : CA, &c. approaches to equality, it is evident thst 
their compounded ratio, or that of the sine to its corre- 
sponding arc, must also Approach to equality. 
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Schoiitm, Meitce the ratio of the sine BD to the arc 
AB is eUpressM nameriealljr, by die ratio of the>continued 
product of the series of sopplemental chords CB^ CE^ CF^ 
&€• to the rehtive continued power 6f the diameter CA« 
The ratio macy, therdbufe, be deterniined to any degree of 
ezactiiessy by the repeated ^plication of the proposition 
m computing those derivative chords. Bat a very con- 
.venient approximation h more readily assigned. Make 
CD to CI as (% to CA, CI to CK as CE to CA, CK to 
CL as CF to CAy and so forth, the sections at I, K, L> &c; 
tending always towards the limit Z ; then the ratio of CD 
ioCZf being Gomponnded of those ratios, must express the 
ratio of the «ine BD to its corresponding arc AB. Now 
CD : CB : : CB : CA; consequently, ClaCB, and 
CD : CI : : CI : CA, or the point I nearly bisects 'DA. 

Again, CE*==CA (^^^^^\ and therefore CE differs 

from CA, by nearly the fourth part of , the difference be* 
tween CB and CA. These differences being small in com* 
parison of the quantities the^lselves, the series of supple^ 
mental chords may be considered as forming a regular pro- 
grefldoo, each succeeding term of wbidi approaches four 
times nearer to the length of the diameter. Wherefore 
IKsrjDI, KL=3 ^IK, and so continually. Bttt(V. 21. 
£1.) as the difibreitce between the first and second term, ik 
to the first, so is the difference between thb first and last 
term, or Dlitsdif^ lb the sum 6f aH the terms, or the ex-' 
treme limit DZ; that is, S : 4 ; :^I : DZ; and conse- 
quently DZ=:|DA. The ratio of the sine BD to the arc 
ABJs, therefore, nearly that of CD to CD4-IDA, or of 
3CDtoCD+2CA 
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This approximation may be diffisrpntly modified^ Since 
8CD=:60A— SDAt and CD+3AC=60A^DA, it fi>l^ 
lows thi^t BD is to AB» as 60A--.SDA to 60A-*-DA- 
But this ratio, which approaches to equality, wHl not be 
sensibly afieeted» by annexing or taking away equal small 
differences. Whence the sine is to the arc, m MA«-*6DA 
to 60A— 4DA, or sOD to 0A+20D. But OD is to 
OA, as the sine of AB is to its tangent; and consequently 
the triple of that arc is equal to its tangeil|. together with 
twice its sine. ' 

Again^ both terms of the ratio increased by the minute 
difference DA become 60A— 'SDA, and dO A i wherefore 
BD is to AB, as SO A— DA to «OA, or as 20C+0D to 
SCO. Hence, if tbe ex- 
tension CP be made e* 
qual to the radius CO, 
and PBH be drawn to 
meet the tangent, the * C 6 OA, 

arc AB will be nearly equal to the intercq>ted portion AH. 
For BD : AH s : PD : PA, or 20C+0D : SOC| that 
is, as the sine BD is to it$ arc AB. 

Another approkimation, of much higher importance^ 
may be hence deriyed •, for PD : PA : : BD : AH, or as 
the sine to its arc nearly. But (V* 3. El.) PD.CD is to 
PA.CD in the same ratio^ and PA.CDt=:PD.CD+ 
AD.CD5=(III. 26. cor. 1.) PD.CD+BD*; whence 
PD.CD is to PD.CD+BD% as the sine to its ar^s nei^y. 
If the arc be small) it is evident that OD will be very 
nearly equal to AO, and (consequently PD may be as- 
sumed equal to SAO, and CD equal to 2AO. Where* 
fore 6A0* : 6A0*+BD» : : BD : AB nearly; or, the ra- 
dius being unit, and a and s denoting a small arc and its 




TBIOOirOMETRY. 347 



sine, 6 : 6+5* : : s : tf , and hence a = 5 +r-nearly. But 

since a and s are very smaili a' will approach extreaiely 
nearto^S jaiditmay, therefore^ be inferred cotiveras^ 

that s =r a — -.. 

.01 . - - '-..■".> « ; 

A convenient approximation for the. i^ersed ^e of w 
arc is easily derived from the.fandamental pnoperty of the 
lines themselves; for 2A0.AD=AB*:s.Bp*+AD*,« 
employing V to denote the yarsed sine, 2i^^^*-fv% and 

S* w* 

f; =: ^ — |- f—. If, therefore, the arc be small, it may be stiffi- 

ciently near the truth to reject— and assume v= — ; biit 

should greater accuracy be requir^, substitute this value 
of V in the second term of the ccNnplete expression, and 

v^-^+ — , which will form a very close approximation. 



Calculation of the Trignometrical Lines^ 

The preceding theorems contain all the principles re- 
quired for constructing Trigonometrical Tables. The ra- 
dius being denoted by^nit, the several lines connected 
with the circle are referred to this standard, and are ge^ 
nerally computed to seven decimal places. 

The first object is to compute the Sines for every arc 
of the quadrant. 

Since the semFcircumference of a circle whose radius is ^ 
unit was found, by the scholium to Prop. 30. Book VI. of 
the Elements, to be 3. 1 4 1 5926536, the length of the arc of 
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ooe minute it the 180^ part of this number again stiixU- 
Tided by dO, or .Oo6&$09, which, in lo •mall an arc» may 
be OMUmedoi tq/uH to the linc^ and eontequenily the Ter- 
aed tine of a miniito si: i(.000S90»)^ a •00000004230& 
Whence, by cbr. S. to Prop. S. sin(A + V) ^ 2n*nA— • 
&f»Ax.0000000i2S08— .tfVt(A— 10s end therefore, fay 
41 seriei of tfep^aled dpevatmii, the inlnrmediate arc being 
Miccettivdy 1^, V^ 9^, V, &c die sines of 2', S\ 4\ 5\ See. 
in their order will be caicolated. 

The numfoen thus obtnined will at first soarcely diffisr 
from an uniform progression, the versed nae of T, which 
forms the multiplier of deviation, being so extremely small. 
It is hence superfluous to compute rigidly all those mi- 
nute variations. The labour may be greatly shortened, 
by calculating the sines fiir each degree only, and eteploy-* 
iilg some abridged process for filling up the sines, corire- 
qponding to the subdivision in minutes. 

The arc of one degree being equal to .0174538, it fol- 
lows from the scholium to Prop. 6., that the siiie of 
1*=:.0174583— ^.Ol74fiS8)'=r.0174524, add hence the 
versed sine of l^«:i(.0l745S4)*x:.0001538. Wherefore 
• sin{A+V)=:2sinA—^stnA X .0001523— 5in( A— I •); or, j^ 
Jixmi twice the sine rfany arc% diminished by its 6566^ part, 
ct by its product into .0001528, the sine qfan arc one de^ 
gree lower be subtracted, the remainder will eahUnt the sine 
qfan arc which is one degree higher^ Thus, 

5i>i2*' = 2w»l— 2Sml X.0001523i:s.0349048-^,.0000053 

=.0348995. 
S/»So=25m2® — 2iin2'* X .0001 523 — sin\^ = .0697990— 

.0000106— .0174524=:.0523360. 
Si»4^= 251^43'' — 25m3<^X. 0001523— 5/«2° = .1046720— 

.0000160— .0348995.=0697565. 
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Aftbr tUi mittiiiery the mat fx each degree is obmputed 
in fittocession; 

But the sines nay be founds independently of ifae pre^ 
yK>u8 quadratnre of the drdia. Assuming m arc mrbos^ 
chdrd IB already known, it is easy, from Prop. 6. to deter- 
tnihe the successive chords and supplemental chords of its 
bontinued bisection^ Let that arc be 60^; its chord is 
equal to the radius, and (IV. It^ cor. 2.) its supplemental 
diolrdsr VSa= 1.7320508076. Whence the supplemental 
rtiordofSO^ =V(2+l-7S20508O76)=1.93185l6525. In 
this way, by continued extractions, the supplemental chords 
of 15^-7* SO', S** 45', and l"* 52'j| are successively compu- 
tedj the last one being equal to 1.9997S22758. Again, the 
chords themsdves are deduced by a series of analogies ; 
for 1.0818516525 : 1 i : 1 : .5l763809004=:chord bf 30% 
and so repeatedly, till the chord of l^ 52^^, which is 
.0327234633. Hence, taking the halves of those num- 
bers, the sine of 56':it='^^^^^^7317 and the cosine of 
56'j=z9998661379, and therefore (cor. 3. defin.) the tan- 
gent of that arc is.0 1636392 15 ; consequently the arc itself 
|(2X.01636I7317+.0163639215) = .0163624616, and 
thence the length of the arc of a minute is .0002908882086. 
Wherefore the sine of 1'=:.0002908882— ^(.0002908882)1 
32.00029088826046, and the versed sihe of 1'= 

J(.OO029088826O46)*=0O0OO0042308. 
Employing these dataj therefore, 

Sm2'=25ml'-25ml' X .000000042308=.0005817763845 ; 
iSm3'=25in2^-2sm2' X .000000042308— 5m r= 
.0008726645152; and so forth. 

But it is very seldom requisite to push the estimation 
to such extreme nicety. The sines being calculated for 
each degree, those corresponding to the subdivision in 
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minutes, may be found by a more expedftkNis tnetlio^ 
founded on the theory of approximationi. If the udcb 
increased uniformly, the sine of A^+n^ woold exoeed that 

of A by the quantity -|-(nn A+P^rfnA^^)=rB. But 

the rate of this augmentation, being continuaQy retarded, 
occasions a defect, equal to n'^ X sinAx J0POOOOM2$OS=C 
Again, since the retardation itsetf gradually relaices, it re- 
quires a smaU compensation, which may be estimated at 
(60'— »OBx .OOOOOlSsD. The sine of A^'+n' is . then 
very nearly=5^inA+B— CJ+D. Thus, the sines of SIS 32<s 
and SS^' being respectively .5150981, .5299193, and 
,5446390, l^t it be required to find the sine of S^"" W. 

Here B i= ~.^8inS$o^^inSi^\ = .0098670, 

C =? 1 600 X sinS2 X .0000000423 p:.0000|59, 
and D=20 X. 0098670 X. 00000 13 = .0000003. 
Whence sm32° 40' = .5299193 +.0098670— .0000359+ 
.0000003 = .5397507. 

Afker the sines are calculated up to 60^, the rest are de- 
duced from cor. 4. Prop. 3. by simple addition. Thus, 
«»61^=5fn59^+5ml*'=.857l673+ .0174524=5.8746197. 

I 
The Versed Sines and supplementary versed sines are 
only the difference and sum of the radius and the sines. 

The Tangents are easily derived from the sines, by help 
of the analogy given in the third corollary to the definitions- 
Thus, cosS2^ : 5^32 : : iJ : to»32'', or, .8480481 : .5299193 
: : 1 : .6248694z=^an32. Beyond 45^, the calculation is . 
eiltnplified, since the radius (cor. 7. defin.) is a mean pro- 
portional between the tangent and cotangent, or the co- 
tangent is the reciprocal of the tangent. 
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"the Secants are dedaced by cor. 4. to the definitions, 
iBince they are the reciprocals of the cosines. 

From the lo^er tatigents and secants, the tangents of arcs 
that exceed 45°are most easily derived ; for(con 4?. Prop.*.) 
ia«{4j5° +a) i=sec2a+tania. Thus, tani!6'!=:sec2'*+tan2^ 
or 1.0355305 = 1.0006095 +.0349208. 



PROP. VII. THEOR. 

In a right angled triangle,* the radius is to^the 
sine of an oblique angle, as the hypotenuse to the 
opposite side. \ 



Let the triangle ABC be right angled at B; then 
R:sinCAB:iAC:CB. 

For, in the base AB| assame AR equal to the given ra* 
dius, describe the arc RIH 
and let f^I the perpendicular 
RS. The triangles ARS 
and ACB are evidently simi<» 
lar, and therefore AR : RS 
t : AC : C6. Bat, AR being 
die radius, RS is the sine of 
the arc RD which measures the angle RAD or CAB ; 
and cd&sequently E : 5mA : : AC : CB. 

Cor. Hence the radiu^ is td the cosine of an angle, as 
the hypotenuse to the adjacent side ; for R : sin C or co;sA 
::AC:AB. 
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In a right angled triangle, the radius is to ibe 
tangent of an oblique angle, as the adjacent side 
to the opposite side. 

Let the triangle ABC be right angled at B; then 
S : tanBAC : : AB : BC. 

For, assuming AR as before equal to the given radium 
describe the arc RD, and erect 
the perpendicular RT. The 
triangles ART and ABC be- 
bg similar, AR : RT : : AB 
: BC. But, AR being tbe 
radius, RT is the tangent of 
the arc RD which measures 
the angle at A ; and therefore 
R : tan A : : AB : BC. 

Car. Hence the radius is to the secant of an angles as 
the adjacent side to the hypotaiuse. For AT is the se* . 
cant of the arc RD| or!of the angle at A $ and, from simi- 
lar triangles, AR : AT : : AB : AC. 

PROP. IX. THEOR. 

The sides of any triangle are as the sines of 
their opposite angles. 

In the triangle ABC, the side AB is to BC, as the sine 
of the angle at C to the sine of that at A. 
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For let a cirde be described about the triangle; and the 
aides AB and BC, being chords 
of the intercepted arcs or of the 
angles at die centre, are(cor.defO 
equal to twice the sines of the 
halves of those angles, or the 
angles ACB and CAB at the 
circumferehce. But^ of the same 
angles, the chords or sines (VI. 
11. cor. £].) are proportional to the radius; and conse- 
quently AB : BC : : sinC ; sinA. , 

* 

Cor. Since the straight lines AB and BC are chords, 
' not' only of the arcs AB and BC, but of the arcs ACB and 
BAC, or the defects of the former from the circumference, 
it follows that the sides of the triangle are proportional also 
to the sines of half these compound arcs, or to the sines of 
the supplements of their opposite angles. A like inference 
results from the definition, for the sine of an c^rc and that 
of its supplement are the same. 



PROP. X. THEOR. 

In any triangle, the sum of two sides is to the 
difference, as the tangent of half the sum of the 
angles at the b^se, to the tangent of half their dif- 
ference. 

In the triangle ABC, 

AB+AC : AB-AC : : tan^^ : tan^=^. 
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From the rertex A, with a distance equal to the great- 
er side ABf describe the semicircle FBD^ meeting the o- 
ther side AC extended both ways to F and D| join BD and 
BF, and produce the latter to meet a straight line D£ 
drawn parallel to CB. 

Because the isoscdes 
triangle DAB, has the 
same vertical angle with 
the proposed triangle 

CAB^ each of its remain- ^ ^ i ^ 'n 

ing angles ADB and ' 

A6D is (I. SO. EL) equ^l to half the sum of the angles 
ACB and ABC ; and therefore the defect of ABC from 
that mean,, that is the angle CBD, or its alternate angle 
BD£, must be equal to half the diffisrence of those angles. 
Now FBD being (III. 19. El.) a right angle, BF and BE 
are tangents of the angle» BDF and BDE, to. the radius 
DB, and hence are proportional to the tangents of those 
angles with any, other cadius. But since CB and DE are 
parallel, CFor AB+AC : CD .or AB— AC : : BF : BE; 

consequently AB+AC : AB— AC : : tan^^^^^^ 
: tarJ^^^zJ^, or AB+AC r Xfr-AC : : caiiJi 



i:o^{B+iA), OT-coi{C+iA.) 



Cor. Suppose another triangle abc to have the sides ab 
and ac equal to AB and AC, but containing a h 
right angle : It is obvious that ta n^"^ ^ : tarlL-^ 

, ACB+ABC , ACB— ABC 

II tan \tan , or 

? * 2 

R:ten(*5°3)::..«^CB+ABC.^^„ACB-ABC 
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R : to»(4.5— 6) : : cotiA : cot(B+iA), or-^o/(C+jAK 
^ow, in the right angled triangle abc, the base ab or AB, 
is to the perpendicular ac, or AC, as the radius, to the 
tangent of the angle at &• 

PROP. XI. THEOR. 

In any triangle, as twice the rectangle under 
two sides, is to the diflference between their 
squares and the square of the base, so is the ra- 
dius to/the cosine of the contained angle. 

In the triangle ABC, 2AB.AC: AB*+AC«-BC* : : 
R:co5BAC; the angle BAC being acute or obtuse, 
according as BC* is less or 
greatei* than AB*+AC*. 

For let fall the perpendicu- 
lar, BD* IP the. right angled 
triangle ADB, AB : AD : : 
R:5wABDorco5BAC; con- 
sequently, by taking like mul- 
tiples, 2AB.AC : 2AD.AC 
: : R : C05BAC. But (II. 23. 
EI.) twice the rectangle under 
AD and AC is equal to the 
difference of the squares AB 
and AC from the square of BC. Whence 
2AB.AC : AB»+ AC*— BC» : : R : cosBAC. 

Cor. The radius being denoted by unit, it follows (V.6. 
El.) that AB»+AC*-BC»=2AB.AC.co5 BAC, and con- 
sequentlyBC*=AB»+ACf— 2AB.AacosBAC, or BC=j 
i^( AB*+ AC*_2 AB. AC.C05BAC). 
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PROP. XIL THEOR. 

In any triangle, the rectangle under the aeiiii- 
perimeter and its excess above the base, is to the 
rectangle under its excesses above the two sides, 
as the square of the radius, to the square of the 
tangent of half the contained angle. 



In the triangle ABC, the perimeter being denoted by 
P, iP(jP_AC) : (iP— AB) (iP— BC) : : E* : i^n iB\ 

For employing the construction of Prop. 29. Book VI. 
of the Elemenu ; since the triangles BIE and BGD are 
right angled. BI : IE : : R : ^anlBE, or tanlB^ 

and B(7 : 6D : ; R : tonGBD, or ton|B ; 
whence (V. 22. EL) BI.BG : IE.GD : : E» : taniBi\ 

But it was proved that 
IE.GD=:AI.AQ$ where- 
fore BI.BG : ALAG : : 
R*:tan4B*. Now BI i« 
equal to the semiperime- 
ter, BG is its excess above 
the base AC, and AI, AG 
are its, excesses above the 
sides ABand BC; conse- 
quently the proportion is 
established. 
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PROP. XIII. THEOR. 

In any triangle, tfie jiectangle under two sides, 
is to "tlie. rectangle umdeir the sen^iperimeter, and 

'its Excess above the base', as the square of the ra- 
dius, to the square of the cosine of half the con- 

Itaioied jiii^e. :/ * i 

In the tiSi|hg]e>ABCy the perimeter being denoted by P, 
AB.BG:: JP(jP..-AC):,VK^:c»«}B*. ^ . : 

For» tlbe:8ame cbhiAtruetion remainiDg; in the right- 
angleatxiaDglesi BIE andlBGD, - 

BE : 61 : : R : ^nESlidt cos%1i, 
and BD : BG : : R : sinBBOi, or ebslBi 
whence BE.BD : BLBG : :R* loos^B*. . 
But the quadrilateral figure EASG,. b^ing right angM 
at A and O, is (III. 17. EL) cobtidfafld^iB'a bircfe, abd 
consequently (III. 16. El.) the' angle ;A£D or AEE is 
equ^l tp ACD or to DCB i wUerefore^ aiiice by canstmc- 
tion the ^ngle ABE is e^ual to PBO, the triangles BAE 
and BDG are simile, and BE : AB.: : BC : BD, or 
BE.BD = ABJ3C. Hence AB.BC : BLBG :t: 
R* : coi|B^. Now BI is the semiperimeter» and BG its 
I ei^cess above }G or AC; whejccfprie the propo^ilUm is de- 
jQc^trated. • . 
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PROP. XIV. THEOR. 

In aoj triangle, as the rectangle under two aides 

is to the rectangl^ under the excesses of the semi* 

^perimeter above those sides, so is the square of 

ihe radius, to the square of the sine of half their 

contained angle. 

In die triangle ABC, the perimeter bdngitil doMited 
by P, AB-BC : ftP— AB) (JP— BC) : : R* : rfnjB». 
« J?ok>id»tem6€t)iiiii«[dttonbdQ^ 
angled triAnglet BIB and BOD^B£ : IE : : B:smiB» 

and BDt GD ) : R: i^)B } 
whence BB.BD t lELOD 1 1 R' : jm|B^. 

But a has be^n prot^ed 
Om BE.BDt$AB.BC, or 
thevectanglefuider the con- 
iaining Men of the triaa* 
^ ; and IE.GDaBAI.AG, 
or the reetaug^ under the 
teoeisas of the temiperiu 
fateter aboiee the sidei AB 
tad BC. Whenifore the 
proposidoti is establish* 
^. 

Schdiitm. The thre^ hst propositions are demonstrated 
here by an independent process i but they are only m'odi« 
JBcations of the same pribciple, and might consequendy be 
derived from a comparison <with the first of the train. 

The eight preceding theorems contain the gromids of 
trigonometrical calculation. A triangle has only fivj^ va- 
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triable parts-the thrte tides find two angles, the remam- 
tng angle being mere^ supplemental. Now, it is a gene* 
tal prindplei that, three of those parts being {^Ten, die 
vest may be thence determined. Bat the right-angled tri» 
angle has necessarily one known angle; and| oraseqaendy, 
the opposite side is dedticiblefrom the containii^ sides. In 
right-angled triangles^ therefore, the number of parts is 
xedQced to four, any two of which being, the assignjed, tbe 
others floay be tmB&, ; 



' PROP. XV. JPBOB. ; 

TWo v^utiable p^s^f of d r|gfa1>|iflgied triangle 
being given^ to find thoTeirt. 

This problem diTides itself into fotir distmct casesi ae- 
cordmgto the different eomlHnation of the4ata» 

]. JVhen ihe k^H^enme and aside are ^tiem 

S. Ifkenthetwosidesco9UainingikeHghtangkareghen^ 

8* When the htfpotemae and an angle are givefu 

4. Tfhenekherrf the ndes and an oHgle are given. 

The first and third cases are solred by the applicatlott 
of Proposition 7, and the second and fonrth cases recefye 
their solution from Proposition 8, It may be proper^' 
however, to exhibit the Several anif^gies in a tabular 
form. . ' 



290 



.mhu$%un 09 



n\ 






..: • .^i^ 







.••)ii '.. 



'I 



i 



"~Tac, 
^- |ab, 



II. 






. <,; 
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A,,or C, 
BC, 



AB, 

BC, 



III. 



AC, 
A, 



IV. 



AB, 
A, 



A,wC 
Ac, 



AC i AB : : R : »<»«C, or cmA. 
B:WAt«<AC>BC. 



AB : BC : P ; ^bA, pp v* C , 
cmA": E :':'AB : AC'.bt 
E : leeA^ i AlB i AC< -i^j 



AB, 
BC, 



BC, 
AC 



R:«wA.::.AC:AB. 
E i (tnA : : AC : BC. '"= i 



E : tenA : : AB : BC. 
cotk : R : : AB : AC, or 
R : wcA : J AB t AC. 



in riie iarst and second cases, BC or AC taiiglit dsd be 
deduced,, bj the mere application of Prop. 11. Book II. of 
theElemeints; 

For AC'= AB«+BCS or AC= V (AB'+BC), , 
and BC'=AC*-ABi»=(Ad+ A^)(AC-:AB), 
Kff BC= V {AC+ ht) (AC-AB). . 

Cor. Mence !the first case admits of a simple approxi- 
mation. For,tjtlve scholium to Proposition 6, it appears, 
Uiat, AC being made the radius, SAC+AB is to SAC,.as 
tiie side BC is to the arc which measures its opposite angle 
CAB, or alternately 2AC+AB is to BC, as SAC to the 
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arc of 57 17 .4**8, pr 5j7|^.p^]yj vf^^^f^r^^fiJ^C i^tp 

o 

the arc which corresponds to 3C, as 3 X 57)-, or 1 72^^ to the 
xramber of degrees contained in the angle CAB, and con* 
sequently dAC+AB : BC : : 173<> : the expression of the 
angle at A, or AC+^AB : BC : : 86'' : number of degree^ 
in the angle at A. 
This approximation will be the more correct, when the 

^ide opposite to the required angle becomes small in com- 
parison with the hypotenuse i but the quantity of e|rrp|; 

, can never amount to 4 minutes. " 

! . - • ' ' ''' ' i: ■■ 

; PROP. Xyi. PROB. :.;":; : 

; ;' Three y^uriafale parts x)f. an oblique angled tri-. j 

Angle being givei;!, to fipd the other tWol V^ ! 

•I . -J . . . . , 

This general prpblem ii^cludes three distltict. cai^ one ^ 
; n>f which again is branched kmo, two su^dinkf^ division j 

' - ^ . ! 
1» When all the thr^. sides (ir.e.givenn,^ I 

•■ ' ' • /^^^ '• } 

3. fVhen, tnoo sides and an angle are giten ; ^hi<!k angle* j 

my either (jl.)&^ qontainedhf these sides^vr (9.) suBtended } 

hyaneofthem. .. . , . ^ ^ ' 

9. When a side and two qfthe angles arBtgiven. ^ > 

1 The first case admjts of i^ur'^ifFereut solutiDnEB,4eriv.ed: 
* from Propositions ll, 12, 13, and H, ana which- have j 
Iheir several advantages. The second case^ consisting of. ' 



Of 



9md 10$ ud the reioliition of the third egieflowi 
diately from tba formar dTtheie proporitimo. 




J 



I. 



u. 



1 1 



AC 



AB, 

EC. 

c. 



AB, 
BC. 



III. 



AB, 
A 
B, 



C. 



B. 



iiiiw > iiii» mi II j i» m i n ii M ii I It n 9 4 
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AB . BC : (i P-AB) (fP-BC) : t R* > <m1B* 
}B(iP^C) : HIV^BJ (iP*BC> < « Jl* : l««|B> 
AB.BCt AP(iP^C)«:i)*:«MiB* 

SAB. BC t AB*4. BC^ ^C*: : R i ooiB. 



«, 



A, 

S. 

AC. 



AC 



' AB : BC : t sinC t rinA ; whence B, end 



AB4-BC s A«<.BC ; i i^B :Ml(A+iB)) 

or-ccrf(C+JB). 

. €ABiBCiiBitMub; and 
1 i{ ; fan(iA9^) : s co^JB : CQt(A+ |B>t 
ar-0o^C+lB). 

mA : sinB t : BC : ACi or 

ACezv" (AB'+BC— 2AB.BC cosB.) 



mC s mA s : AB ; BC. 
MiiC : sifiB : ; AB t AC. 



HI M l f *^ M 



1 

s 
s 

4 

5 
6 



9 
10 



II 
18 



'For the resolution of the first Casei the analogy set 
down fir9t| is pn the^ i|r]|ple tb^ ipos|.^^yenient, particu- 
hrly if the angle sought should not be very obtuse. The 
second anidogy iqf y be appljed with obr^PWk ^^'^ii^trtfige 
through the entire ^xl;ent of angles. JThe third and fourdi 
analogies, especially the latter, are not adapted fpr th^ 
calculation of very ^cute angles; they wiir, howev'dr, ^h* 
swer the best when t^^e an^le soifghl^ |s qbtijse. Il; is tot be 
observed, that the cqsineis of ah ailgle .and of its. supple- 
in^nt are the same, oilj placed, Jq opposite directigns; 
and hence the second term pf the analogy, or the di£Per« 
ence of AB*+BC' from AQ% is in excess or defect, ac- 
cording as the angle at B is acute or obtuse*. These re^ 
xnarks are founded on the unequal variation of the Mne md 
tangent, cori^espopdiiig. to the yniform increase of an arc. 

The ^r^t part of Cafte II» is ambiguous^.for an arc and 
its supplement have the ^ame w^* This ambiguity, how- 
ever, is removed if the character of the triangle^ as acut£S 
or obtuse^ be previously known. 

For the solution of die ^cond part pf Case II* the first 
fmalogy is the most usual, but the double analogy is the 
best adap|;ed for lo^ithms. In astronomy, ^is mode of 
calculation is particularly compapdious. The direct ex* 
pression for the side subtending the given angle is very 
convenieiit^ wh^re logarithms are not employed* 
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PROP/Xyil.' PROR 

(jriven the honzodtal distance of an object and 
its angle of elevation, to find its height and abso- 
lute distance. 

Let the angle ABC, which an object A makes at the 
station B with an horizontal line^ and also the distance BC 
of the perpendicular AC, to find 
that perpendicular^ and tHelhy- / 
potenusal or aerial distance' dK. ^ ' 

In the right angled triangte ^ 
• BCA| the radius is to the tan- * *^^> 
gent of the aiigle at B, as BC to AC ;. and the i^adins is 
to the secant of the angle at B» or the cosine of the angle 
at B is to the radius, as BC to AB. 




PROP. XVIU. PROB. 

Given the acclivity of a line, to find its corre- 
sponding vertical aiid horizontal lengths. 

In the preceding figure, the angle CBA and the hypo- 
tenusal distance BA being given to find the height AC 
and the hoi:izontal distance BC of the extremity A. 

The triangle BCA bdng right angled, the radius is to 
the sine of the angle CBA as BA to AC, and the ra- 
dius is to the cosine of CBA as BA to BC. 
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Scholium^ If the acclivity be small, and A denote^ the 

measure of that angle in minutes ; then AC=BA X 

S438 

Dearly. But the expression for A€, will he rendered 
siore ffcccurate, by subtracting from it, as Uiil» 'feund, the 

In most cases when CAB is a^mall Angle,, t^e bpri^olital 
distance may be computed with sufficient exactness, by d^ 
AC* . . . , 

^ ^"^"^ggBA* ^^ BAxA^X. 000,000,0423, from the hy- 

potenusal 'distance. . ;. 



PROR XIX. PROB. 



..; . 



Given the in tervar between two stations, a:nd 
the direction of an object viewed from 'them, to 
find its distance from each. 

Let BC be given, with the angles ABC and ACB, to 
calculate AB and AC. 

In the triangle CB A, the angles ABC and 
ACB being given, the remaining or supple-" 
mental angle £AC is thence given ; and ' 
consequently, sinBAC : 5i« ACB : : BC : AB/- ' 
and 5mBAC : sin ABC : : BC i AC. 

Cor. If the observed angles ABC and 
ACB be each of them 60^, the triangle will 
be evidently equilateral $ and if the angle at 
the station B be right, and that at C half a right angle^ 
the distance AB will be equal to the base BC^ 
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PBOR XX. PBDB. 

Given the dijstmces of two qbjects from anj 
fitatbn and the aqgle which they subtend^ to find 
their mutuid distance. 

Let AC, BC| and the angle ACB be 
giTen, to detennine AB 

In the triangle ABC» tince two 
aides and their contained angle are gi- 
ven, therefore, by corollary to Propo- 
sition 10. AC -f BC : AC— BC : : 
cot\C I cot[A^iC)f then sin A : ^mC : : 
BC : AB; or (from the cor. to Prop. 1 1 .) 
AB= V ( AC*+ BC'_2 AC.BC. cosC.) 

Cor. By combining this with the preceding proposition, 
the distance of an object may be found from two ^tafion^ 
between which the communication is lur 
temipted. Thus, let A be visible from 
B and C, though the straight line BC 
cannot be tra(^. Assuine a third sta- 
tion P, fro^ which B and C are both 
seen. Measure DB and DC, and ob« 
senre tjbe angles BDC, ABC and ACB; 
In th^ triangle BDC, the base BC is 
found as above; and thence^ by the preceding; propositioui 
the sides AB imd AC of the triangle ABC are determined. 
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''iQ(\ Uy'^'\ r-' '*'' 'V' •' ' ' ./! - 

PHQP. XXL FApB. 

Given the interval ^between two stationsi wd 
the directions of two remote objecta viewed from 
them in the same plane^ to find. the mutual dis- 
tance, and relative position of those objects. 

Let the points At B reprfsent the two olgectSt aiid C» 
D the two stations from which these are observed ; thein* 
tervd or iMise. CD being measured, and also tlye anglei 
CDAj CD9 at the iirst statian, and DC A, DCB at th^ 
aecopd t it is . thence required to determine the transvenie 
di3ta&oe^ ABf and hs dir^tion. 

Itii pbvipus thia ^»ch of the pointf A and B would be 
assigQed geometricaily by the interseqtion of two strf^ght 
Jinest find coosequentfy that the position of the objecia will 
not be determined^ unless each of them appears in* a diflb- 
^nt direction at the successive stations. , 

I0 Suppose one of the statiotis C to lie in the direction of 
ik€two:0^cts4andA 

At C observe the angle BCD^ and at 
D the angles CDA and BDC. Then, 
by VtQ^ 9, sinCAD t sinCDA : : CD : 
CA, mi 4inCBD : siwCDB : : CD : 
CB ; the difference or sum of C A and 
CB is AB, the distance sought. 

2. When neither station lies in the direction of the tw) 
tUgects^ and the base CD has a transverse position. 
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Find by Prop. 19. the distances AC and BC of both ob- 
jects from one oPthe Btatto^fl-^ '*%' 
C } then the contained angle 
ACB, or the excess of DCA ' ' 
above DCBi being likewise gi* - 
▼en, th6 angles at the base AB 
of the triangle EGA, and the 
base itself, may be calculated, 
from the analogies exhibited 
ibr the solution of the second 
branch of Chses^ond. For AC+BC: A€5— fit! - : 
coliACB : eo^iACB+CAB)i and tikas tb« angfe CAB is 
found. Or more conyenientl^ by 'two succesdipve >dp«ni- 
tions, AC : BC : : J3 : tan- b^ ai)d R : ton^iS"**^) : : 
catiACB : c6t{iACB+CAB. NW, smCABisinACB : : 
BC 1 AB, or AB-V(AC^+BC»-:.fAC.BG i»*AC^i 

The inclination of AB to CD io the first case is given, 
by observation, iind in the second case it is 'evidimtly the 
supplement of the interior angles CAB and DCA. . A pa- 
rallel to AB may hence be drawn from either station. 

Cor, Hence the converse of tfais'ptx>blem is readilj^ sol- 
ved. Suppose two remote objects A and B, of which, the 
mutual distance is already known^ are observed from the 
stations C and D, and it were thence^ required tia deter- 
mine the interval CD. Assume unit to denote CI>, ' and 
calculate AB according to the same scale of tiieasti^res; 
the actual distance AB being then divided by that result 
will give CD : For the several triangles which' combine to 
^ form the quadrilateral figure CABD, are evidently given 
in species. 



. ;r PEOP. XXIL PRDB. .::>;• 

Given tlie directions b^t^aiiiacc^^^ 
Viewed in the saine pliflie^rom twogrvfen stafioii*;'- 
to trace the extension, of the. straight line con-* 
necting them. , ' 

\ ' J ... 

Ijet the angl^ ACD, ,BCD be observed. at C, and 
ADC> BDC atD, with the base CD; to find a point E. 
in the straight line ABE produced through A and B. 

By <tfa^!Ia6t proposition^ find'^ * .'* ./: :> 
AD anditfe ugle DAB, and ^ 
assume any angle ADE. In 
the triangle DAE, the angles 
at the base AD^ an^. con^e^ 
quently the vertical angle 
AED| being known, it fol- 
lows, by Prop.^^l, that 5m AED isinEAD : : At) : DK 
Wherefore, measure out DE' on the gr'ouiidj and its ex»- 
tremitjr'ByniiBlaifk^theexttosioaof AR - :>. 

PROP. ILXIII. PROfii.' ' . 

Given on the same plane the direction of two 
remote objects separately seen from two stations 
and. their direction as viewed at once from an in- 
termediate, station, with* the distances of those, 
stations, from the middle station, — ^to find the 
mutual distance of the objects. 
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Let object A be visible from the stttion D| and B ttpm 
E, and both of tbmll be ieen atokice ftott the statioii C| 
the ooropound base DC, CE be* 
uig neasiirfdf andtbe.al)gUI)pAt^^ 
ACB and BCE^with ABC and. 
BEC, obseBTedi-4o detennioe AB. 

In the triangles DAC. CBi; 
the sidles AC and BC are found 
by Prop. 19.f and in the triangle 
ACB, the base AB is thence fonnd 
bj the application of Prop. SO. 

It is evident that the mode of ini?est%iition' will not be 
altered, if the three stations D, C and £ Aonld lie in the 
same straight line. 




P&OP. XXIV. PROto. 

Given four stations, with the dir^ctioti of a re- 
iQote object viewed from the first and second sta- 
tions, and the direction of another remote object 
viewed from the third and fourth stations, all in 
the same plane, — to find the distance between 
the objects* 

Let the bases EC, CD, and DP be given, with the an- 
gles ECD and CDF, and suppose that at the stations E 
and C the angles CEA and ECA are observed, and the 
angles BDF and BFD atD and Fs to find the transfisise 
distance AB* 




in A^ trUttglw EAC and 
JJBF, find, by Prop. 19., the 
ffldes AC and BD ; andin th(^ 
titeigle CAB» the ihM AC^ 
ODv wiih tbdr conteiii^ im-» 
gle ACD, beiBg given, the bdie 
DA and the angle CDA are 
found by Case IL But the 
Stances DA, DB bdng ndw given, with thiiir contained 
«a^gle ADB, the base AB is found by Proi>. 20. 



PROP. XXV. PROR 

I'he mutual distances of three remote objects 
being given, with the angles which lliey subtend 
at a station in the same {ilane, to find the relative 
place of that station. 

Let the three points A, B^ and C, and the ang^ies ADB 
and BDC which they form at a fourth point D, be given i 
io determine the position of that point 

I. Suppose the station Diobe situate in fie diriction ^ 
two of the objects A^C. 

AU the si^es AB, AC and BC of the triangle ABC be- 
ing given^ the angle BAC ii 

found by Case I. ; and in the ^^-<?^ 

triangle ABD,the side AB with ^.^■'■"''^^^^ \ 

the angles at A and D bdng 
given, the sideiAD is found by 
Case III., and consequently the '^ a" 
position of the point D is determined. 
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2. Suppose the three ob/ed^ 4* BandCtQlisin tf^ tame 
direction. 



Describe a circle about t^e extmse dtqfidU Ay C attd 
the ftotion D, join DA, DEa«d DC» prodiioe DB to «ieel 
tbe circumference in £, and join AJS' wdCii* 

In the triangle AEC, the aide AC ia given^ ^d the an- 
gles EAC ahd ECA, being equal (IIL 16. EL) to CDiB and 
ADE, are consequently given; • wherefore jtba side A£ k 
found by Case IIL The triangle AEB, hfitvilig thus the 
ttdes AE, AB, and their contained angle EAB or BDC 
given, the angle ABE, and its 
supplement ABD are found by 
Case 11. Lastly, in the triangle 
ABD, the angled' ABD ^d 
ADB, with tile ' aide AB, a«e 
given; wbei9ipeBDis found by 
Case III. But since the angle 
ABD and the distance BD are 
ass^Qd, tbe pp^tioa of the statfen' D is evidently deter- 
mjnedt . . .» 




S. Let the three objects form a trian^le^ and the station 
D Ue either wkhotd or within it. 



. Through D and the extreme points A and C describe a 
circle, draw DB cutting tbe circumference in- E^' and join 
AEandCE. 

1. In the triangle AEC, Ae side AC, and the angles 
ACE and CAE, which are e^al (IIL (6. EL) to APB 
and BDC, being given, the tide AE is found by Case IIL 
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V ^. All the «des of the trian- 
gle ABC being giveni the angle 
CAB is found by Case L 

3. In the triangle BAE, Che 
sides AB and AE are given, and 
their contained angle EAB, or 
the differenceof CAEand CAB, 
are given, whence, by Case II., 
theangle ABEoD ABD is found. 
^ 4. Lastly, in the triangle 
DAB, the side AB and the togles ABD and ADB being 
given, the side AD or BD is found by Case lIL, and con- 
sequently the position of the point D with respect to A and 
B is determined. By a like process, the relative position 
of D and C is deduced ; or CD may be calculated by Case 
II. from the sides AC, AD, and the angle ADC, which 
itre given in the triangle CAD. 




It is obvfous that the calculation will fail, if the points B 
and E should happen to coincide. In fact, the circle then 
passing through B, any point D whatever in the opposite 
arc ADC will answer the conditions required, since the 
angles ADB and BDQ being now in the same segment, 
must remain unaltered. 



PltOP.XiVl. THEOR. 



The mutual distances of three remote objects, 
of which only two are seen at once from the same 
station, being given, with the angles observed at 
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two Stations in the same plane, and the intenne* 
diate direction of these stationsi — ^to find their re- 
lative places. 

Suppose the three points A, B 
and C are'giyen, with the angle 
AEB which A and B subtend at 
E, and BFC, which B and C 
subtend at F, and likewise the 
angles AEF and EFC; to find 
the relative situation of each of 
those stations £ and F. 

Produce AE and CF to meet in D, and conceive BD 
to be joined. The angle EDF, being equal to the excess 
of the exterior angles AEF and CFE above two right an- 
gles, isgiven. Now, in the triangle EBF, ^mBFE : sinEBF 
: : EB : EF ; and in the triangle EDF, sitiEDY : sitiDFE 
::EF:ED; whence, (V. 2S. EL) 5mBFE.smEDF : 
sinEBF.sinDF^ : : EB : ED, and consequently the ratio 
of EB to ED is found. Again, the angle BED, being the 
supplement of AEB| is given ; wherefore (Prop. 10. cor.) 
ttnBFE.wiEDF : «fiEBF.««DPE : : R : ten ft, ^nd R : 
^an (45— J) : : cotiBED :-w»^(iBED+EBD), or cot{\SO'' 
_iBED— EBD); whence the angle EDB is given.. 
The angles which the three objects A, B, and C subtend 
at the point D are therefore all given, and hence the posi- ^ 
(ion of D is determined by the preceding proposition. 
But BD, being found, the several distances BE, ED, and 
BF, FD are thence obtained, and consequently the posi- 
tion of each of the stations E and Fis determined. 
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PROB. XXVII. • 

Given -the angles of elevation at which an ob« 
ject is seen from three, known points in a horizon- 
tal plane, to find its position and altitude. 

Let A) By and C be tbe three points of obaervatioiiy and 
D the foot of the perpendicular from the given object to 
the horizontal plane. It b evident, from Proposition VI ^ 
that the horizontal distances AD, BS and CD are pro* 
portional to the co^tangents of the vertical angles at the sta- 
tions Ay By C ; let th^e co*tangents be respectively denot« 
ed by the lines Ly M, and N. Divide ABy the base of the 
triangle ADB, 
internally and 
extemallyy at 
the points £ 
and Fy in the 
ratio of L to] 
My and the | 
lines DE and 
DFjoiningthe 
vertex D must 
(VI. la. cor. 
EL) bisect in- 
ternally attd externally the angle ; whence EDF is a right 
angley and (III. 19. EL) contained in a semicircle. In 
die same raannery divide CB internally and externally at 
G and H in the ratio of M to 6y and on GH describe ar 
semicircle. The point Dy being con\mon to both semicir* 
clesy must occur in their intersection. 
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From this oonttruction^ the trigonometrical calcnlatioit 
is readily deduced. For L+M : M : : AB : BE, and 
L— M ; M : : AB : BF ) whence EF and its half DE, or 
the radius KE, is found. In Kke manner, N+M : M : : 
CB:BO,andN--M:M::CB:BH; conseqoena7DI=: 
BG+BH Iq ^^ triangle IBK, the sides BI and BK, 

with their included angle, are ^ven, and therefore (Prop. 
10.) the angle BKI and the base IK are found. Again^ ' 
all the sides of the triangle IDK being given, the mnfjks 
IKD (Prop. 1 4.) is found. Hence, in the triangle ADE, 
the whole angla AKD and its containing sides are given, 
and therefore the base AD, or the horizontal distAice of 
the object from the station A is found, and consequently 
it^ altitude. 

It is obvious that the opposite semicircles will, likewise^ 
by their intersection, give, on the other side, a secbnd po- 
sition for that point. In practice, however, this ambiguity 
could easily be removed. 

If the object be seen at the same elevation from all the 
three points, the arcs of the circles will evidently merge ia~ 
to tangents which bisect at right angles the sides of the 
triangle ABC. The projection D of the object on the ho* 
rizontal plane will then be the centre of the, circle circum-* 
scribing that triangle^ and therefore the radius, or the dis- 
tance AD, will be found by Prop. 18. Book VI. of the Ele- 
ments. 

If the three points of observation should lie in the same 
straight line, the centres of the determining circles will 
likewise occur in that line or its extension, and hence the 
process of calculation will be greatly abridged. 

General Scholium. In all the foregoing problems, the an- 
gles on the ground are supposed to be taken by means of 
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a theodolite : which, being adjasted by metos of spirit-Ie* 
vek| measures only horiacmtal and vertical anglei, or de« 
composes other angles into these elements. If the sestani 
or the repeating circle, be .employed for the «ame purpbse^ 
such angles, when oblique, must, be reduced by calculation 
to their projections on the horizontal plane. 

In surveying an extensive .country, a base is first care- 
fully measured ; and the dbections of the prominent cBs* 
tant objects being observed from both of its extremities^ 
they are all connected with it by a series of triangles. ' To 
avoid, in practice, the multiplication of errors, these trian* 
gles should be chosen, as nearly as possible, equilateral^ 
After a similar method, large estates are the most cor- 
rectly planned and measured ; the ordinary practice of 
carrying the theodolite with a chain merely round the ex- 
treme boundary being subject to much inaccuracy. 
• If th$ inequality of the surface of the ground will not 
admit of th^ measuipm^t of a base of a sufficient length, ' 
a smaller one may be selected at first, and another base 
derived from tbi^, by combining with it one or more tri- 
^gles. These triangles, to preclude the multiplication of 
errors, -s^ipuld be as nearly as po^^ble right-angled, and si** 
n^par, h^viag ti^eif side^ inQre^siqgjq a continued propor* 
tlon. When this rate of iqcrease is not less than the,raf» 
tio of th0 radiQ9 to the side of dn inscribed equilateral tri- . 
an^l^* the i^i^mber of intermediate triangles between the 
measured and the computed base may be shown to be ra- 
ther favourable, on the whole, to the accuracy of th^ result. 
The vertical angles emplQyed in the mensuration of 
beights,t since they are estimated from the varying direc* 
tipn of the level or the plummet, insist evidently, wbea 
the stations are dista^t^ require ^on^e porrectioq; Let 
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the points A and B repreient two remote otgectSy «id C 
their centre ofgnivitaticHi ; with the radius CA describe a 
circle> draw CB catting the circnm&rence in D and £, and 
join E A and AD. The converging Imes AC and BC will 
indicate the direction of the [^mmet at A and B» the in- 
tercepted arc AD will traoe^he contour of a quiescent fluids 
and the tangent AZ, beingap- ^B 

plied to A, will mark the line 
pf the horizon seen from that 
station. Wherefore the ver- 
tical angle of the remote ob» 
ject Qy as observed at Ay is only 
ZAB» which is less than the 
irueang^eDAB^ by die exterior 
angle D AZ. But(IIL 21 . EL) 
DAZ b^ing equd to the angle 

AED in the alternate s^ment, is (IIL 15. El.) equal Bo 
half the angle ACD at the centre. Hence the true ver* 
tical angle at any station will be foundi by adding to the 
observed angle half the measure of the intercepted arc ; and 
this measure depending on the curvature of the earthy 
which is neither uniform nor qtiite regular, must be de- 
duced, for each particular place, from the lengA of the cor- 
responding degree of latitude. 

Such nicetjr, however, is very seldom required. It will 
be sufficiently* accurate in practice to assume the mean 
quantities, and to consider the earth as a globe, whose cir- 
cumference is 24,856 English miles, and its diameter 7,912. 
The arc of a minute on the meridian being, therefore, equal 
to. 6076 feet, the correction to be added to the observed 
vertical imgle must amount to one second, for every 69 
yards contained in the intervening distance. 

The quantity of depression ZD below the horizon is 
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hence easily computed; for (III. 26. EL) AZ' = £Z.ZD, 
or very nearly ED.ZD ; and» consequently, since the diar 
meter ED is constant, the visual depression of an object is 
proportional to the square of its distance AZ from the ob- 
server. In the space of one mile, this depression will &- 
mount to llf^ parts of a foot} and generallyi therefore, it 
may be expressed in feet, by two- thirds of the square of the 
distance in miles. Thus, at the distance of twenty mUes, 
the depression is 266^ feet ; and at that of fifty mUes, it 
amounts to 16664^ ^^ nearly the third of a mile. 

But the effect of the earth's curvature is modified by an- 
other cause, arising from 'optical deception. An object is 
never seen by us in its true position, but in the direction of 
the ray of li^t which conveys the impression. Now the 
luminous particles, in traversing the atmosphere^ are, by 
the force of superior attraction, refracted or bent continu- 
ally towards the perpendicular, as they penetrate the lower 
and denser strata / and consequently they describe a cur- 
ved track, of which the last portion, or its tangent, indi- 
cates the apparent elevated situation of a remote point. 
This trajectory, suffering almost a regular inflexure, may 
be considered as very nearly an arc of a circle, which has 
for its radius six times the radius of our globe. Hence, to 
correct the error occasioned by refraction, it will only be 
requisite to diminish the effects of the earth's curvature 
by one-sixth part, or to deduct, from the vertical angles, 
the twelfth part of the measure of the intervening terres- 
trial arcr The quantity of horizontal refraction, however, 
as it depends on the density of the air at the surface, is ex- 
tremely variable, esplKially in our unsteady climate.. 
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1. I HE primary objects which Geometry contemplates are, 
from their nature, incapable of decomposition. No wonder 
that ingenuity has only wasted its^ efforts to define such ele- 
mentary notions. It appears more philosophical^ therefore, to 
invert the usual procedure, and endeayour to trace the suc- 
cessive steps by which the mind arrives at the principles of 
the science. Though no words can paint a simple sound, it 
may yet be rendered intelligible, by describing the mode of 
its articulation ; and a similar process will unfold the struc- 
ture of Geometry. 

The founders of mathematical learning wnpng the Greeks 
were in general tinctured wit)i% portion of myjsticism, trtos* 
mitted from Pythagoras, and cherished iii the school of Plato. 
Geometry became thus infected at its very source. By the 
later Platonists, who flourished in the Museum of Alexandria, 
it was regarded as a pure intellectual science, far sublimed a- 
bove the grossness of material contact. Such visionary meta- 
physics could not impair the solidity of the edifice, but con- 
tributed to perpetuate some misconceptiohs, and to give a wrong 
turn to philosophical speculation. It is full time to restore 
the sobriety of reason. Geometry, like the other sciences 
which are not concerned about the operations of mind, must 
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ultimately rest on external obiervations. But those primavy 
facts are so few, so distinct, and obvious, that the subseqaena 
train of reasoning is safely pursued to unlimited extent, with- 
out ever appealing agpi^ to the evidence of the senses; The 
science of Geometry, therefore, owes its perfection to the ex- 
treme simplicity of its basis, and derives no visible advantage 
from the artificial mode of its contexture. The axioms are 
here rejected, as being totally useless, and rather apt to pro- 
duce obscurity. 

2. The term Surface^ in Latin iuperficiest and in Greek fsri^a* 
MM, conveys a very just idea, as marking the abstract external 
aspect, or the mere expansion which a body presents to our 
sense of sight. Line, or *y^^fi»f signifies a stroke f and, in 
reference to the operation of writing, it expresses the bound- 
ary or contour of a figure. A straight line has two radical 
properties which are distinctly marked in different languages. 
Jt holds the same undeviatin^ cpurse — and it traces the short- 
est distance between its extreme points. The first property 
is expressed by the epithet recta in Latin, and droit in French ; 
and the last seems intimated by the English term straight^ 
which is evidently derived from the verb to stretch. Accord- 
ingly Proclus defines a straight line as stretched between its 
extremities — i %% mi^^m 1/7«^cyq. 

3. The word Point in every language signifies a marh^ thus 
indicating its essential character, of denoting position. In - 
Greek, the terpn 9ti7]u« was first used; but this becoming de- 
graded by its application to the marking or branding of slaves, 
the diminutive 9ii^«My, formed from Vi^pMi, a signal, came af- 
terwards to be preferred. . * 

The neatest and most comprehensive description of sl point 
was given by Pythagoras, who defined it to be ** a monad ha- 
ving position.'* Plato represents the hypostasis, or constitu- 
tion of a point, as adamantine ; finely alluding to the opinion 
which then prevailed, that the diamond is absolutely indivisi- 
ble, the art of cutting this refractory substance b^mg the dis- 



KOTES AND ILLUSTRATIONS. 285 

cdrery of modern ^ges, and perhaps not older than the inid? 
die of the fifteepth century. 

4* The just conception of an Angle is one of the most diffi- 
cult in elementary Geometry. The term corresponds, ia 
most languages, to corner^ and therefore exhibits a most im- 
perfect picture of the object intima^ted. Apollonius defined it 
to be *< the collection of space about a point." Euelid makes 
an angl^ to consist in << the mutual inclination, or xXin^, of its 
containing lines,"->-a definition which is obscure and altoge-* 
ther defective* In strictness, it can apply only to acute an- 
gles, nor does it give any idea of angular magnitude ; though 
this really is as capable of augmentation as the magnitude of 
lines themselves. It is curious to observe the shifts to which 
tJio Author of the Elements is hence frequently obliged to 
have recourse. This remark is particularly exemplified in the 
20th and 21st Propositions of his Third Book. Had Euclid 
been acquainted with Trigonometry, which was only begun to 
be cultivated in his time, he would certainly have, taken a 
more enlarged view of the nature of an angle. 

5. In the definition o£ Reverse Angle^ I find that I have been 
anticipated by the famous mechanician Stevin of Bruges, who 
flourished about the end of the sixteenth century. It is sa- 
tisfactory, even in such a small innovation, to have the counte- 
nance of an authority so highly respectable. 

6. A Square is commonly described as having all its angles 
right. This definition errs however by excess, for it contains 
more than what is absolutely required. The original Greek,/ 
and even the Latin version, by employing the general terms 
«(^«y«FMy, and rectangtilum, dexterously avoided that objection. 
The word Rhombus comes from fifitfiatf to slings as the figure 
represents only a quadrangular frame disjointed. The Lozenge, 
ia heraldry and commerce, is that species of rhombus which 
is con^posed of two equilateral triangles placed on opposite 
sides of the same base. 
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7. It tcarcoly deierres notice, bat I will antieipatb Ae ob^ 
jection vhich may be brought agaioft me, for haviiig changed 
the definition of Trapezium. The fiict it, that I hare only re- 
stricted the word to its appropriate meaning, Irom winch 
Euclid had, according to Proclns, taken the liberty to depart* 
In the original, it signifies a iabk; and henee we learn the 
prerailing. form of the tables used among the Gre^s. In- 
deed the ancients would appear to have had some predfleetioa 
for the figure of the trapezium^ since the doors now seen in 
the ruins of the temples at Athens are not exactly oblong, 
but wider below than iU>07e, probably to accommodate the floir* 
ing dress of the priests. 

8. Language is capable of more precision, in proportion as 
it becomes copious. As I have confined the epithet right to 
angles, and straight to lines, I bave likewise 'appropriated the 
word diagonal to rectilineal figures^ and diameter to the circle. 
In like manner, 1 have restricted the term arc to a portion of 
the circumference, its synonym arch being assigned |o the use 
of architecture. For the same reason, I hare adopted the term 
equivalent^ from the celebrated Legendre, whose Elemens de 
Geomeirie is one of the ablest Works that has appeared in our 
times. These distinctions evidently tend to promote perspi* 
cuity, which is the great object of an elementary treatbe.-— 
Euclid and all his successors define an isosceles triangle ^to 
have on/^ two equal sides, which would absolutely exclude 
the equilateral triangle. Yet the equilateral triangle is after- 
wards assumed by them to be a species of isosceles triangle, 
since the equality of its angles is inferred at onto as a co<» 
rollary from the equality of the angles at the biwe of an 
isosceles triangle. This inadvertency, slight as it may appear, 
is now avoided. I 

I 

PE0P0SITI0N8» '• I 

9. The tenth Proposition may be very sidiply demonstra- 
ted, in the same manner as the next or its converse, by a direct 
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oppM Id snpeirpositioti or mentd experiment Vdr^ suppose 

ft copy of the triangle ABC were inyerted 

and applied to it, the sides BA and BC 

h^g equal, if B A be laid on BC, the side 

BC again win evid^tly lie on''BA,iind 

tile base AC coincide with CA. Con* 

sequentlj the angle B AC, occupying now 

the place of BCA, must be equal to this 

angle. 

It may be worth while to remark, that Euclid's demonstra-, 
tlott of this Proposition, which being placed near the com- 
mencement of the Elements, has from its intricacy been styled 
the Potts Asmorum^ig in fact essentially the same with what 
has now been given. This will readily appear on a re^ew €f£ 
the several steps of his reasoning :— • 

The sides B A and BC of (he isosceles trhngle being pro^ 
duced, the equal segments AD and CE are assumed, and AE, 
CD joined.—!. The complex triangles ABE and CBD are 
compared : The sides AB and BC are equal, 
knd likewise BB and BD, which consist of 
eiqua) parts, and the contained angles EBA 
and DBC are the same with DBE; whence 
(I. S.) these triangles are equivalent, and the 
base A£ eqiial to CD, the angle BAB equal 
to BCD, and the angle BE A to BDC— 2. The 
additive triangles CAl^ and ACD are next 
compared: The sides EC and EA being equal to DA and 
DC, and the contained angle CEA equal to ADC, the tri* 
angles are (I. S.) (equivalent, and therefore the angle CAE is 
equal to ACD.— 8. Lastly, since the whole angle BAE is 
equal to BCD, and the part CAE to ACD, the remainder 
BAC must be equal to BCA. 

Now this process of reasoning is at best involved and cir- 
cuitous. The compound triangles ABE and CBD consist of 
the isosceles triangles ABC joined to each of the appendojl 
triangles ACE and CAD ; when, therefore, as the demon- 
stration implies, ABE is laid on CBD, the common part ABC 
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is rerenedf* or it i« applied to CBA« and the other part ACB 
is laid on CAD. But the superposltipii of ABC or CBA m 
easily perceived by itself; nor is the conception of that inrert- 
ed application anywise aided by having reconne to* the airier- 
position, first of the enlarged triangles ABE and CBD, aitd 
then contracting these by the superposition of the subsidiary 
triangles ACE and CAD. In this, as in some other instancegy 
Euclid has deceived himself, in attempting a greater than 
usual strictneu of reasoning. 

10. The fourteenth Proposition may be demonstratedother- 
wise. 

Draw (1. 5. EK) BE bisecting the angle ABC. 
BEA (I. 8. El.) is greater than the inte- 
rior angle EBC or EBA^ and^ therefore 
(1. IS. El.) the iide AB is greater than 
AE. In like manner, the angle BEC is 
greater than the interior angle EBA or 
EBC, and consequently (I. 13. El.) the 
side CB is greater than CE. Wherefore the two sides AB and 
CB, being each of them greater than the adjacent segments 
AE and CB, are together greater than the whole base AC 

From this proposition it might be easily shewn that the two 
sides of a triangle are greater than double the line drawn from 
the vertex to the middle of the base. For, suppose E to be 
that middle point| and BE being produced till EF be equal 
to it, and let AF be joined ; the triangle AEF would evidently 
be equal to BEC ; . wherefore, AB and AF or BC are together 
greater than BF or twice BE. 

11; The fifteenth Proposition might also be demonstrated 
otherwise. For join BE (1. 12.) the exterior angle BEC of 
the triangle BAE is (I. 12.) greater than 
the interior ABE or (1. 10.) AEB, which ^ 

again is the exterior angle of the triangle 

ECB, and therefore (L 12.) greater than , 

CBE. Whence (I. 13.) the side BC oppo- -^ ^ ^ 

site to the greater angle is greater than CE, or CE the differ- 
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ence betwieen the sides A6 and AC is less than the third side 
BC. 

12. From the property that two sides of a triangle are to- 
gether greater than the third side, may be derived the gene- 

■ ric character of a straJgUt line : 

The shortest line ihat can be drattm bettoeen itoo points, is a 
straight line. 

Let the points A and B be connected by straight line* 
joining an intermediate point C ; and the two sides AC and 
BC of the triangle ACff are greater than AB (I. 15.). Now 
let a third point D be placed between A and C ; and because 
AD and DC are tdgether greater 
' than AC, add BC to -both, ^n4 
the three lines AD, DC, and CB 
are greater than AC and BC, and 
consequently still greater than AB. 
Again, suppose a fourth point B 

. connected B with C ; and the 
sides BE anil C£ of the triangle BCE being greater than BC, 
the four straighf; lines AD, DC, C£, and £B are together, 
by a still farther excess, greater than AB. By thus repeated- 
ly multiplying the interjacent points, two sides of a trian- 
gle will at each successive ^tep come instead of a third side^ 
and consequently the aggregate polygonal or crooked line 
AFDGCHEIB will acquire continually at each step some 
farther extension. Nay, since there is no limit to the possible 
number of tlios^e connecting points, they may approach each 
other nearer than any assignable interval ; and consequently 
the proposition is also true in that extreme case where the 
boundary is a curve line, or of which no portidh can be deeniT 
ed rectilineal. 

The proposition now demonstrated is commonly assumed as 
an axiom. It is indeed forced upon our earliest observation, 

, being suggested by the stretching of a cord, and other fami- 
liar occurrences in life. But to multiply inconsiderately the 
number of original principles, appears quite repugnant to the 
spirit of sound philosophy. The two radical properties of a 
straight line— the congruity of its parts — apd its shortn^^s^ 
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oftraoe— AreditlbcCytliottghooiiiiected. The latter is riiown 
to be the Decenary coniequence of the former ; but it would 
be impossible, by any direct process, to infer the unifomiltjr 
of straight lines, from their marking out the nearest routes. 

In the demonstration, I could not avoid introducing the 
consideration of limits. This wiU occasion, I presumct no ma- 
terial difficulty, since the reasoning is actually the same bm 
that by which our most familiar conceptions are gradually ex- 
panded. 

Mr Schfrab, author of a small tract, under the title of Ele^ 
mens de Oeomarie, published at Nancy in 18 IS, has endea* 
▼cured to define a straight line as that which, being turned 
like an axis about its two extremities, all its intermediate 
points will constantly preserve the same position* This in- 
genious idea I have adopted, in distinguishing the character 
of a straight line. 

The same intelligent writer has, I find, referred the gene- 
ration of angles to a revolving motion. He considerB the right 
angle as derived from the quartering of a whole revolution s 
and he likewise views, as I have done, the angle which a por- 
tion of a straight line makes with its opposite portion, as form- 
ed by a semi-revolution. 

IS. In reference to the eighteenth Proposition, the ingeniooa 
MrT.Simpson has very justly 
remarked, in his Elements of 
Geometry, that the demon- 
stration which Euclid gives 
of this proposition is defec- 
tive, since it assumes that 
the point G must lie below 
the base AC. He has there- 
fore legitimately supplied the 
deficieacy of the proof; and it is surprising that so rigorous 
a geometer as Dr Robert Simson should haye so far yielded ' 
to his prejudices, as to resist such a decided improvement; 
The demonstration inserted in the text appears to be rather 
simpler, and more natural than that of MrT. Simpson. 
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14» The ninetee&th Pf'oposition 18 cap^Ue df being demon- 
strated directly. 

Let the tn^tigles ABC and DEF have the sides AB a94 
BC equal to DE dnd BF, but 
the base AC greater than DF; 
the vertical angle ABC is gre^t^ 
er than DEF. 

From the greater base AC cut 
off AG equal to DF^ construpt 
(I. 1.) the triangle AHG ha- 
ving the sides AH and GH e* 
qua! to AB and BC dr DE and EPjoin HB, aind produce UQ 
to meet BC in I. 

Because HI is greater than HJGr, it is greater than the equal 
side BCi and therefore much greater than BL Consequently 
the opposite angle IBH of the triangle BIH is (T. 13.) greater 
than fiHI. But AB being equal to AH» the angle HBA i^ 
(1. 10.) equal to BHA» and therefore the two angles IBH 
and HBA are greater than IHB and BHA, that is, the whole 
angle CBA is greater than IHA or GHA. And since the 
sides ot the triangle AGH are by construction equal to those 
of EDF, the correspondbg angle AHG is equal to DEF 
' (1. 2.) ; and hence the angle ABC, which is greater than 
AHG, is likewise greater than DEF. — In like manner, this 
may be demonstrated, if BH should fall without the base. 

J5. It is not difficult to perceive that the whole structure of 
geometry is grounded on the mutual comparison of trianglesj 
the simplest of all tUe rectilineal figures. The conditions wbtoh 
fix the equality of those elementary portions of surface, are all 
contained in the 2d, Sd, 20th and 21st propositions of this Book* 
Such original theorems derive their evidence from the super- 
position of the triangles themselves ; which, in reality, is no- 
thing but an ultimate appeal, though of the easiest and most 
fhmiliar kind, to external observation. The same conclusions, 
however, might be deduced more concisely, from the circum- 
stances required to determine the constitution of an indivi- 
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dual triangle. Soppote AB, BC, and AC, any one of width w 
shorter than the other tiro conjoined in a straight line, to be 
three inflexible rods moveable at pleasure.— >(1.) Place them 
with their ends meeting each other, and they will evidently 
rest in the same position, and contain a distinct triangter— 
which corresponds to Proposition S^— 
(2.) Having joined the rods AB and BC 
at B, continue to open them at that point, 
till they form a given vertical angle ABC ; 
their position then becomes 6zed, and con- 
sequently determines the rod AC which* 
connects their extredities and completes the 
triangle. This inference evidently agrees 
with Proposition S. — ^^(S.) While the rod AC retains its place, 
let two rods AB and CB of unlimited length, and applied at 
the ends A and C, be opened gradually till the one forms with 
AC a given angle CAB, and the other a given angle ACB; 
it is evident that AB and BC wiU then rest crossing each 
other in those positions, and containing a determinate triangle, 
of which the vertex B is their point of mutual intersection, 
lliis property corresponds with Proposition 20«— (4.) Let the 
rod AB of a given length make a given angle with the unli- 
mited rod AC, and applying at the end B another given rod, 
turn this gradually round till it meets AC. If BC exceeds 
the distance of B from AC, it will evidently, after stretching 
beyond AC, again come to meet that boundary. With such 
conditions, therefore, the rods might contain two determinate 
triangles, the one acute and the other obtuse, and which are 
hence distinguished from each other by those obvious charac- 
ters. This qualified property, omitted in most elementary ' 
works, is yet of extensive application^ and was requisite to 
complete the conditions of the equality of triangles. It cor- 
responds with Proposition 21. 

The four preceding theorems are reducible, however, to a 
single property, which includes all the different reipiisites to 
the equality of triangles. The sides of a triangle are obvious- 
ly independent of each other, being subject to this condition 
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only^ that any one of them shall be less than the remaining 
two sides. But sinoe all the angles of a triungle are together 
equal to two right angles^ the third angle must, in every case, 
be the necessary result of the other two angles. A triangle 
has, therefore, only five original and variable parts — ^the three 
aides and two of its angles. Any three of these parts being a<- 
eertained^ the triangle is absolutely determined, .Thusi-^when' 
(1.) all the three sides are given, — when (2.) two sides and 
their contained angle are given,.^when (4.) two sides and 
an opposite angle are given, with the affection of the triangle, 
or when ^(3.) one side and two angles, and thence the third 
angle are given, -—the triangle is completely marked out. 

M. Legendre, in a very elaborate note to his Elemens de 
Geantetrie, has sought, with much ingenuity, to deduce ^ pn- 
ori the radical properties of triangles from the theory of 
Junctions* But, like other similar attempts, his investigation 
actually involves in it a latent assumption. This subtle logi- 
cian sets out with the principle which would seem almost in- 
tuitive, thata triangle «s determined when the base and its ad- 
jacent angles are given. The vertical angle, therefore, de« 
pends wholly on these data, — the base and its adjacent angles. 
Call the base c, its adjacent angles A, B, and the vertical or op- 
posite angle C. This third angle, being derived from the quan- 
tities A, B and c, must be a determinate function of them» or 
formed from their combination. Whence, adopting his nota- 
tion C =x i^ : (A, B, c). But the line c is of a nature hetero- 
geneous to the angles A and B, and therefore cannot be com- 
pounded with these quantities. Consequently C=f : ( A, B), 
or the vertical angle C is a function merely of the angles A and 
B at the base ; and hence the third angle 9f a triangle must 
depend wholly on the other two. ^ 

To a speculative mathematician this argument is very se« 
ductiye, though it will not bear a rigid examinaticRa. Many 
quantities in fact appear to result from the combined relation 
to other quantities that are altogether heterogeneous. Thus, 
t^e space which the mofing body describes, depends on the 
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joint demenU of time add velocity, tbingi entirely ditdnct ia 
their natare ; and thus, the length of an arc of a circle la coni<* 
pounded of the raditifli and of the angle it gubtenda at the 
centre, which are obviously heterogeneous magnitudes. Fot 
aught we previously knew to the contrary, the base c might, 
by its conibination with the angles A and B, modify their re- 
lation, and thence aflect the value of the vertical angle C. In 
another parallel case, the force of this remark is easily per- 
ceived. Thus, when the sides a, h and their contained angle C 
are given, the triangle* is determined, as the simplest obsefva- 
tion shows. Wherefore the base c is derived solely from theae 
data, jor ersp \ (a, i, C). But the angle C, being heterogene- 
ous to the sides a and 6, cannot coalesce with them into an 
equation, and consequently the base e is simply a function of 
a and 6, or it is the necessary result merely of the other two 
sides. In other words, as the third angle of a triangle dependa 
on the other two angles, so the base of a triangle must have its 
magnitude determined by the lengths of the two incumbent 
sides. Such is the extreme absurdity to whidh this sort of 
reasoning would lead ! In both of these instances, indeed, the 
conclusion is admitted by implication, only in the one it is 
consistent with truth, while in the other it is palpably fklse. 
—That such an acute philosopher could overlook the fallacy 
of his argument, can only be ascribed to the influence whidi 
peculiar trains of thought acquire over the mind, and to the 
extreme facility with which elementary principles insinuate 
and blend themselves with almost every process of reasoning. 
The objections here directed against the celebrated abstruse 
attempt to demonstrate, ipriorif theequality of triangles from 
the nature of equations, and the properties of homogeneous 
quantities, have, generally, I believe, been deemed condu* 
sive. I have scarcely heard) indeed, of a geometer of any emi- 
nence in the island, (except the learned writer of a critique 
which appeared in the Edinburgh Review,) who is not per- 
febily convinced of the fallacy lurking in the argument advan- 
ced by its very ingenious inventor. On this occasion, I shall 
take the liberty of introducing an extract from a letter tame^ 
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dated October 90. 1^16» fVom an old friend and fellow-stu* 
dent^ who now stands decidedly at the head of our mathema* 
ticians. 

M With regard to Legendrie's demonstration, I am of opi- 
nion, that there is involved in the mise en equation, (reduced 
to an equati<Mi,) a prinqiple which is equivalent to Euclid's 
12th axiom, (If a straight line meets two straight lines, so as 
to make the two interior angles on the same side of it taken 
together less than two right angles, these straight lines, being 
continually produced, will at length meet on that side, on which 
are the angles which are less than two ri^ht angles.) Using 
the notation of your book, his assumption is, that C =: 
fi (A, B, c) : Now, this means that we shall get the angle C, 
by con^bining the angles A and B with the line c, in a certain 
way ; and it is implied, that this is true, whatever value the line 
c may have ; or^ in other words, it is true for all values of c. 
Suppose then an individual triangle, of which c is the base, 
and A, B, the angles at its extremities ; conceive an indefinite 
number of lines, of any lengths, c', <f, d'\ &c. and at the ends of 
each of these lines^ angles to be made eq'ual to A and B,-^wilI 
a triangle be thus formed upon each of the lines </, c", //", &c. 
or not ? If you say that you cannot allow the existence of such 
triangles without proof, you agree with the Creek geometer, 
but then you must deny the legitimacy of Legendre's equa- 
tion, C = ^t (A, B, c); fdr it supposes the possibility' of such 
triangles, since it is a determination o^ the third angle of ^ach 
of them from knowing the base and the other two angles* If 
you grant the possibility of the triangles, then Legendre's 
equation will be established ; but you also admit Euclid's 12th 
axiom x For you assume, that two lines drawn at the extremi- 
ties of any third line, so as to make with it two angles equal 
to any two angles of a triangle, do meet one another when pro- 
duced. On examination you will find, that the only relation 
, generally true of two angles of a triangle is this, that they are 
together less than two right angles. I cannot, therefore, ad- 
mit, that Legendre's demonstration contributes in any de- 
gree to remove the difficulty in geometry. The intrinsic evi- 
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dence of a principle, or propotition, is the rame whether it hh 
expressed io common language, or translated into the langni^re 
of functions. Grant to the geometer the same assumpdon 
which is implied in the functional equation of the analpt, and 
he will be no longer embarrassed with the theory of parallel 
lines. Legendre endeaTours to juMtfy his equation, by saj-* 
ing that two triangles are identical when they have their bases 
equal, and likewise the angles adjacent to their bases equal, 
each to each. But this does not prove, that of all the infinite 
number of triangles which can be formed upon a line greater 
or less than the base of a given triangle, there is always one 
that has the angles at its base equal to the angles at the base 
6f the given triangle. If this be thought a more self*evident 
principle than those that geometers have employed, let- it be 
transferred to geometry, and that science will do longer have 
need to borrow aid from the theory of functions." 

To these acute and judicious remarks, I think it unnecea- 
sary to subjoin any farther pbservations ; but, in justice to the 
illustrious author of the argument drawn from the higher ana* 
lysis, I must state that he still remains persuaded of its legi- 
timacy. In a very flattering letter which he did me the honour 
to wri^e, bearmg date, Paris, 5ih February 1816, he thus ad- 
vertis to the subject in dispute. *' Ayant un trds grande id6e 
de la superiority de vos lumidres. Monsieur, j'eprouve un re- 
gret d'autant plus vif de voi^ que vous n'approuviez pas, ou 
m^me que vous regardiez comme illusoire la demonstration 
que j'ai dpn6e dans mes notes du principe sur les trois angles 
du trianglck J'ai cependant Iji conviction intime que cette 
demonstration est parfaitement rigoureuse, a( j'ose vous prier 
d'y donner encore quelqu' attention, persuade que vous recon- 
noitrez son exactitude. La loi de l'homogenit6 estuneloi 
generate, qui n'est jamais etk defaut, et qi^i doit 0tre rang6e 
parmi les principes elementaires les plus generaux et les plus 
simples. L'angle est un quan^it6 que je mpsurp toujoors, par 
son rapport avec l'angle droit, car Pangle droit est l'unit6 na- 
turelle des angles : Dans xette notion tr^s simple, une angle 
est toujours un npmbre. II n'en est pas de ^i^me des lignes: 
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tme Ugne ne peut entrer dans de calcul, dans une equation 

quelcoaque, qu'avec une autre ligne que sera prise pour unit6, 

ou qui aura un rapport connu avec la ligne unit6« 

** Ainsl Inequation C z= ^ c (A, B, c) rapport^ey|?ag'»29d» oik 

A| By C> soBt des angles, et par. consequent des nombres^ i^e 

aauroit subsister^ k moins qa|B c ne disparoisse. Car si c ne dis- 

paroit paSy il faudraqu'une longueur absolue c soil determin^e 

par des nombreSy sans que I'unit^ de longueur soit connue, ce 

qui est une absurdity. L'objection faite, pag, suiv. sur I'equa- 

tion c =z ^ : (a^ b, C) se r^sout tres f^cilement. Rien n'em- 

p^che que C, qui est un nombre, (par rapport ^ Pangle droit 

pris pour unit^,) ne soit une fonction de a, bf C, pourvu que 

cette fonction soitde nuUe dimension, c'est-4dire, pourvu que 

le fonction de a, b, C se redujse & une fonction de deux rapports, 

b c 
tels que •^,— . Et en effet, c*est ce qui a lieu d'aprds Pequa- 

^ 4 a* 4^ b* c* — ^ ®* 

tion trigonometrlquei cos C = — ^^ — "" j • 

a 
Ajouterai-je i ces raisons, une id^e qui m'est venue plu- 
sieurs fois. Suppose qiie le mdme triangle, dont ' 
vous vous occupezy soit mis sous les yeux d'un 
^tre. intelligent, dontla stature et celle des objets 
qui Penvironnent soient cent fois plus grandes 
que celle des objets environnans — ^mon raisonne- 
ment sera toujours le m§me, et ne perdra rien de 
la force. Croiez-vous, cependant, qu*il fMt possible que c rest^t 
dans ^equation, C = <f : (A, B, c)? Et si c restoit, les geans 
dont je parle deduiroient-ils de cette equation la m^me valeur 
que vous ? 11 faudroit que cela fut, car Tobjet a les mdmes 
dimensions dans les deux cas." 

1 owe an apology to M. Legendre, whose friendship and 
genius I highly respect, for having printed this communica- 
tion ; but the easy style of it appeared nowise derogatory to 
his talents, and I was very unwilling, in a controversy of this 
nature, to consume his precious time, by engaging him tp draw 
up a more elaborate defence. 
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On recoiifidering Che tubJecC matarely, I e<mfeM that I cuh 
not Msent to the force of the retsoaing coBteiaed in this ex* 
tract, however clearly and neatly it if here develDped. The 
whole stress of the argumenti it vMf be pereeired, lies in the 
distinction which M. Legendre endeaveurs to estaUish be* 
tween angles and lines,— a distinction whic& I hdd to be as 
bottom merely arbitrary. Angles and lines are both equally 
real quantittes, though of diftrent kinds ; they are capable of 
being measured, and consequently represented by numbers, by 
referring each of them to some determinate measure or unit of 
its own denomination. Angles are measuredor expressed nume- 
rically by angles, and lines by lines. It is true, that the mensu- 
ration of angles is facilitated by a reference to the sobdiTision of 
the circuit or entire revolution ; yet even this mode of denoting 
angular magnitude is evidently only conventional. As standards 
for measuring straight lines, nature has furnished the limbs of 
the human body, and the extent of our globe itself. Such 
units of mensuration are not indeed very definite or readily 
attainable ; but they are not therefore the less real or pro- 
minent. Nor is there any essential difference in principle be- 
tween the expressing of an angle by degrees', of which 360 or 
400 are contained in a complete revolution, ai|d the denoting 
of a straight line^on the French system, for instance, by the 
number of metres it includes, eaeh of which is the forty mil- 
lionth part of the entire circumference of the earth. Angles 
and lines hence present to the mind no radical or absolute 
discrimination, and therefore the argument grounded on such 
a distinction must lose all its efficacy. 

Admitting, however, what the slightest inspection readi- 
ly confirms, that the third angle is merely derived' from the 
other two, M. Legendre demonstrates wiUi great elegance, 
the property that the three angles of a triangle are equal to 
two right angles. Letting fall from the right angle a perpen- 
dicular on the hypotenuse, he divides any right-angled tri- 
angle into two subordinate triangles, which have each of them 
two angles equal to those of the original triangle ; whence the 
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acute angles of that triangle ate alternately equal to t)ie an^ea 
which eompoBe the right angle. Biit every triangle may be 
divided into two right-angled triangles^ by letting fall a per-^ 
pendicular from the yertex on the base, asnd consequently the 
acute angles of both these triangles, and which form the angles 
at the base, and the yertical angle of the primary triangle, — 
are together equal to two right angles. 

This theorem may. be proved somewhat ofdre direqtly. In 
the triangle ABC, let the angle CBA he greater than ACB, 
and draw Bp, and then DE, making the angles ABD and 
BDE each equal to ACB. The 
triangles ABC and ADB having 
the common angle B AC and the 

angle ACB equal to ABD, their ^^^ / ^^ 

third angles ABC and ADB 
must be eqiial. But the tri- 
angles BCD and BDE have also a common angle CBD, and 
equal angles DCB and BDE; whence the third angle BDG 
is equal to BED, and therefore the supplementary angle ADB, 
equal to ABC, is equal to DEC. Again, the triangles ABC 
and DEC having two common or equal angles; their third 
angles BAC and EDC are equal ; wherefore the three angles 
ABC, BCA and BAC of the original triangle, are respective- 
Iv equal to BDA, BDE and EDC, and hence equal to two 
right angles. — rif the triangle ABC be equiangular, divide it 
into two scalene triangles ABD and CBD, the angles of 
which, or the angles of the original triangle, together with the 
adjoining angles ADB and BDG, must be equal to four right 
angles, and consequently the angles oi' that triangle are equal 
to two right angles. 

But the proposition is easily derived from another view of 
the subject. If we suppose a ruler turning 
alSout the point A, to change its direction B 

AG into AB, then opening at B till it gains 
the direction BC, and finally wearing about 
the point C till it acquires the opposite po- 
sition C A ; thus changing its direction with 
respect to a remote object, by three sue- 
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cettire openings all to the tame sidet the rttler, being noir re- 
▼eraedy mutt hare ^performed half a circuit ; that is, the three 
angles of a triangle, which constitute those openings, are 
equal to two right angles* 



The profound geometer alreadj quoted, pursuing his re- 
fined argument, has, from the consideration of homogene- 
ous quantities, likewise attempted to deduce the proportiona- 
lity of the sides of equiangular triangles. But in this ab- 
struse research, assumptions are still disguised and mixed up 
in the psogress of induction. Such indeed must be the case 
with CTery kind of reasoning on mathematical or physical ob- 
jects, which proceed ^ priori^ without appealing, at least in 
the first instance, to external observation. Of this kind are 
some of those ingenious analytical investigations respecting 
the laws of motion and the composition of forces. In fact^ 
nio elementary physical truth can ever be discovered by any 
process of calculation, which merely combines or embodies 
into a general result the various assumptions that have been 
tacitly made. The principle of sufficient reason^ introduced by 
Leibnitz, appears to be nothing but an artificial mode of dress- ^ 
ing out an hypothesis, which the celebrated fioscovich has well 
expos^ in his excellent notes to a didactic poem by Stay, 
entitled Philosophia RecenHor. 

14. Propoidtion twenty-second. The subject of parallel 
lines has exercised the ingenuity of modern geometers ; for 
Euclid had only endeavoured to evade the difficulty, by styl- 
ing the fundamental propositioman axiom. The investigation 
now given seems to be one of the best adapted to the natural 
progress of discovery. It is almost ridiculous to scruple 
about admitting the idea of motion, which I have employed 
for the sake of clearness. But even that futile objection 
might be obviated, by considering merely the succeciiBive 
positions of the straight line extending through the given 
ppint. 
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15. Proposition thirtieth. That invaluable iDStrument, 
Hadley*8 quadrant, is founded on the 
second corollary, annexed as an ob- 
vious consequence of the proposition. 
A ray of light SA, from the sun, im- 
pinging against the mirror at A, is 
reflected at an angle equal to its in- 
cidence ; and now striking the half 
silvered glass at C, it is again re- 
flected to E, where the eye like- 
wise receives, throiigh the transpa- 
rent part of that glass^ a direct ray 
from the boundary of the horizon, 
Hence the triangle AEC has its ex- 
terior angle ECD and one of its in- 
terior angles CAE, respectively double of the exterior angle 
BCD and the interior angle CAB, of the triangfe ABC; 
wherefore the remaining interior angle AEC, or SEZ, is 
double of ABC ; that is, the altitude of the sun above the 
horizon is double of the inclination of the two mirrors. But 
the glass at C remaining fixed, the mirror at A is attached 
to a moveable index, which marks their inclination. 

The same instrument, in iu most improved state, and fitted 
with a telescope, forms the sextant, which, being admirably 
calculated for measuring angles in general, has rendered the 
most important services to geography and navigation. 

16. Proposition thirty-fourth. This problem is generally 
constructed somewhat difierently. 

In AB take any point C, and on BC (1. 1. cor.) describe 
an equilateral triangle CD^ on 
- its side DB, another DEB; and 
on DE the side of this, a third 
equilateral triangle DFE ; join the 
last vertex F with the . point B ; 
and BF is the perpendicular re- 
quired. 

because the triangles CDB and 
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DBE are e^uilAteral, the angles CBD and DBE are eadh of 
them equal to two-third parts of a right angle (L SO. con !•) 
and the triangles BDF, B£F, haring the sides BD, DF equal 
to BE, EF, and the side BF common, are (I. 2.) equal, and 
consequently the angles FBD and FBE are equal, and emch 
of them the half of DBE. The angle FBD, being therefore 
one-third part of a right angle, and the an^e DBA two-third 
paru, the whole angle FBC must be an entire right angle, or 
the straight line BF is perpendicular to AB. 



BOOK 11. 



1* A simple proposition might be here introduced. 

A straight line bisecting two sides of a trianghf is parallel to 
the hose. 

The straight line DE which Joins the middle points of the 
sides AB and BC, is parallel to the base AC of the triangle 
ABC. 

For join A£ and CD. Because the triangles ADC, BCD 
stand on equal bases AD, DB, and have the same vertex or 
•altitude, they are (II. 2.) equivalent, and therefore ADC is 
half of the whole triangle ABC. For the 
• same reason, since CE is equal to EB, the 
triangle AEC is equivalent to AEB, and 
is consequently half of the whole triangle 
ABC. Whence the triangles ADC and 
AEC are equivalent ; and they^tand on 
the same base AC, and have therefore the same altitude 
(II. S.), or DE is parallel to AC. 

Cor. Hence the triangle DBE cut off by the line DE, is 
the fourth part of the original triangle. For bisect AC in 6, 
and join DG, which is therefore parallel to BC. The triangle 
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ADO 18 equivalent to GDC (II. 2.)> and GDC, being the half 
of the rhomboid CB, i$ equivident to DEC, which again ia 
(II. 2*) equivalent to DEB.. The triangle ABC is thua divided 
into four equivalent trianglesi of which DBE is one. Hence 
abo the rhomboid GDEG is half of the original triangle. 

2. From the preceding proposition the following theorem is 
eaisily derived. 

Stmighi lines joining the successive middle points of the sides 
of a quadrilateraljigurejbrm a rhomboid. 

If the sides of the quadrilateral figure ABCD be bisected, 
and the points of section joined in their order ; EFGH is a 
rhomboid. 

For draw AC, BD. And because FG bisects AB, BC it 
is parallel to AC ; and for the aame 
reason, £H, as it bisects AD and 
DC, is parallel to AC Wherefore 
FG is parallel to EH (I. 98.). In 
like manner, it is proved that EF is 
parallel to HG; and consequently 
the figure EFGH is a rhomboid or 
parallelogram. 

It is likewise evident, that the inscribed rhomboid is half of 
the quadrilateral figure ; for IG is hfdf of the triangle ABC 
and IH is half of the triangle ADC. 

S. Proposition fourth. This problem is of great use in prae* 
tical geometry. The plan, for instance, of any grounds, how- 
ever irregular, is divided into a number of triangles, which 
are successively reduce^ to a simple triangle, and this again 
is converted (by II. 6.) into a rectangle. Instead of comput- 
ing, therefore, each component triangle, it may be sufficient 
to calculate the area of the final triangle or rectangle. 

4*. Proposition ninth. On this proposition is founded the 
method of qffsetSf which enters so largely into the practice 
of land-surveying. In imeasuring a field of a very irregular 
shape, the principal points only are connected by straight 
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lines fonning sides of the compoDent triangles, and the- dis- 
tance of each remarkable flexure of the extreme boundary is 
taken from these rectilineal traces. The exterior border of 
the polygon is therefore considered as a collection oi trape- 
zoids, which are measured by multipl3ring' the mean of each 
pair of ofisets or perpendiculars into their base or intermediato 
distance. 

5. Proposition tenth. This beautiful property is easily de- 
rlTed from Propositions fifteenth and sixteenth of Book II. 

1. Let ABC be a triangle right-angled at B ; produce the 
liase AB till AD be equal to the perpendicular BC ; on the 
compound line BD describe the square BDEF^^and make DGr 
and EH equal to AB, and join AG, GH and HC. 

The triangles ABC and GDA, having the sides AB, BC 
evidently equal to DO, and AD, and the right angle at B 
equal to that at D, are (I. S.) equal. 
In the same manner, the triangles 
HEG and CHF are proved to be 
equal to ABC. But (I. 30.) the ex- 
terior angle GAB is equal to the in* 
terior angles ADG and AGD, from 
which take away the equal angles 
CAB find AGB, and there remains 
GAC equal toADG, and consequent- Di X" 

ly a right angle. Wherefore the quadrilateral figure AGHC, 
having likewise all ito sides equal, is a square. But by Prop. 1 5, 
Book II. the square BDEF, described on the sum of the sides 
ABand BC, is equivalent to the squares of those.sides, together 
with twice their rectangle. Now (cor. 5. Book II.) the rect- 
angle under AB and BC is double of the triangle ABC ; and 
consequently the st[uare BDEF is equivalent to the squares 
of AB and BC, and the four triangles CBA, ADG, GEH and 
HFC : but the same square is equivalent to the interior square 
AGHC, with those four triangles; wherefore the squaresf of 
the base AB and of the perpendicular BC, are equivalent to 
the siqgle square described on the hypotenuse AC. 
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- ^ Fk-om the base A B, cut oiF a part AD eqtml to the per- 
jpendlcullir BC» and on the remaining portion BD construct' 
the square BDEP ; produce DE and £F, till EG and Ffl be 
equal to AD, and join AG, GH, and HC. The triangles 
OBA) AEMSy OEH, and HFC are-proved to be equal as before. 
Again, the angle CAG being equal to the angles CAB and 
DAG or BCA, the acute angles of the right-angled triangle 
ABCy is consequently a right angle. 
Wherefore the quadrilateral figure 
ACHG is a square. But, by Prop.. 
16. Book II. the square BDEF» de- 
scribed on BD the difference be- 
' tvreen the base AB and BC the 
perpendicular is equivalent, to the' 
squares of AB and BC, diminished 
by twice their rectangle or by the 
ibur triangles CBA, Al>G, GEH, and HFC. But the sqqare 
BDEF is evidently equivalent to the square ACHG described 
on the hypotenuse AC, diminished by, those triangles^ and 
therefore equivalent to the squares of the base AB and of th^ 
pei^en£cular BC» 




This famous proposition appears to have been first introduc- 
ed into Greece by Pythagoras* Both the demonstratibns now 
given were long aflerwards common among the. Arabians and 
Persians^ and by them communicated to the nations of Indi^.. 
The second mod^, however, would seem, to be the favourite,, 
since the fij^ur^ i^ed js, }ii) Jthe Orient l^nguagesi styled th^ 
bridal chair or couch, in aliusiAi to itsform or its prolific virtues^ 
This figure^^an^ the prep^ding pnej are iprell a4apted for exhibit- 
ing the result, by the dissection and transposition of their set, 
veral parts. The very meagre treatises of geometry written ia 
the Sanscrit language, and the versionsof Euclid's Elements by 
Persian or Arabian ic^pmmentatprs, display some vi^rjety of sficl}, 
dissections, all of them derived evidently from the samesourcer 

3f 
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The method g e aera lly edepted it oommonly iicribed lo 
Penian attrononer N«Mir Eddin, who flourithed in the ( 
teenth century of our wst under the munificent petrous 
of the conqueror Zmgb Kbeo» 

It may gratify the young student in geometry to see the 
mode of perfonning tliis diaaection. Hating dimim AL pn* 
rallel to BF^ and IC and GO pa- 
rallel to DB, phuse the trian^ CKA 
on CFH, invert the triangle GOA 
on ADG, place the triangle GOM 
on AKN, and transfer the small tri* 
angle GIM to HLM. In this way, 
the square A6HC is transformed 
into the two « squares CKLF and 
ADIK. By roTersiog the process, 
the squares of the sides of the right* 

angled triangle may be compounded into the single square of 
the hypotenuse. 

6. It was a fiivourite speculation with the Greek geome^ 
terSy to express numerically the sides of a right-ai^ed tri- 
angle. The rules which they deliTered for that purpose are 
equally simple and ingenious. For the sake of concisen^, 
it will be convenient, however, to adopt the language of sym- 
bols. Let n denote any odd number ; then, 

according to Pythagoras, n, !Lli: 

according to Plato, Hn, n^— 1 and n*4-l, being the 
dubles of the former, will represent the perpendicular, the base, 
and hypotenuse, of a right-angled triangle.*-Thus, n being sup- 
posed equal to S, the numbers thience resulting are 3, 4*, and 
5, or 6, 8, and 10. 

These analytical expressions are fundamentally the same, 
and are easily derived from Propiosition 17. Book TI. : For 

Sa^X^ssC^n)** Or, without having recourse to algebraical 
notitf on, since the square of the perpendicular is eqoivaleot 
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lb %te difbrence between the squatres of the hjrpotenuse and 
of the base, it musty by that same pro^oatidn,. be equivalent 
to the rectangle under die sum and 'dififereucatff tlie hypatat 
nuse and base. Wherefore, if the perpendicular be' an odd 
number, its square may be considered as the produiet of its timi 
adjacent integral parts into the unit :irhich fbnns their differ^ 
ence« Thus, assuming the per^i^adicuIiMr equal U> S, itisi 
square 9 may split into an even and odd maknber, 4 and 5y (oi 
the base and hypotenuse ; if the perpendicular bd 5, the-^square 
25 n parted'Into 12 ahd 13» for the corrasponding base and 
hypotenuse ; or if thiiB perpendicular be denbiled by 7> whose 
square is 49^ the base and pfrpendicular mudt, by ibis approxi^ 
mate biseption, be 24 and 25. Ag^^o, if the perpendicular b^ 
supposed to be an even number, its square may be divided in* 
to two adjacent factors, whose sum is the hsdf and their di&r^ 
ence 2. Thus, the perpendicular being 4t, the half of its square^ 
or 8» is jBplit into 3 and 5,' for the base md hypotenuse ; if 6 
be die peiipendicula^ the half pf ii0^square, or 18, is divided 
into 8 and 10, for the base and hypotenuse ; and were 8 to re/r 
present the perpendiciilai:^ the hsjf of its square, or S2, givey 
15 and IT, ftr the oorreepondi^ basd and perpendicular, 

?• We may here introduce, from the Mathematical CoUec* 
tions of Pappus, an elegant extensipQ of the famous iet^th 
Firopodtion. 

In anif triangle^ rhomboids descr^ofl on t^ two itdes^ are to* 
gdher equivalent to a rhomboi4 described on the base, and limiti' 
ed by these and by paraBds to the line tohich joins the vertex^ 
fbbh their point ^concourse. 

Lei ADEB and B6FC be rhomboids described on the two 
aides AB and BC of the triupgle ABC ; produce the summits 
D£ and 'FG to ndeet in tf , join this point with the vertex B, 
to BH draw the parallpis AX^XX^ and join KL. It. 19 obvi- 
o«n that AK and CI/, 'bebg equal and parallel to BH, are 
likewise equal and parallel to each other, and that the figure 
AKLC ffi a parallelogram Wr rhomboid. — ^lliis Vhomboid is e? 
quivalent to -the two tliombpids BD and BF^ 
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For produce HB to meet the base AC in I. AoA becftiue 
the rhomboids KI and AH 
stand on the same base AK 
and betireen the same 
parallelSf they are equiTa- 
lent (II. 1. cor.) ; but 
the rhomboids AH and 
BD9 standing on the same 
base AQ and betireen the 
same paralleb» are also equiTalent Whence KI is equiva- 
lent tp BD. And in the same manner, it may be proTod that 
LI is equivalent to BF. , Consequently the whole rhomboid 
KC is equivalent to the two rhomboids BD and BF. 

If the triangle ABC be right-angled at B, this theorem will 
pass into a case of the twenty«>sixth of Book VI. ; the rhom- 
boid, described on the hypotenuse, being equivalent to the 
similar rhomboids described on the two sides. When these 
rhomboids become squares, the proposition becomes the same 
as the tenth ; the only difference in the construction being, 
that a square AKOC (p. 52.) is constructed above .the hy- 
potenuse AC, instead of the square ADEC constructed be- 
low it. 

8. From the propositioti in the last article, an importaiH 
theorem, may be derived, which deserves a place in' an ele- 
mentary work ; 

In any triangle^ the square described on the base is equivalent 
to the rectangles contained by the two sides and their segm^ts in* 
terceptedjrom tfie base by perpetidicjtdars ktJbU upon themfiom 
its opposUe extremities. 

Let the perpendieuhus AP» CN be let faU from.'the poinls 
A, C upon the opposite sides. BC and AB 0^ tbe; triapg}^ 
ABC ; the square of AC is equivalent to the reotapgles c^or 
tained by AB, AN, and by BC, CP. . 

For complete the rhomboids. ADHB and CFQB, and Ut 
fall the perpendiculars BR aii4^B8 upon DHand.FH. 
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It is manifesty that the rhomboidB AH apd CH are equiva- 
lent to the square of AC. But the rhomboid AH is equivalent 
to the rectangle contained by AB and BR 
(IL 1. coh). Comparing thetriai^lesBHR 
and ACN; the angle BRH, being a 
right angle, is equal to ANC; and the 
two acute angles BHitand RBH, being' 
together equal to a. right angle, are e- 
qual to DAN and NAC ; b^t DAB is^ 
equal to DHB (I. 26.X whence the angle 
RBH 18 equal to NAC. These triangles 
sBRH and ACN, having thus two angles 
respectively equal, and the correspoiid- 
ing side BH in the one equal to AD or 
^ AC in the other, are therefore equal 
(1; 20.), and consequently the side BR 
is equal to AN. The rectai^gle AB and 
BR, which is equivalent to the rhom* 
boid Ati, is hence equivalent to the 
rectangle contained by AB.and AN (U. 
1. cor.). 

In the same manner, it may be demonstrated, by compa- 
ring tbe triangles BHS ai^dPAC, that the rectangle under BC 
and.BS, which is equivalent to the rhomboid CH, is equivalent 
to the rectangle contained by BC and CP. Wherefore the 
two rectangles of AB, AN and BC, CP are together equiva- 
lent to the square describee} on AC. 

If the triangle ABC be, right-angled at the vertex B, the 
perpendiculars CN and AP will evidently meet at the vertex, 
and consequently the rectangles AB, AN and BC, CP will 
bec<>me the squares of AB and BC. And hence the beauti- 
ful Proposition IL 10. is derived, being only a remarkable 
^ase of a m^cb more g^eral property. 

9. Proposition tenth. It may be proper to notice likewise 
an extension of this beautiful proposition, which is easily de- 
monstrated, after a similar mode, from the decomposition of 
the figure. ' 
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EfuOMera irtaaglei dticribed om Ik Jtite ff a rii^^am^ed 
tritm^f mrt iogOker 0fui9alaU to an efuikUend iriiu^ db- 
9cribedonihehypoteniui€. 

Let ABC be e right-asgled triangle, aiwmd irhich are eon- 
strocted the equUaleral triiiiglee ADB, BEC and CFA; tke 
triangles ADB and BEC are eqtthratant to CFA. ^ 

For let M the perpendiculart DO, 
BH and FI, and join CD, BF,CO, BI 
and HF. It is evident (L 91.) that 
the perpendiculars DO and FI bi» 
sect the bases AB and AC, and di* 
vide the triangles ADB and CFA 
into two equal triangles. But the 
angle DAB is equal to CAF, being 
angles of an equilaterd trian^e : 
add BAC to each, and the whole 
angle DAC is equal to B AF. But 
the ^containing sides DA and AC are respectitelf equal to 
BA and AF> and consequently (I. S.) the triangle ADC is 
equal to ABF. Now the triangle ADC is composed of the 
three triangles ACG, ADG, and DCG, and the triangle ABF 
is composed of ABI, AFI, and FBI ; but, siifce AB and AC 
are bisected in G and. I, the triangles ACG and ABI are 
(IL 2.) halves of the original triangle ABC, and conseqnontljr 
equivalent to each other. Wherefore the remaining tfiang^es 
ADG and DCG are together equivalent to AFI and FBI. 
But DG and CB being both perpendicular to AB are (1. 28.) 
parallel ; ^ aikd, for the same reason, BH is parallel to FL 
Whence (IL 1.) the triangle DCG is equivalent to DBG, and 
the triangle FBI equivalent to FHI ; and therefore ^e tri- 
angles ADG and DBG, w the whde triangle ADB, must be 
equivalent to AFI and FHi, or the whde triangle APH«— In 
like manner, it may be shown that die triangle B£C b eqiii« 
valent to the triangle CFH ; and consequently the equilatend 
tnaagles ADB and BEC are equivalent to AFH and CFH, 
which, make up the whole triangle AFC. 



This demonstration is the second of those given by the ce- 
lebrated Italian geometer Torricelli, the favourite disciple of 
Galileo, and inventor of the barometer. 
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id A. useful propoeitioD may beintrodaced here r 

The square described on a straight ttne^ is efWo^Unt to the 
squai^eg of the segmmis itito toHuA it is'dMded^ and Puuie the 
rectangles contained by each pair of these segmet^.^ ' 

The squlure of AB u eqi^Afenttd di^ sqiiareB of AC> of 
CD attd of DB» with'twice the r^ciangleB ofACj CD, of. ACt 
DB,andofCD, DB, - 

For make AE and £F equal to AC and CD; ctrawBMt^FL 
parallel to ABJ and OH, DI pari^el to AG. 

It is manifest that AO i$ the square 
of AC, QQ the square of CD, and QK 
the squall of DB« Nor Is it less obvi- 
ous that. the two rectangles CN and 
EP are contained bj AC, CD, that the 
two rectangles NL and PI are contain- 
ed by CD, DB» and that the two rect- 
angles DM an4 FH are contained by 
AC, DB. But those squares and those double rectangles 
eomplete the whole square of AB. Wherefore the truth of 
the Proposition is established. 

Cor. Hence if a straight Hne be divided into three portionst 
the squares of the double segmento AD, BC, together with 
twice the rectangle under the extreme segments AC, BD, m 
equivalent to the squares of the whde- line AB and of the In- 
termediate segment C^. For the squarvs FD, HM, tc^tfaer 
with Ab equal #eolaiigles OP, NB, evidently fill up the whola 
square AB, with the repetition of the internal square OQ; 
that is, the squares of AD and BC, with twice the ivctangit 
AC, DQ, areoquivalent to the squares of AB and CD. 

11. Since rectangles corarespond to numerical productSj the 
properties of the sections of fines are easily derived from sym^ 
bolical arithmetic or algebra t 

1. In Prop. 14. let AC be denoted 1>y a, and the segments 
of AB by bf c and (f ; then a[b+c-\'d)zzab+ac^ad. 

2. In Prop. 15. let the two lines be denoted by a and b • 
th^ {«+*)*=a»4.4»4.2ci. 



$12 HOnt AMD ILLUflVlATIOIfS. 

8. Id Prop. 16. let the two lines be denoted by a and h/ 
then (fl— ft)»=o»+6»— «flA. 

4. In IVop. I7i let the two lines be denoted by a and b / 
then (a+b) (a-*)aio».-*». 

5. In the Proposition eonteined in the last paragraph of the 
Abtes of this Book, let the segments of the eompouod line be 
denoted by a> b and c; then 

6. In Prop. 18. let the tiro lines be denoted by a and 6; 

then «'+i»=i{«+*)'+i(«-*/'=2(^y +K^)*' 

7. In Prop. 19. let the whole line be denominated by a, and 
its greater segment by x ; then «*=:a(a— a), and x*+asssa\ 

whence x==tey^-|==±=«(^M)- Hence, if unit 
represent the whole line, the greater segment is •6180SS98428, 
&c. and the smaller segment .3819660157^ &c. 

From Cor. 1. an extremely neat appMNtimation ia likewise 
obtained. Assuming the segments of the divided line as al 
first equal, and each denoted by 1, the following sneeessiTe 
oombers will result from a continued summation : 

1, 2» S, 5, 8, IS, 21, 34, 55, 89, 144, &c 
which ar^ thus composed, 

1 +2=3, 2+Sc5, 8+5=8, 5+8=13, 8+13=21, &c 

These numbers form, tl^erefore, the simplest ropurriBg series, 
a kind of approximation which, I fibd, waairst noticed in this 
actual case early in the sereateenth century^.by Girard, an 
ingenious Flemish mathematician. 

Hence, if the original line contained 144 eqiial parts, its 
greater segment would include 89, and its smaller segment 55 
of these partp, very nearly ; but 5Sx 144 sr 7920, b«ng only 
one less than 7921 , the square of 89* 

12. Proposition nineteenth, cor. 2, This problem ipay, how- 
ever, be constructed somewhat differently, without employing 
the collateral properties. 
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For bitcct AB in C (h 7.), draw (I. 5. cor.) the perpen- 
dicular BD equal to BC, join AD and 
continue it until DB be equal to DB 
or BC, and on AB produced take AF 
equal to AB: The line AF is the re- 
quired extension of AB. For make DG 
equal to DB or BC ; and becaase x 

(II. 17. cor. 2.) the rectangle EA, AG, together with the square 
of DG or DB, is equivalent to the square of DA, or to the 
squares of AB and DB ; the rectangle £A, AG, or FA, FB, 
is equi^lent to the square of AB. 

18. Proposition twenty*third. Thir proposition is of great 
use in practical geometry, since it enables us to divide a tri- 
angle; of which all the sides are given, into two right-angled 
triangles, by determining the position, and consequently the 
length, of the perpendicular. 

Thus, suppose the base of the triangle to' be IS, and the 

two sides 13 and 14 : Then 15* +*13* — H» = 225 + 

169 — 196= 198, which shows that the perpendicular falls 

198 ' 

within the triangle ; and — = SSf the segment adjacent to 

the short side, whence the perpendiculars v^((lS)* — (6.6)^)= 
^(169-^8.S6)=11.2. The area is therefore 15x5.6=84^ 
Again, if the base were 10, and the sides 21 and 17: Then 
21»_17»_10»=441— 289 — 100 = 52, which shows that 
the perpendicular falls somewhat beyond the base. Whence 

^ =2.6, the external segment; and i/ (17* — 2.6') = 
2Q 

i/ (289— 6.76) = ^ 282.24 = 168, which gives 84 for the 
area, the same as before, a very remarkable coincidence. 
• Lastly, let the base be 9, and the two sides 17 and 10: 
Then 17* — 9* — 10» = 289—81—100=108, indicating that 

108 
the perpendicular falls without the base. WhereforCy-jg = 

B, the external segment, and v^(10* —6*) = v'(100— 36) = 
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V 64 s 8, the perpendicular; wkich^et— ~ s .36^ for 

the area of the trianglo. 

The tame retolti are obtaiiied by applying the Twenty*F!nt 
Propotition. Thus, in the first eiample, the distance of tlie 

14*-^iS* 
perpendicular from the middle of the base is ^^r — »s S^ 

and therefore the segments of the base are 8.4, and 6S. Ju 

the second example, the distance of the perpendicular from 

17*^—10* 
the middle of the bftse is — * as 10^, and consequently 

the segments of the base4ure 15 and 6. In the last example, 

the distance of the perpendicular from the middle part of the 

21*— 17* 
base is — ^^r — = 76, and the segments of that base are hence 

12.6 and 2.6. The length of the'perpendicuhur and the area 
of the triangle are, in each case, therefore, easily deduced 
from these data* 

14. From the corollary to the last proposition is derired a 
very simple construction of the problem, To finda sqttatt egtd' 
vaknt to a given rectangle. 

Let ABCD be the givdi rectangle, 
of which the side AD is greater than 
AB» In AB or its production, take 
AE equal to the half of AD and place 
it from £ to F ; then AF behig joined, 
is the side of the equivalent square. 
For (II. 23. cor. £1.). since the sides 
AE and £F of the triangle A£F are 
equal, the square of AF is equivalent 
lo the rectangle under tvrice AE and AB, that is, firom the 
construction, the rectangle under AD and AB« 

The same construction inlght likewise be deduced from 
the demonstration of the celebrated property of the right- 
angled triangle. • For, in the figure of page 52, suppose BO 
were drawn to the hypotenuse AC, makin]; an angle ABO 
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tqua} to BAO or BAG; stnte the two acute ingles are to^. 
gethec equal to a right angle, the angle BC A is equal to the 
remaining portion CBO 6f the H|^t angle at B» and conse-' 
quently the' trian^. AOB and COB ar^ is6see|es» and the 
sides OA| OB and.OC aft equal. .Whereibre AB^ th^ side of 
a square equivalent to the rectangle AD MN. or that under 
AK and AN, is determined by laakmg AO e^uai to the half of 
AK or. AC and inserting It from X) to &~The liisikeiBtioa of 
the same figure ateo points out the mode of d&seotitrg the 
rectanglOf and thence compuundingthe square; for a perpen- 
dicular let l|dl from K on AB is evidently equal to GB or AB. 
Henoe> oa AP| ki the ovigiaal construction, let fall tiie peck, 
f endictilar DG, transpose the triangle FBA in the situation 
.DHI, and riMe the quadrilateral portion into the place of 
K AHI ; the rectangle ABCD is now transformed into the 
square K6DI«*^A j^ight miMitfitotioB will be required wben 
AB is less than the half of AD* 

In this consttttction of the probleni, the application of the 
circle whi<^ (III.S?. EL) is indispensably required, is only 
not brbught into view. — ^When the iide AD is doubU of AB, 
the point O coincides with F, and the rectangle is jresolfed 
into thtleetriangleS) which combine to form a square. 



15, To this Book some neat propositions thay be fiUbjouied 

PROP. I. THEOR. 

Iff from the hypatenuie of a right-angled trianglet portions be 
cut ^ equal to the adjacent sides / the square of the middle seg' 
men^ thusjormedf is equivaient to tmce the rectangle contained 
iy the extreme segmenU* 

Let ABC be a triangle which is right«angled at B; from 
tfaie hypotenuse AC, cut off A£ equal to AB^ and CD equal 
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«o CB : Twiet tlw vectangM uodar AD iftbd G£ it equiwaleiic 
to the Mqmtt of D£. 

For the stffaigfat line AC beiiig divided b 

into three porCioos» the tqitatefof AE and 

€D, together with twtoe the reolengle AD, 

C£ are equhraknt to the sqearet of AC a. D K C 
and DE (ert» la) Bat the squares of 
AB and BC, or those of AE and CD, are equivdent to the 
square of AC (II. 1(K). There eonsequentlj remains twice 
the rectangle AD, C£ eqtUTaient to the square of DE. 

By an inverw process of reaseaing it will appear, that if 
4jwice the rectangle AD, C£ be equal to the square of JDS, 
ihe atraight: line AC, so oomposed, is the hypotenuse of a 
rigbt«angled triaogle, of which AB aio^ BC ara the sides. 

This propositba, which I beliere first appeared in these 
Elements, will furnish another convenient method of discovering 
the numbers which represent the.sides of a right-angled tri- 
angle: For since DE*=8 AD.CE, it* is evident that iDE's 
AD.CE ; and consequently expressing D£ by an even whole 
number, and resolving half of its square into the factors AD 
and C£« AD«fD£ and C£+DE wUl represent the two sides, 
and AD-|-C£«{-DE the hypotenuse. Thus, if 2 be taken, the 
factors of half its square are 1 and 2, which produce the num- 
bers Sf 4, and 5. Again, if 4 be assumed, the factors are 2 
and 4, or 1 and 8 ; whence result these numbers, 6, 8, and 
lOy or 5, 1^, and 13. In this way a very great variety of 
numbers can be found, to express the sides of a right-angled 
triangle. 



PROP.IL THEOR. 

The squares of lines drtnonjram any paint io the apposite car* 
ners of a rectangle are t<)g€ther equivalent. 

If from a point £, either within or without the rectangle 
ABCD, ' straight lines be drawn to the four corDer?, the 
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squares lof AE, EG are together equttalent^to the 'squares <tf - 
BE,EI>. 

For join £ mrith.Fr themterseclioB^ of the. 4i|lgona]s AG^i 
BD. Btecmifte it folloirs rAHdiljr fi^om Prop< S^j.^Sook I. thatr; 
these diagotials areequftl^ «»d biaeot < 
each other, the iiaes AF, .BF, CF^ 
and DF are. all equal. Wb^efore 
the squares of A£» EC are.^qaiya-' 
lent to twice the square of AF, and 
twice the square of EF (11. 22.) ; 
and the squares of BE, ED are like- 
wise equivalent to twice the square 
of BF and twice the same square 
of £F ; consequently, the squares of 
AFand BF being equal, the squares 
ofAE, £€, are together eqiiivalent 
to the squares of BE, £P. 




' PROP.lIf. THBOR. 

If straight lines be draxionjrom the angular jxAiis rf a trUm^ 
gle to bisect' th^ opposite sides^ thtictthe squares t^ these sides are 
together equivalent to fmr times the sfuare^ of the Usedirig 
lines. 

Let the sides of the triangle: ABC be bisected in D, £, blvA 
F, and straight lines drawn froiii these points to the opposila 
vertices; thrice the squares o0 the sides AB,'.BC, and Afi 
are together equivalent to fbiir times the squiiFes of. BD| C£ 
and AF. " ' •«' ^ ' ♦ ,. ,\ ' 

For,, by Proposition II. ^£1. the squares of AB, BC are equi<* 
vdent to brloe tlie square: of BD and ' - • 
twice the squareof AD, that is, half the 
square of AC ; the sqiuures of BC, AG 
are equixralent to twice the squares of 
€£ and half the square of AB ; and the 
squires of AC, AB are equivalent to 
twice the square of AF and half the 
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•qotre of BC. Whence ^ke equaree ef the tidee of the KK^^ 
angle repeated twioe, are equivalent to twice the sqimres eB 
BDt CB| and AF, with half the squaret of the tides ef the uri- 
angle. Comeqtientiy four timet the tqnaiet oP AB, BC, add 
AC are equivalent to foar timet the tquaret of BI>| CE, aad 
AP» with once the tqnaret of AB, BC, and AC ; whereinpe 
thrice the tquaret of the tidet AB« BC, and AC are together 
equivalent to four timet the tquaret of the Wtectinglmet BD, 
CB,a«dAF. 



PROP. IV. THEOB. 

eqmalmU to ike $quaret ofiU di^gormls, together mthjbiar times 
the square of the straight Imejainii^ their middk points* 

Let ABCD be a quadrilateral figure, in which the ttraight 
linet AC» BD» drawn to the oppotite cornert, are bisected at 
the pointt £, F ; the tquaret of AB^ BC, CD, and DA, are 
together equivalenr to the tquaret of AC, BD, together with 
four timet the square of £F. 

For join EF, and because AC is bisected in F, the squares 
of AB and BC aie equivalent to twice the square "of AF and 
twice the square of BF (II, 22.) ; 
and, for the same reason, the squares 
tf CD and DA. are equivalent to 
twice the. square .rf AF and. twice 
the square ef.Df*. CoateqUenHy 
tlie tquaret of all the sidea AiB, BC| 
CD, and DA, are equivalent to four 
timet the aquare of AF, . oif . jthe 
tquare of AC— with twice die tquaret of BF and ^ DR But 
twice the square of BF and DF it equivalent (IL/SS.) to 
four timet the tquare gf BE, or tbe^tquare of BD, with four 
timet the square of £F; whence Ihe.squares of atl 4ii^ sidss 
of the quadrilateral figure are logether .eqdvaleiit to the 
squares* of its diagonals AC, BD|^ with four times Ihet^uiire 
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of the ftraight line £F which joins their pointi of equal 8ei;« 
tiim. 

'1 
This general theorem seems to have been first given by the 
illustrious Leonard Euler in the Petersburg Memoirs. It 
evidently comprehends the twenty-fourth Propositjon of 
this Book; for when^ the quadrilaiteral figure becoines a 
rhomboid, the diagonals bisect each other, and the middle - 
points Band F coincide; whence the squares of all the sides 
are equivalent simply to the squares of those diagonals, — If 
this rhomboid again becomes a rectangle, it wilt have equal 
diagonals, and consequently, as in the lOth Propositioned the 
Second Book, the squares of die sides of a right-angled trjv 
angle are equivalent to the square of the hypotenuse. 
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I . Proposition fifteeixth. Hence angles are sometiities mea* 
sured by a circular instrument, from a point in the circum- 
ference, as well as from the centre. 

2b Proposition eighteenth. On this proposit^n depends the 
construction of amphitheatres; for the visuali fnagqitude qf an 
object is measured by the angle whioh i| suht^s at the eye» 
and consequently the whole extent of the stage, the internee- 
diate objedks being purposely darkened or obscured, will be 
seen witl^ equal advantage by efvery spectaior seated in the 
same arc of a circle. 

8. Proposition twenty-second. To «rA^ a perpendicular, any 
point I) is token, as in Prop. ^, Boo}: !•> 
and from it a circle is described passing 
through C and B ; the dianieter CDF, by 
its intersection at the pbint B, determines 
the position of the perpendicular BF. To ' 
lei/all a perpendicular, draw to AB any 
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ttratglit line FC| which biieet in D, and from this point as m 
centre describe a circle through the points C» B and F ; FB 
b the perpendicular required. 



i. To this Book may be subjoined some useful propositions. 

PEOP. 1. THEOR- 

The inclination of two straight lines is equal to the angle ter* 
tmnaied at the circumference by the sum or difference of the arcs 
^Mch they intercept, according as their vertex is toilhin or vaith- 
(mt the circle* 

If the two straight lines AB and CD intersect each other 
in the point £ within a circle ; the angle AED which they 
form, is equal to an angle at the circumference and standing 
on the sum of the intercepted arcs AD and BC. 

For draw the chord BF parallel to CD. Because ED and 
BF are parallel, the angle AED (1. 22.) 
is equal to the interior angle ABF, 
which stands on the arc AF, but sinoe 
the chords BF and CD are parallel, the 
arc BC is equal to DF (III. 18.) and 
consequently the arc AF,- which. termi- 
nates at the <;if dunference an angle 
equal to AED^ ib the sum^ of the two 
intercepted aroK AD and BC. 

Again, if the Btiufght lines AB and CD meet at E, without 
the circle, their indiniition AED is e- 
qual to an angle at the circumference, 
having for its base the excess of the 
arc AD above BC* 

For BF being drawb parallel to CD, 
the arc BC is equal to FD, and conse- 
quently the arc AF is. the excess of 
AD $bove BC; but the angle ABF 
which stands an AF,'is equal to the . 
interior angle AED. 
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Cor* Hence if two. chords intersect each other at right 
angles within a circle, the opposite intercepted arcs are e^ual 
to the semicircumference. 

On this proposition depends the method of correcting the 
errors of the centre in astronomical instruments, by taking 
the mean of the opposite readings. Another advantage is dor 
rived from it in practice; for an angle may be hence mea« 
sured by help of a circular protractor without the trouble of 
applying the centre to its vertex or the point of concourse of * 
the side^. The same principle is likewise applicable to the 
construction of some optical instruments, adapted to measure 
l«jteral angl^ by the interseption of micrometer wires. 



PROP. 11. THEOR. 

If a cirde he described on the radius of another circle^ any 
straight line draton from the point tohere they meet to the outer 
circumference^ is bisected by the interior one. 

Let AEC be a circle described on the radius AC of the 
circle ADB, and AD a straight line 
drawn from A to terminate in the ex- 
terior circumference ; the part A£ in 
the smaller circle is equal to the part 
ED intercepted between the two cir- 
cumferences. 

For join CE. And because AEC is 
a semicircle, the angle contained in it 
is a right angle (III. 19.) ; consequently the straight line CE, 
drawn from the centre C, is perpendicular to the chord AD, 
and therefore (III. 4.) bisects it. 

It is obvious, that an instrument could be constructed on 
this principle, to bisect any inflected line AD. 
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PROP. III. THEOR. 

I/l on gaek tide of aaj^ pouU intie dnMOffereace of a ardei 
ogual ar€$ be repeaiedf ike ckorda wkkkjaiM the opposite pmnU 
^»ectio^ wU he iogeiker equal io Ae kui chord extended tili ii 
meetta straight iine drttem through the mkUtte poimt and either 
etdremity qfthejket chord. 

Let DAG be the circumference of a circle, in which the 
arcs A9» BC, CD on the one tide of a point A» and the cor* 
responding arcs AE, EF, FG on the other tidei are all assum- 
ed equal ; the chords BE, CF, and DG, 'are together equal 
to the line GH, formed by extending GD till it meets the^ro- 
duction of AB. 

For join FD and CE, and, produce this to meet GH in the 
point I. 

Because the arcs BC a. 

and CD are equal to ^^^^S^Z^E 

£F and FG, the chords 
BE, CF, and DG are 
parallel; but, for the 
same reason, since the 
arcs BC and CD are e- 

qual to A£ and EF, the chords B A, C£ and DP are likewise 
parallel. Hence the figures HBEI and ICFDare rhomboids, 
and therefore the extended chord GH, being composed of the 
segments HI, ID, and DG, is equal to the sum of their op- 
posite chords BE, CF and D6.--»It is obvious that the sam^ 
train of reasoning may be pursued to iiny number of equal 
ares.> If the circumference be divided into an 'even nuarf^r 
of parts, the points D and G will evidently coincidfit tLnH the 
limiting line HG pa3S into a tajogent 

This simple, but very curious proposition, is noticed, where it 
would certainly not be expected — in Scaliger de Subiiliiate. 
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tfjrom an^ point in the diameter of a circle or its extension, 
straight lines be drauon to the ends of a parallel chord ; the 
squares of these lines are together equivalent to the squares of the 
segments into 'which the diameter is divided* 

Let BEFD be a circle^ and from the point A in its extend, 
ied diameter the straight lines A£ and AF be drawn to the 
ends of the parallel chord £F ; the squares of A£ and AF 
are together equivalent to the squares of AB and AD. 

For, from the centre C, let fall the perpendicular CG upon 
EP (I. 6.), and join AG and CE. -" 

Because CG cute the chord EF 
at right angles, G£ is equal to (jrF 
(III, 4.); wherefore the squares of 
A£ and AF are equivalent to twice 
the squares of AG and G£ (II. 22.) 
But ACG being a right-angled tri- 
angle^ the square, of AG is equiva- 
lent to the squares of AC and CG 
II. 10.), or twice the square of AG 
is equivalent to twice the squares of 
AC and CG. Wherefore the squares 
of A£ and AF are equivalent to 
twice the three squares of AC, CG, 
and G£. Of these, the two squares 
of CG and G£ are equivalent to the square of CE or CB, for 
the triangle CGE is right-angled. Consequently the squares 
of AE and AF are equivalent to twice the squares of AC and 
CB. But the straight line BD being'cut equally at C and un- 
equally at A, the squares of the unequal segmente AB and 
AD are together equivalent to twice the squares of AC and 
CB (11. 18. cor.) ; whence the squares of AE and AF are to- 
gether equivalent to the squares of AB and AD. 

Cor. If the point coincide with the extremity of the diame- 
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ter^ it it efident that the iquar^ of the chords AB afid AF 
mutt be equiTalent to the tquaro of the diameter or four timea 
the square of the radiuf« 



PROP. V. THEOR. 

i%e redangk under the segtiMnU of a chard i$ greater or leu 
than the rectangle under the s^^ents into tohich a perpendtcular 
Jrom the point of section divides a diameter, by the square of thai 
perpendiculpr — according a^ it lies toithout er xoithin the circle^ 

Let the perpendicular CP be let fall from a point C m the 
^ chord ACB upon a diameter DE; the rectangle BC, CA, if 
greater or less than the rectangle EF, FD, by the square of 
the perpendicular CF» according as this lies without or with- 
in the circle. 

First, let the perpendicular CF lie without the circle/ an^ 
join CB and DG. 

The square of the hyj^oteniise 
C£ is equivalent to the squares 
of F£ and CF (11. 10.). But 
the square of CE is composed df 
the rectangles CB» EG» and CE, 
CG(IL 14f.); and the square of 
FE is composed of the rectangles 
FE, ED, and FE, FD: Where- 
fore the rectangles CE, EG. and 
CE, CG are equivalent to the rectangles FE, ED and P&» 
FD, together with the square of CF. And since EGD, stand- 
ing in a semicircle, is a right angle (III. 19.)> its adjacent 
angle CGD ii alsb right, and the angle opposite to this at F 
is right; consequently (III. 17. cor. 1.) a circle might be de- 
scribed through the four points C, G, D, F. Whence (III. 2d.) 
the rectangle CE, EG is equivalent to FE, ED : and taking 
these from the terms of the former equality, there remains the 
rectangle CE, CG, that is, (III. 26.) AC, CB, equivalent td 
the rectangle FE, FD, together with the square of CF. 
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Neztylet tbe perpendicular CF lie wilhin the circle. 

The same construction being madOf 
the rectangle C£, EG is still equiva- 
lent to the rectangle FE, ED. But 
the rectangle OB, EG is (IL 14.) e- 
quivaleni^ to the rectangle CE, CQ, 
and the square of CE, or the squares 
of FE and CF ; and the rectangle F£, 
ED is equivalent to the rectangle FE, 
FD and the square of FEI. From 
these et^uBl quantities, therefore, take away the ^ommqn 
square pf FE, and there remains the rectangle CE, CG, o^. 
AC, CB, with square ^e of CF, equivalent to the rectai^l^ 
FE, FD. 

Lastly, if the perpendicular CF lie partly without apd partr. 
ly within the pircle, the Proposition must be slightly nfio^- 
fied. 

The former pon3truction being retained : Because the, 
square of CE 19 equivalent ^0 tt^e squares of pF f^^ 
FE, the rectangles CE, ^G and CE, 
CG are together equivalent to the . 
square of CF and the difference be- 
tireen the rectangle FE, ED and FJ^, 
FD ; but the rectangle CE, EG is e- 
quivalent to the rectangle FE, ED, 
lind consequently the rectangle CE, 
CG, or the rectangle AC, CB, is 
equivalent to the differenpe between 
the square of CF and the recfai^gle 
3FE, FD. 

In the first case, if the square of FH be equivalent to the 
rtectangle FD, FE, the square of CH will be likewise e^uiva- 
lent to the rectangle CG, CE ; for the rectangle AC, CB, be, ' 
ing equivalent to the rectangle FD, FE, or the square^f FH, ' 
together with the square of CF, must (IL 10, ^1.) b^ 9q^iv^. 
Jent to the square of CH. 
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PROP. VI. THBdR. " 

A iirdghi Une dramj^m the teHex tfa trkti^ ikrtmghikg 
nOenectim qftmo perpendkMlarsJiram the estremitiei cfthe baee 
to the oppoiUe ridesp u liiemie pefpendktdar to the hose. 

In the triangle ABC, the itrtight line BFG drawn from the 
Tertez B throagh F, the intenec- 
lion of the perpendiculars AE and 
CD from A and C upon the oppo- 
site sides CB and AB is perpendi- 
cular to the base AC. 

For job PE. Because BDF and 
BEF are right angles, the quadrila- 
teral figure DBEF (III. 17. cor. 10 
is contained in a circle ; and for the 
same reason, the quadrilateral ADEC is contained in a circle. 
MHierefore the exterior angle BDB (III. 17. cor. 2. ) is equal to 
ACE; but (III. 16.) BDE is equal to the angle BFE in the same 
segment, which is therefore equal to ACE or GCE, and con- 
sequently the quadrilateral CEF6 is also contained in a cir- , . 
de. Whence (III. 17.) the opposite angles CEF and CGF 
are equal to two right angles, and CEF being a right angle * 
bj hypothesis, CGF must likewise be right ; or the straight 
line BFG is perpendicular to the base AC. 



PROP. VII. PROB. 

Through a given poi$a, hetween too dioefging etraight Unetf to 
dram a strai^ Une that shall have egual s^metOs terminated bff 
them. 

Let AB and AC be two diverging strsiight lines given in 
a position, and F an intermediate point, through which it is re- 
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quired to dmr 6FH» bucIi that the intercepted .segments F6 
.and PH shall be equal. 

This may be easily effected, by drawing from F a parallel to 
AC| and doubling the portion of AG so cut off, from A to G, 
to mark the position of (jFH. But the problem may be con- 
structed in another way, which, though more complex, is 
important in its application to the Theory of Lines of the Se» 
cond Order. 

Draw AD bisecting the angle BAG, and upon it let fall the 
perpendipular F£, which pro- 
duce both ways to B and C ; 
from B erect BD perpendicu- 
lar to AB, join DP; and EFH, 
beingdrawn {perpendicular to 
it, is the line required.. 

For join DG, pG and DH. 
The right-angled triangles 
ABD and ACD are (1. 20.) 
(equal, and consequently BDC 
is isosceles. But GBD and 
GFD being right angles, and therefore equal, the quadrilateral 
figure GB, FD (HJ. 16.) is contained in a circle, and hence 
the angle DGP is equal to DBF ; for the same reason, since 
DCH and DFH are right angles, the quadrilateral figure 
DCHP is likewise contained in a circle, and hence the angle 
DHF is equal to DCF. Consequently the angle DGP is equal 
to DHF, and the right-angled triangles DFG and DFH are 
equal, and the base FG equal to PH. 

If the, point F were taken in the extension of the line £B, 
the perpendicular to DP may then be shown to have equal 
segments intercejpted by the sides of the exterior angle form- 
ed by AG and the productions of CA beyond the vertical point 
A. . 

If a circle were described firom the centre D through the 
pointe B and C, and cutting 6H in I and K, it was already 
observed by Pappus, that GI is equal to HK^ and FG to FH. 
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BOOK IV. 



1. TflK equilateral trianglei the tqaare, the pentagon, the 
hexagon, and other polygons derived from these, were the 
oiij regular figuroi known to the Greeks. The inscription 
of all the rest has for ages been supposed absolutely to trans- 
cend the powers of elementary geometry. But a curious 
and most unexpected discovery was lately made by Mr Gauss, 
now Professor of Astronomy in the University of Gottiogen, 
who has demonstrated, in a work entitled DisquuUiones Arith^ 
meticat published at Brunswick in 1801, that certain very 
complex polygons can yet be described merely by help of 
circles. Thus, a regular polygon containing 17, 257, 65537, 
&c. sides, is capable of being inscribed, by the application of 
elementary geometry ; and in general, when the number of 
sides may be denoted by 2^4- 1, and is at the same time a 
prime number. The investigation of this principle is rather 
intricate, being founded on the arithmetic of sines and the 
theory of equations ; and the constructions to which it would 
lead are^ hence,Jin every case, unavoidably and most excessive- 
ly complicated. Thus, the cosine of the several arcs arising 
from the division of the circumference of a circle into seven- 
teen equal parts, are all contained in this very involved ex- 
pression : 

-i\r+T^^n.hxV^{S4-2i/17K 
|V(17+3V17—/(34-.2v/17)— 2^(34.-^2^/17)) 

As the radicals may be taken either additive or subtractive, 
their various combinations, rightly disposed, will produce eight 
distinct results. 
Let sr denote the circumferenee ; then 

cos^zi co^zr .9324722294, co8^z::eos~ = 
.7390089172, i?(w y = co/^=.4457383558, co*~=cm ^ 
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= .0922683595, cm ^=: cos^ =—.27366229901, 

a>« -j=- = ^'^''iT- = — •6026346364?, cos—::^ ^^Tf ^ 

— .8502171357,' and co*^= cm ^= — .9829730997. 

On this very curious subject the inquisitive student is re- 
ferred to the article ** Equations,'' just published in the Sup- 
plement to the EncjTclopaedia Britannica, by my illustrious 
friend Mr Ivory, of which we have reason to be proud, as the 
most able, original and profound dissertation that has yet 
appeared. 

2. Pythagoras was the first who remarked the simple pro- 
. perty, that only three regular figures,— the square, the equi« 
lateral triangle, and the hexagon,— can be constituted about 
a point. Here the mystic philosopher might again admire 
the union of the monad with the triad. — ^It may not be supers 
fluous perhaps to observe, that on this property is founded 
the adaptation of patchwork, and the construction of tessellat-' 
ed pavement. 



'S. Several interesting propositions may be annexed to this 
Book. 

PROP. I. THEOR. 

The diameter of a circk inserted in a right-angled triangle is 
equal to the excess of the base and perpendicular above the hypotC' 
nuse. 

Twice the radius OD of the inscribed circle is equal to the ex- 
cess of the sides AB and BC above 
the hypotenuse AC. For quadru- 
ple the {u-eaof the triangle is equi- 
valent to 20D (AD+ BC +AC) 
and to 2AB.BC ; but 2AB.BC= 
(AB + BC)» — AB* — BC« = 
{AB.J.BC)» — AO= (II. 17. El.) 
(AB+BCH.AC)(AB+BC-AC;) 
and consequently 20D=AB+BC — AC. 
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PROP. 11. THBOR. 

de^uejukaknt to Uurecian^e contained hy ike radktetmd Ae 
bOweeH the diamder and the mde of ike vucribed 




sguare. 

Let ABCD be a Bqoare inscribed in a circle^ and 
AEBFCGDH ao octagont which is formed evidently by the 
bisection of the quadranU AB» EC, CD, and DA : The square 
of A£ is equivalent to the rectangle under AQ and the dif^ 
ftrence between AB and AC. 

For draw the diameter EG. It 
is manifest, that the triangles 
AIO and BIO are right-angled 
and isosceles; and because AO 
is equal to £0, and AI perpendi* 
cular to it, — ^the square of AE| 
(II. 23. cor. £1.) 13 equivalent to 
twice the rectangle unddr £0^ 
and £1, or the rectangle under 
AO and twice £L But £1 is 
the difference of £0 and 10, and 
twice £1 is, therefore, equal to the difference of twice £0 or 
AC and twice lO or AB. Whence the square of AE, the 
side of the octagon, is equivalent to the rectangle under the 
radius and the difference of the diameter and AB the side of 
the inscribed square. 

PROP. III. THEOR. 

To inscribe and circumscribe a circle in and about a given re^ 
guiar pentagon. 

Let APCDE be a regular pentagon, in which it is required 
to inscribe a circle. 

Draw AO and £0 to bisect the angles at A and E, let fall 
the perpendicular OF, and from O as the centre, with the dis- 
tance OF, describe a circle FGHIK: This circle' will touch 
the pentagon internally. ^ 
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F«r» fit)te the point O, let fall the perpepdiculars oa the 
opposite sides of the figure. The angles EAO snd A£0, be4 
ing the halves of the angles of t^ pentfi0OQt ^re H^jfJtak and 
consequently the triangle AOE is isosceles^ and the perpeadi^^ 
cular OF bisecU the base. 
And the triangles AOG and 
BOG, haying the angles DAG 
snd OGA equal to^OBG and 
OGB and the common side 
OG are (1. 20.) equal. Again, 
the triangles BOG and BOH 
have now the angles OBG and 
OGB equal to O^H and OHB, 
with the side BO common to 
both, and are therefore equal. 
In like manner all the triangles 

about the centre O are proved to be equal ; consequently the 
perpendiculars OF, OG, OH, 01, and OK are .equal, and the 
circle touches the pentagon in the points F, G, H, I, and H. 
Next, let it be required to describe a circle about the pen- 
tagon. 
. From the same centre O, with the distance O A* describe a 
circle : It will pass through the points B, C, D, £ ; for the 
triangles about O being all equal, the straight lines OA, OB, 
OC, OD, and 0£ must be likewise equal. 




PROP. IV. THEOR. 

In and about a regular hexagon, to inscribe and circumscribe . 
a cirde. 

Let ASCI^^F be a regular hexagon, in which it is requi* 
red to inscribe a circle* 

Draw AO and FO, bisecting the angles BAF and AFE 
(I. 5.) ; and from the point of intersection O, with its distance 
from the side AF, describe a circle : This circle will touch 
the hexagon internally. 



SI2 
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For let fall perpeodiculara from O upon the tides of the 
figure. It niey be demonstratedi ae in the bet propoeitioiiy 
that the trianglea AOB, BOC» 
COD, DOEt and EOF are 
all equal to AOF; and, in 
like manner, it will appear 
that the intermediate biiect- 
ed triangles are equal. Hence 
the perpendiculars OG, OH, 
OI, OK, OL» and OM, are 
all equal, and a circle must 
touch these at the points, G, 
H, I, K, L, and M. 

Again, let it be required to describe a circle about the hex- 
agon. 

From the same point O, as a centre, with the distance O A, 
describe a circle, which must pass though the points B, C, D, 
£, and F; for the straight lines OA, OB, OC, OD» OE, and 
OF were proved to be equal 

Car. Hence, in any regular polygon, the centre of the in- 
scribing and circumscribing circle is the same, and may be 
determined in general, by drawing lines to bisep( the fidjacent 
angles of the figure. 



rV ^ ^-"^TJ 


/I ^^>i^ 


7\ 




vJ 


*i:ii-^' 



BOOK V. 



DBFINITIOirS. 

1. The words k§yh in Greek and ratio in Latin, signifying 
reason or manner of ihoughtf indicate vaguely a philosophical 
conception. The compound term imx^yta comes nearer to 
this idea; but its correlative, proportion marks very distinc^y 
a radical similarity of composition* 

The doctrine of proportion has been a source of much con- 
troversy. In their mode of treating that important subject, 
^authors differ widely ; some rejecting the procedure of Euclid 
as circuitous and embarrassed, while others appear disposed 
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to extol it as one of the happiest and most' elaborate menu* 
ments of human ingenuity. But, to yieir the matter in its 
true light, we should endeavour previously to dispel that mist 
which has so long obscured our vision. The fifth Book of 
EttcHdy in its original form, is not found to answer the pur- 
pose of actual instruction ; and this remarkable and indisputed 
fact might alone excite a suspicion of its intrinsic excellence. 
The great object which the framer of the Elements had propo- 
sed to himself, by adopting such an artificial definition of pro- 
portion, was to obviate the difficulties arising from the consi* 
deration of incommensurable quatitities. Under the shelter of 
ajcertain.indefinitude of principle* he has contrived rafther to 
evade those difficulties than fairly to meet them* Euclid seems' 
not indeed to grasp the subject with a steady and comprehen-r 
sive hold. In his Seventh Book, which treats of the properties 
of number, he abandons his former definition of proportion, 
for another that is more natural, though imperfectly developed. 
Thsough the whole contexture of the Elements, we may dis- 
cern the influence of that mysticism which prevailed, in the 
Platonic school. The language sometimes used in the Fiflh 
Book would imply, that ratios are not mere conceptions of the 
mind, but have a real and substantial essence. 

The obscurity that confessedly pervades the fijlh book of 
Euclid being thus occasioned solely by the attempt to extend 
the definition of proportion to the case of incommensurables, 
the theory of which is contained in his tenth book— the perti- 
nacity of modern editors of the Elements in retaining such an 
intricate definition, appears the more singular, since, omitting 
all the books relating to the properties of numbers, they have 
not giyen the slightest intimation respecting even the existence 
of incommensjurable quantities. \ 

The notion of proportionality involves in it necessarily th 
idea of ittitu^^. The doctrine of proportion hence constitutes 
a branch of universal arithmetic ; and had I not, on this oq^r 
sion, yielded td the prev^ence of custom, I should, after (be 
example of M» Legendre, h^vj^ rejected it from the Elements 
of Geometry, and deferred t^e ^pnsideration of the subject till 
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I eametdtreatof Algtbra^wlitmiiMMiiieliiMiifldMdgiveo; 
but in s tery contracted and inwifficitnt fivm. The pmpevtMn 
IbemseWes are extremely eimple, aad May be regaided aa amiy 
ibe expoiitioii of the Mune principle under d tfe t mt i 
The Tarioaa trantformatioDi of whidi analogiee are i 
ireeemble eiuwtly the cbangee vioally eftoted in the redoGtioii 
ofeqaatiom. 

• According to Buclid, ** the first of few magmtodea ia aaid 
to have the tame ratio to the second which the third iiaa to the 
fourth, when any equipultiplei whatsoever of the fiftl and tkiid 
being taken, and any equimoltiples whatsoever of the second 
sn^ iburfeh ; if the multiple ef the first be less than that of the 
secondi the multiple of the third is also-less than that of the 
fourth ; or, if the multiple of the first be equal to that of the 
aecondy the multiple of the thir^ is also equal to that of the 
fourth ; or, if the multiple of the first be greater than that of 
the second, the multiple of the third is idso greater than that 
of the fourth." This definition, however perplexed and ver- 
bose, is yet easily derived from that which appears to fiimish 
the simplest and most natural criterion of proportionality: 
For, let A : B : : C : D ; it was stated as a fundamental prin- 
ciple, that, if the mth part of A be contained n times in B, the 
mth part of C will likewise be contained n times in D. Whence 
nAsEinB, and ftG=mD ; which is the basis of Euelid^s defiai- 
tion* But when the terms are incommensurable, such eqoaii* 
ty cannot absolutely subsist. In this case, no single trial would 
be sufficient for ascertaining proportionality. It is required 
that, every multiple whatever, mA, being greater or less than 
jiB,— the corresponding multiple, mC, shall likewise be con« 
atantly greater or less than nD. Actually to apply the definition 
18 therefore impossible ; nor does it even assist us at all in di- 
recting our search. In the natural mode of procee&g, by u* 
auming successively a smaller divisor, we are, ot each tiaie, 
brought nearer to the incommensurable limit. . But Eodid's 
fiunous definition leaves us to grope at randojp for its object, 
and to seek our escape, by having recourse to some aukilisry 
traid of reasoning or induction. 



' T|ie.aiilk«r of tibe Ekiiieiifti^ has UkeiriBe gfaren whftt Dr 
Barimr /Billi a M€to^5faJMl:4cfiiutfan of rtdoe «* Badd is a 
ani^ittd tehticun of iwa 4iii(|»tkKfeif of the «ame kind to one nan 
«itWr^.:Ui jM8|k«dl of fuaniiiy." Vm seBteoce, as il lUMr 
sSnBids».«ppaA8r£tthBe laiitiih|gtcal> or altogether. deroid of 
ikwrniiig? and Dr Simsotiy anzaous lor the credit of findiidf 
eoasiders it, iaiii3 usual mamier^ as the iat'erpolatioB of some 
ODsietUil editor. I am iircMbed ta tUnky hoiveirery that the 
passage will admit of a version which is not only ihteliigible^ 
fant oMT^s a most correol idea of the nature of ratio. The 
original rtms thus : A^yn trvi )«• ft^YMfifiw^mf n mI« JitXiMlfl« 
7P^9i «AA«A« irtM r;gm$. Now the term ^hAmm^, on which the 
whole evidence hinges, though commonly rendered quaniuSf 
may be translated quatus, as expressing either magnitnde or 
'muUitude. In its primitive sense, it probably denoted numbery 
and came afterwards to signify guantit^^ as this word itself has, 
in the French language, undergqx^ the reverse process. Iq 
confirmation of this opinion, it ipay be stated, that the relative 
term ixuu» properly denotes aget and thence Uature or size* 
According to this interpretation, therefore, *^ Ratio is a cer- 
tain mutual habitude of two homogeneous magnitudes wkh re- 
spect to quotUff^ or numerical composition." 

It i^ very uafcirtimate thai, frmn the poverty of langm^Oi 
and the slow progr^s of science^ the terpis used in com« 
mon life, though unavoidably deficient in precision, were 
adopted into Geometry. But the vagueness of expression is 
nowhere mq^a apparent t)uin in what cpncefns Proportions—^ 
Thus, the words denoting time lure, in most dialects^ blended 
with those which signify number. Tp express how often a part 
is contained in a whole, we intimate how many tjoayi it is to be 
placed, bpw ma^yjoldings are required, or how many times the 
operaUon of admeasurement must be repeated. In the Greei^ 
and Latin languages, the adverbe compounded from jdicUf a 
Jbld^ are vi^ e^ctensive. In EngUsh, the corresponding terms 
are limited, and mark too obviously their composition : for 
duplex t triplettf qi/Mdruflexi we have dotii&fe, triple orfuadruple^ 
ttoqfoU, thre^M ox fowfiM. Bpt our application of the 
word tua^ is still more confined : we have only /wic^ and ihir\Qe\ 
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or'ftMMyfandiArMMyf. Wbra we seek logo futhov we 
sre absolutely obliged to borrow the wwdimeg thnSy we sey 
that one nunber is foar or five Imm greater than another ; or 
that it would requiTe the addition of thepartsoofteO) to form 
the whole. The Oerm«n language involfes the same idea 
without bringing it so prominently f9rward ; the terminatioii 
midf the same originally with our word meal, referring to the 
regular succession of Uie hours of refrashment. The French 
is in this instance more happy, the tenn,>^» derhred from 
voye^ in the Latin and Italian eia, a w^f harinig; been abridg- 
ed from imUevoj^ or oAoayf, and converted into a general ad« 
▼erb. 

2. Proposition fourteenth. This proposition is earily de- 
rived from geometry ; for, since of 
proportional lines the rectangle un- 
der the extremes is equal to that of 
the meahs, the segments AG and 
AH of the diameter in the figure 
are (III. 7. El.) the greatest and 
least terms of an analogy, of which 
AB and AD are the intermediate 
terms, and consequently (IIL 6. El.) the diameter 6H, or the 
sum of AG and AH, is greater than the chord BD, or the sum 
of AB and AD. 

Sk Proposition twenty-seventh: The numerical expression 
of the ratio A : B, may be deduced indirectly, from the series 
of quotients obtained in the operation for discovering their 
common measure. 

Let A contain B, m times, with a remainder C ; B contain 
' C, n times, with a remainder D ; and, lastly, suppose C to con- 
tain D, p times, with a remainder £, and which u contained in 
D, q times exactly. Then D^tj^E, Cr^pD-f-E, B=rC-|-D, 
and A=fnB-|-C ; whence the terms D, C, B, and A, are suc- 
cessively computed, as multiples of E ; A and B will, there- 
fore, be found to contain B their common measure K and L 
times, or the numerical expression for the ratio of those quan- 
tities is K : L. 
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It is mora domrementt howeyer, to derive the numerical ra- 
tio, from the quotients jQfsubdidsion in their natural order; 
and this mediod has besides the peculiar advantage of exhi* 
bitingasuocesnoii^ofelegaiiitapproxhnations. • 

The ^uantitite A, B, C^ D, Stc. wrb determined as before 
by these conditions: As±iMfB-fC, BsnC-f D, CzspD+^, 
'DstqE+¥f Scb. But other expressions will arise from siibsti- 
tatton: For, . 

U As3mB+Cs=«it(itC+D)-|.C=(mn+l)C+^D| or, put- 
ting m.ii«(-l=m^ Asrm'C-f ^I)« ^ 

2. AziznfC+mDrzm^ (pIM-B) +mD= (m'ji+m) D^^m^E, 
or» putting m\p+m:;zfn^, A=m''D4-m^£. 

3. A:=mffD+n^E=rnr\jE+¥)+m'E:r:(riirq+fn')E+nifV, 
or, putting m^j'^m'sur, As=m'^£-(-m^F. 

Again, the successive values of B are developed in the same 
manner : 

1. BssnC+Ps=:n{pD+E)+l>=s{np+l)D+nEf or, putting 
si.ji4>l=sn% BssfifD+nE. 

3« Bssn^D^nEstn'{qE+E)+nE=:{nfq+n)E^n% or, put- 
fh^n'.j+nszn",Bs:fif'E+n'P. 

Tbese results will be more apparent in a tabular form : 



A=mB^«C, 
S!i»'C-(-mD, 



B=:nC+P, 
swD+nE, 
5:«"E-j|-»'F, 



The substitutions are thus arranged ; 






dc. 



Wh^ce, the kw of the formation of the si^ccessiye quanii* 
ties, is easily perceived. 
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But, to find the ratio of A to B, it is not requisite to knov 
the values of the remainders C, D, B| Ac Suppose the sub- 
divition to terminate at B; then AssiB, and conieqaently 
A : B, as ittB : Br or m : 1. If the aubdivision extend to C, 
then AssnvCf and BsiiC ; whence A : B, as m' : «• In gene- 
ral, therefore* the second term, in the expressions for A and 
By may be rejected, and the letter which precedes it consider- 
ed as the ultimate measure/ and corresponding to the arithme- 
tical unit. Hence, resuming the substitutions, and combining 
, the whole in one view, it followi, that the ratio of A to B may 
thus be successively represented s 
!• m: 1. 
S. nw+l :n, orm' :fi« ^ 

3. n^p+m : np +U or mf : nf. 

4. mf^^J^mf : wy+th or «* : «*. 

&c. ACm Ac, 

The formation of these numbers will evidently stop, when 
the corresponding subdivision terminates* But even thpugh 
the successive decomposition should never terminate, as in the 
case of incommensurable quantities,-— yet the expression thus 
obtained, must constantly approach to the ratio of A : B, since 
they suppose only the omission of the remainder of the last 
division, and which is perpetually diminishing. 

Nothing can be more useful in practice than these approxi- 
malious, which include the principle of continued fractions, 

4. Proposition twenty*nintb. The same conclusion is de- 
rived frop the division of surds. Thus 1~.=1 + ^ , 

• /o^l ^ I g^-f 7" I snd then continually the ex- 

> pension of the same residue TTo^r* which therefore gives 2 

as a repeated integral quotient. Hence m being ), and n, /?, 
^, r, &c. all equal to 2, the successive approximations are, by 
the last note, 1 : 1, 2 : S, 5 : 7, 12 : 17, 29 : 41, 70 : 99, &c. 
The ratios of the squares of these numbers are 4 : 9, 25 : 49, 
144 : 289, 841 : 1681, 4900 : 9801, thus approachug rapidly 
to the ratio of one to ttoOf but alternately in excess and defect. 
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1. Proposition first. The consideration of diverging lines 
furnish^ the simplest and readiest means* for transferring the 
doctrine of proportion to geometrical figures* The order which 
Euclid has followed, beginning with parallelograms, and thence 
passing from surfapes to lines, appears to be less natural. 

2. Proposition fourth. It will be proper here to notice the 
several methods adopted in practice, for the minute SHbdivi- 
sion of lines. The earliest of these— the diagonal scalene' 
pending immediately on the proposition in the te^t, is Qf tb^ 
ipost extensive use, and constituted the first improvement oq 
a9tronomical instruments. 

Thus, ^n the fiigure annexed> the extreme portion of the ho- 
ri;sontal line is divided into ten equal parts, each of wl^icb 
• again is virtually subdivided into ten secondary parts. The 
subdivision is affected by means of diagonal lines, which de? 
jp)i9e from the perpendicular by intervals equal to the primary 
divisions, and which are cut transversely into tep equal seg? 
ments by equidistant paral- 
lels. Suppose, for example, 
it were required to find the 
length of 2 and 38— 100 parts 
of j» division ; place one foot 
pf the compasses in the second 
vertical line at the eight in- 
terval which is piarked with a dot, and extend the other foot, 
along the parallel, to the dot on the third diagonal. The dis- 
tance between these dots may, however, express indifferently 
S.38, 23.8, or 238, according tq the assumed m^Qitude qf 
the primary unit. 




340 , K0TX8 AND ILLUSTRATIOHt. 

Munez, or Nonius, a veiy able mathematidtD, in a treatiie De 
CrepmcJu^ printed at Lisbon in 1542, proposed one more 
complicated* He placed a number of paridlel'scales, or con« 
centric circles, diftrentljr dirided, and forming a regular as- ^ 
cending gradation of 89, 88, 87, &c. equal parts, from 90 to 
46 inclusive* An indei^ laid any where across these scales 
lilight, therefore, be presumed to cut at least one of them at 
some of the divisions, and hence the intercepted space would 
be expressed by a corresponding fraction. 

But the method of subdivision which was afterwards intro- 
duced by Peter Vernier, a gentleman of Franche Comt£, and 
published by him in a small tract at Brussels in Ifidl, being 
itself an improvement on the method used in the construe* 
tion of Tycho Brahe's astronomical instrumentii, bmuch sim- 
pler and fkr more ingenious. It is founded on the difference 
of two approximatlhg scales, one of which is moveable. Thus, 
if a space equal to n — i part on the limb 6f the instrument be 
divided into n parts, these evidently will each of them be 
smaller than the former, by the nth part of a division. Where- 
fore, on shifting forward this attached scale, the quantity of 
aberration will diminbh at each successive division, till a 
new coincidence obtains, and then the number of those divi- 
sions on that scale will mark the fraction^ value of the dui- 
placement; 

Thus in the annexed figure, nine divisions of the primary 
scale, forming ten equal parts on the attached or sliding scale, 
the moveable 

fcero stands 1 9» 7 6S^3^iO 

beyond the fJ i Vi'j^ i' i' I '» 'j'l'i M j^ i i i ij i i i f-^; 

first interval 

between the third and fourth division. To find this minute 
difference, observe where the opposite sections of the scales 
come to coincide, which occurs under the fourth division of 
the sliding scale, and therefore indicates the quantity 1.34. 

S. Proposition fifth* This problem could be otherwise sol^ 
ved. Though B draw the inclined straight line CBG extend- 
ed both ways, in this take any point C, and make BD, B^ 
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iBP,.F6«&c. each equals to BC| complete the parallelogram 
ABCI, and joio ID» IE, IF, 16, &c cutting AB in the point 
K, L, M, N, &c. ; then is the segment AK the half of AB, 
AL. the third, AM the fourth, and AN the fifth part of the 
same given line. 

For the segments of the straight line AQ nnist be propor- 
tional to the segments of the parallels AI and BG, intercepted 
by the diverging lines ID, IE, IF, IG, &c. Thus, AK : KB 
: : AI : BD ; but, by con- . . 

struction, BC or AIr=BD, 
whence (V. 4.) AK=KB, 
and therefore AK is the 
half of AB. Again, AL : 
XB : : AI : BE ; and since 
BE=2AI, it follows that 
LB=:2AL, or AL is the 
Uiird part of AB, In the 
same manner, AM : MD : c 
AI : BF; but BF=SAI, 
whience MB=3AM, or AM 

is the fourth part of AB. I^ ^ q 

And, by a like process, it may be shown that AN is the fifth 
part of AB. 

4. Proposition seventeenth. The solution of this impor- 
tant problem now inserted in the text, was suggested to me 
hy Mr Thomas Carlyle, an ingenious young mathematician, 
formerly my pupil. But I here subjoin likewise the original 
cobstruction given by Bsqppus, which, though rather more com- 
plex, J^ yet some peculiar advtotages. 

Let AB be a straight line, whidi it is required to cut, so 
that the rectangle under its segments shall be equivalent to a 
given rectangle. * 

On AB describe the semicircle AFB, at A and B apply 
tangents AD and BE equal to the sides of the given rectangle, 
and both in the same or in opposite directions, according as 
tiie line is to be cut internally or externally ; join D£, and 
from the point F where it meets the circumference, draw the 
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perpeadlpdar FG ; thii" will diirMe the giTen line AB into AS 
mod fiCy the tegmeDU required* 

For the right aogle DFC it 
equal (III. 19.) to the angle 
AFB contained in the semi- 
circle, and cov^quently their 
difference from AFC or the 
angles DFA jsnd CFB are 
equal. For the same rea- 
son, the angle AFB heing 
likewise equal to CFE, add 
or take Hway CFB, and the 
angle BFE will be equal to 
AFC. But AD being a tan- 
gent, and AF a straight "line 
Inflected to the circumfe- 
rence, the exterior angle 
DAF is equal (III. 21.) to 
the angle in the alternate seg- 
ment AF or the angle CPF (III. 17. cor. 8.). Again, BB 
being a tangent and BF an inflected" line, the exterior aogle 
£^F is equal to BAF. Wherefore the triangles DAF and 
AFC are similar to BFC and BFE ; and hence AD : AF : : 
CB : BF, and AF : AC : : BF : BE ; consequently (V. 16.) 
AD : AC ; : CB : BE, and (V. 6.) Ap.BEisACCB. 

Cor. If the sides of the given rectangle be equal, the con- 
struction of the problem will beciome -materially simplified. 
^ first, in the case of internal section : The tangents AD, 
BE being equal, it is evident that DE 
must be parallel tp AB and the per- 
pendicular pC parallel to EB. Whence^ 
employing this constructioif, or erect- 
ing the perpendicular BE equal to the 
sides of the given square, and drawing 
the parallel EF to mieet the circumference F, from which is 
let fall on AB the perpendicular FC, the.rectangle under *e 
segments AC and CB is equivalent to the squfMre of BE ; whiph 
also follows from Prop. 26. cor. 1. Book III. 
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Next, in the case of external section s The opposite [tan- 
gents AD, BE being equal, 
the triangles AGD and BGE 
are evidently equal, and 
therefore D£ passes through 
the centre. Hence the tri- 
angles BG£ and FGC are 
also equal, and GC equal to 
GE. The modified construc- 
tion is t therefore to erect the 

perpendicular BE equal to the side of the given square, join 
GE, and where' this cuts the circumference apply the tangent 
FC to meet AB produced : Then AC and CB are the required 
external segments of the given line AB. For it is evident that 
the rectangle AC, CB will be equal to the square of BE : 
which is also deduced from Prop. 26. cor. 2. Book III., since 
CF i« now a tangent and AC.CB=:CF* or BES 

If AB be equal to BE, the construction will exactly corre- 
spond with ifhat was before given. 

In applying this prpblem to the construction of quadratic 
equations, it is nepessuy previously to ascertain the precise 
import of the ordinary signs used in Algebra, when extended 
to geometrical quantities. The signs + and — ^ intimate, in ge- 
neral, nothing more than that the number, or the magnitude 
expresse,d'by number, to which they are respectively prefixed, 
is to be added to, or taken away from, any other number, with 
which it comes to b^ combined. It would be more correct 
language, therefore, to call the quantities carrying* such signs 
additive and subtrqpHv^f implying merely a casual and muti^le 
relation ; instead of the usual appellations of positive and negO' 
tvoCf which seem to bestow a distinct and absolute character, 
and have hence led incautious reasoners into mystery and 
paradox. A similar degree of reserve is indi8pen6ak)2e in 
Geometry. Following the European mode of writing from 
left to right, we might fancy it almost natural to draw a line 
in the same direction : When we want to extend a line, we 
apply an additional^ line to the right ; but when we seek to con- 
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trap! it> we reince a d^g^cjeii^ line lo the left, thilt, if NO be aii. 

nexed to the ri|^t of i ^ I | 

MN, there reeidu M p N Q 

MO ; or if NO' bb ttten to the left ef the e^tremi^ N, there 
willrenudn MO'. The pontton of NO or NO'^ to the i^t ifr 
left, willy therefiwey in reference to a combination with any 
Une MN> have the eame eftct asthe sigoi of addition or tub^ 
traction produce in Aljj^bnu FeHowiog but 'the aaiilbgji 
while lines drawn upwards niajr correspond to additive quanti- 
ties, lines drawn downwards must expreia subtractive 



Quadratic equations are reducible to these four fonns s 

i.«*— oes-^fe. 
The two first may be constructed from the second case of 
PropiDsition seventeenth; and the two last will receive their 
construction from the first case of that problem. We shall 
resume the equations in their wder : 

1. x'+axsi+^, then xzs —^^i±zj ^^+ hc\ there being 

two rootSy the greater subtractive and the less additive. 

Employing the construction of th(^ second case of the pro- 
blem, let AB =: a, AD=3, 
and BE = — c, since it 
stretches below AB ; if BC 
represent — jt, then C A, in 
the reverse position, will 
be denoted by— >a— a;. 
Wherefore BC x CA =s 

(— fl — JP) X= — ox— 07% 

and consequently AD.BE 

inversioQ, ^ 4. ox ss-|- &;• 

The roots are, consequent- 

)y, the shorter segment BC which is additive, and the longer 

segment BC which is subtractive. >« 
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2.4j*--aa?=s+fc,thena:=:+|db^^^+ ; thert being now 

likewise two roots, but the greater additire, tod the less sub* 
tractive. > 

Hcfre AB, AD and BE being denoted by a, b^ and — c, as 
btfdre ; if AC represent x, C'B in a reverse position will b^ 
expressed by a-^r Consequently ACCyB = (cr— «) x zs 
IMP— «% abd therefore AD.BE == — be = a* — «*, or «■— oat 
= +bc^ The roots are hence the greater segmient AC% which 
is additive, and the less segment AC which is subtractive. 

In thb case, the quadratic equation will always admit of a 
double solution, since the radical part of the root is both ad* 
dltive and subtractive, while the ciifcle crossing AB must ne« 
Cbssarily cut it in two parts. 

Tlie third'and fourth forms of the equation are con6tructed 
by the application of the first case of the problem. 

8. «*+iLr=r— ic, th^n x=z —^zkujf^ — bcji thetworootS 

havittg the same character, and both of them subtractive. 

Let AB = a, AD 2s b, and BE 
= c; if BC denote — x, AC or 
AB— BC, will be expressed by 
a + a. .Whence AC.BC la 
(p+x)^>^x^ -ax*^«*, and AD.BE 
=: ic = --ax — -«*• By transpo- 
sition, therefore, jc'+ojp = -^c 
The values x are consequently 
BC and BC^ both of them sab- 
tractive. 

4.«*— ««=■— ic,then«=:+^dby^---i(5j; both roots ha- 
ving likewise the same character, but additive. 

Let AB, AD, and BE be expressed as before by a, banic; 
if AC represent «, CB will be denoted by a— «. Wherefore^ 
AC.CB=(a— «)«=««— a?», and AD.BEsrJcrrax— <»». Con- 
sequently by transposition «»— a«=r— Ac: The roots of this 
equation are, therefore,, expressed by AC and AC^ both of 
them additive. 
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When the rectangle under the perpendicular AD and BB 
becomes equivalent to the square of half of AB, the circle 
touches AB, and the two points C and C uerge in a ungle 

point. At this limit, too> the radical part ^^i/lt — &; j of 

the Talue of « vanishes, and there results a single root, which 
is additive or subtractive according to the sign of the second 
term of the quadratic equation. If it were sought that the 
r^tangle under AD, BE, or under the 4^fin^n|;s 4C» CB» 
should exceed the square of the half of AB, the circle woitfd 
npt meet this straight line» whil^ the radical would evidently 
bpcome impossible, and thu^ betray the same incongruity of 
'hypothesis. 

It may be observed, that the algebraical solution of these 
quadratjc equations flows from the geometrical construction. 
For, suppose AB were bisected io O ; it is evident that 
AD.BE=AC.CB=AO»,— OC*, or OC*— AOS or 0C»= 
AO*— AD.BE, or AD.BE-|- AO*, according as the intersec- 
tion takes place within or without AB. Wherefore OC always 

represents the radical partdb^f t" — ^ ) » ®^ ^^^ expres- 
sion for the values of 4?, which are formed by its combination 
with OA. 

If the construction of Pappus be used, while the perpendi* 
culars ADy BE; and the transverse line DE remain the same 
as before, the intersection of this with a circle described on 
AB determines the position of a perpendicular to it, dividing 
the diameter internally or externally into the required seg- 
ments. 

5. Proposition eighteenth. To this proposition might be 
added a corollary i That Jour times the area of a triangle is ti> 
ike reetan^ mder any iw sides, as the base to the radius of the 
circumspribing circle. 

For the area of the triangle ABC is (Prop. 5. II.) equivalent 
to half the rectangle contained by the base AC and the per- 
pendicular BPi and consequently four times this area i$ equi- 
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V^en^ to twice the lectangle AC, BD. But (VI. 18.) the 
xectangle under the sides AB and BC 
18 equivalent to the rectangle under the 
perpendicular BD and B£> the diame- 
ter of the circumscribing circle, or to 
twice the rectangle under BD and the 
Radius of that circle* Whence four 
times the area of the triangle is to the 
rectangle under the sides AB and BCy 
as twice the rectangle under BD and AC to twice the reetan-< 
gle under BD and the radius of the circumscribing circle, or 
as the base AC to that radius. 

Let a, b and c denote the three sides of a triangle, and S 
half their s.um or the semiperimeter; then, combining Prop. 29* 
Book VI. yrllh this corollary, the radius of the circumscribmg 

circle will be repressed ^^^s.S-fs-^ .T-Ig)- ^"^ 
if tb.e sides of the triangle be 13, 14, 15, the radius of the cir-» 

.. -iJ. • .1 -^ 13. 14. 15. 2730 ^, 
cumsenbiBgcirde-j^2-g-^^j= ~^=: S^. 

6. Proposition nineteenth. This well-known proposition is 
now rendered more general^ by its extension to the case 
of the es^terior angle of the triangle. The two cases com-* 
bined afford an easy demonstration of die corollary to Psopo- 
si^ioQ 7. Bopk VI. ; for the straight lines bisecting the^vertical 
and its adjacent angle form a right-angled triangle, of which 
the hypotenuse is thfe distance on the base between the points 
Qf internal and external section. « 

7. Proposition twenty-third. The latter part of the scho- 
lium was added to this proposition, with a view to ex-. 
plain the principle of the construction of the pantograph, a 
very useful instrument contrived for copying, reducing, or 
even enlarging plans. It consists of a jointed rhombus DBF£, . 
fraiped of wood or brass, and having the* two sides BD and BF 
extended tp double their length ; the side DE and the branch 
DA are marked from D with sucpessive divisions, DO being 
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made to tiO dwayt in the ratio of DP 1^ BC; stti*U ttUiii^ 
boxes forholding a pencil or tradog point are br^n^ht to the 
corresponding graduati'onsi 
and secured in their positions 
by screws; the point O is 
nsade the centre of motion^ 
and rests od a fiilcnun or 
snpport of lead ; and th^ 
tracer is generally fixed at 
C| while the crayon or draw- 
ing point is lodged at P. 
From the property of direr- 
ging Uoes intersectin|( paral- 
lels, the three poinu O, P 
and G must evidently range 
in the same straight line, and which is divided at P in the de- 
tiermtnate ratio. While the point C, therefore, is carried along 
the boundaries of any figure, the intermediate point P will, 
by the scholium, trace out a similar figure, reduced in the 
proportion of OC to OP or of OB to OD, and which, in the 
present instance, is that of three to one. 

But the point P may be placed in the fulcrum, the tracer 
inserted at O, and the crayon held at C ; in which case, C 
would delineate a figure which is enlarged in the ratio of OP 
to PC or of OD to DB. If the points O and P were now 
brought to coincide with A and E, the distances AE and EC 
being eiqual, the original figure would be transferred into a 
topy exactly of the same dimensions. 

In reducing small figures, however, artists commonly pre- 
fer another method, which is partly mechanical. The origi- 
nal is divided into a number of small squares, by means of 
equidistant and intersecting parallels. Other reduced squares 
are drawn for the copy, which is then filled up, by observing 
the same relative position and form of the boundaries. — One 
material advantage results from this practice ; for if oblongs 
be used in the copy instead of squares, the original figure will 
be more reduced in one dinrension than another, which is of- 



VOTBA AND I^LUBTRATIQKS.. 949 

ten very convenient where height and distance are represent- 
ed on different scales. 

8. Proposition twenty-eight. The curious properties of 
the crescentSf pr lunulc^^ contained in the first corollary, were 
discovered by Hippocrates of Chios, in his attempts to square 
the circle. But there is a beautiful extension of them which 
deserves notice. It is a mode of dividing a given circle intp 
equal portions, and contain- 
ed within equal circular boun- 
daries. For example^ let it 
be required to cut the circle 
APBQ into five equal spaces. 
Divide the diameter AB into 
five equal parts at the points 
C, D, £ and F; on AC^ AD, 
AE,, and AF describe, the se- 
inicircles AGC, AID, ALE, 
and ANF, and on BC, BD, 
BE, and BF, towards the opposite side, describe the semicir- 
cles BHC, BKD, BME, and BOF ; the circle APBQ will be 
divided into five eqqal portions, by the equal co^ipound semi- 
circumferences AGCHB, AIDKB, ALEMB, and ANFOB. 
For the diameter AB Is to the diameter AD, as the circutt* 
ference of AB to the circumference of AD, or (V. 3. ), as the 
Sfsniifpircumfer^nce APB tothesemicircumference AID ; and 
AB is to BD, as the semicircumference APB to the semicir- 
cuniference BKD. Wherefore (V. 20.) AB is to AD anABD 
together as the semicircumference APB to the compound 
boundary AIDKB ; and consequently these interior bounda- 
ries AGCHB, AIDEB, ALEMB, and ANFOB, Ure all equal 
to the semicircumference of the original circle. 

Again, the circle on AB is to the circles, on AE and AF, ab 
the square of AB to the squares of AE and AF; and conse- 
quently (V. 20.) the circle on AB is to the difference between 
the circles on AE and AF, as the square of AB to the diffe- 
rence between the squares of AE and AF, that is (II. 17.), 
the rectangle under the sum and difference of AE and AF, or 
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twice the rectangle under EF and AS, the dittftnce of A from 
the middle point of EF. Whence the circle APBQ is to the 
difference of the semicircles ALB and ANF, or the space 
ALEFN, as the square of AB to the rectangle under AS and 
EF; and, for the same reason, the circle APBQ is to the 
space FOB ME, as the square of AB is to the rectangle under 
BS and EF ; consequently (V. 20.) the circle APBQ is to the 
ccnnpound^pace ALEMBOFN, as the square of AB to the 
rectangles under AS and EF and BS and EF, or the rectangle 
under AB and EF ; but the square of AB is to the rectangle 
under AB and EF, (V. 25. cor. 2.) as AB to EF, which is the 
fifth part of AB ; wherefore (V. 5.) any of the intermediate 
spaces, such as ALE;MB0FN, is th^ fifth part qT tde whol^ 
circle. 

9. Proposition twenty-ninth. This elegant theorem admits 
of an algebraical investigation. Put AC=:af AB=:5, BC=;(?, 
and let s denote the semiperimeter^ and T the 
area of the triapgle ; then, by Prpp.23.Book II., ^ 

2AC.CD~a*+c»~6*, consequently CD =^ 




"^"Kf'""^* , and BD»=BC»^CD»= j: l_^ 

2a X DC 

^^'^C 2a /' ^^ therefore, by Prop. 5. Book II., T»» 

ACVBD' 4fl»c*— (g*+ c« — &')» 

i ~ 16 

But this expression, consisting of the difference of two squares, 
may be decomposed, by Prop. 17. Book II. ; whence T'= 
2ac+a*+c*— ft* 2flc— fl*--c»+6» (a+cY—6* 5* 'a— ^w 

* * ♦ * . • 

and, decomposing these factors again, 

T _<'-4'M-<' a — b+'c a+b—c — a-}.b+c 

**"- — ^ 2^: —g— 2 — ■ 

Now, -'-g-'-s «»— 2-^ = «^. g — r = s^-c, a nd 
— X_X_ — j_a ; wherefore we obtain, by subatitntloq, 
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If the triangle ABC were supposed to be isosceleSi the per- 
pendicular BD would divide, it into two right-angled triangles. 
But,c being now equal to b^ the formula for the square of the 

" • 2 ' 4"" 4 



area becomes- 



•^=BD-.^ = 



wherefore BD» =4*—^ = AB»— ADS or AB»= AD*+ BD-». 

4. 

Whence another independent demonstration of the celebrated 
property of right-angled triangles. 

Suppose the sides of the general triangle to be IS, 14, and 
15 ; then the area is s= v^(2L 8.7.6) — v^7056 :;: 84. If thf 
sides were 21 9 17 and 10, the area would be the same, for 
V'(24.S.7.14)=^7056=84., 

This most useful proposition in practical geometry was 
known tO the Greeks-of Alexandria, and by them communi- 
cated to the Arabians, but seems to have been* re-invented in 
Europe about the latter part of the fifteenth century. 

When large numbers are concerned, the ciilculation is much 
expedited by logarithms ; but in some caises, the result is more 

easily obtained frOm the expression / ■ • ^^; — -^ 

by help of a table of quarter'Squares^ such as I have given at 
the end of the last edition of the Philosophy of Arithmetic^ — 
Thus, let the sides of the triangle be 41, 52, and 15; then 
a-{*c=56, and a — czs26f the differences between the quarter- 
squares of 56 and 52, and of 52 and 26, are 108 and 507, of 
, which the sum and difference are 615and3S9; and corre- 
sponding numbers in the table being subtracted, give 54756, 
which again corresponds to 468, and the half of this or 284 is 
the area required. 
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41 
52 
15 


56 
52 

26 


74 • 
676 
169 


108 

507 


615 
399 
468 


94556 
39800 


54756 
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. Am another example, suppoie the sides of the tnangle to be 
fiO,41andS9: 



i 

3 


1^ 




■ 1 ' 




<* 


50 

41 

99 


89 
41 


1980 
420 
' SO 


156Q 
890 


1950 

'1^70 

1560 


950685 
S4SS85 


608400 



But 608400 oomipoiidf to 1560, the half of which ii 7S0, 
the area longht. 



Another corollary might be iubjoined to this proposition : 
Ai the semipermeter of a triangle is to its excess abofoe the base, 
so is the rectangle under itsexcesses abaoe the two sides to the 
square of the radius qfthe inscribed drde. 

ForBI:BG::EI:D6» 
and consequently (V. 25. 
cor. 20^1*^6 ;;ELD6: 
DG'; but it was proved 
that ELDG is equivalent to 
AGMt and hence BI ; BG 
J : AG.AI : DG». Now 
BI has been shown to be 
the sentiperimeter, and BG» 
AG and AI its excesses 
above the base and the other 
two aides of the triangle, 
of which DG is the fradiiiS| 
of the inscribed circle. 

Hence let the sides of the triangle be denoted by a, b and 
^ and the semiperimeter by 8 ; the square of the radius of the 

Inscribed circle wiU then be ex|iressed by ^"^'^ '^"^' 

Suppose, for example, the sides of the triangle were IS, 14 

and 15, the radius of the inscribed circle would be the square 

S 7 6 
root o f >g^' , or of 16, that is 4- 
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' i'ESiqild^og tfae^lQfi ooiAtia)3> it is not ^iScult to perceive 
tlMifc'tke(cotitinii6d pri^duot of Ail the sides of a triangle must 
-b^ «qaimleiit to the pt^duot of twice their .sum intp th^ 
^adil^f^^be iDicvibfiA and 'emumntrMng ciroifv»i Thus, 

Eetu/rin^ to the last figure^ it is evident that 9^ ; BI : : • 
IJG : Et : : DQ.EI : EI?; or, sinc^ DiS-filac: AG,AI, 
BG t Bis J AG.AI : EI*; that Is^ As <fe esfp^s^ of the peri- 
nHf^ uMi the bl^eis^to the ^emiperim^er M^eif, so if t^e r^cf* 
i^Hgleundtri ik texcesstscmbiyoei ihi 0ther timo Me$' ^ ihe tri' 
oH^ i^ the square of the radius ffihe circh ^ extermfl cantQ^ 
bdfmi^^base^ Thus, la Uie triangle taken; for iliustr^tmi^y 
6 : 21 : : 8.7 ; I9S^ ati|pl ooi^equ^ntly the radius of t^e circle 
under the base is 14. Again, 7 : SI : ^ ^&: 14r^ and the^ ra- 
diuaof tiie jcircle toliching exjternSiljr the ride H 19 th^re&i^ 
12. And^ in the same manner, 3. t -31 : : 7-6:1 \Q\ ; wbioh 
^yes 10} for the radius of the circle.applied beyond the shiirt- 
est side 13. 

10. Proposition thirtieth. A aimihir and v^y impoHaiit 
problem, which formerljr occupied, a place in the text, nittst 
not be omitted. It li|cei7ise fdrniahea an ingenious. &bd isoa- 
dse approximatioa to. the qiiadralure.af tlie foiriciei 'first p«i|- 
llshed at Padua in the year 166d,/by James G^t^ry, #Ao 
for a very short time adorned the m^btoaiieal chair 6f Ihe 
Umretst^ of Edinburgh'; and seems ^hQ more deserving #f 
atftentiof^i te it'pKobai>ly.led diafe original aoil^ to thefo- 
^testigatfon'of t^ Methcnl of ^n^; 

Oivefi^ihe.a¥ia of an inscribed^andithatefatdrcufMcrUedfiir' 
gular polygon ; to find the arms ofmsonAedanddrcumscriM 
regttltarpofygonsy having double the nun^M^ of sides. 

JjH TKNQ and HBDF be given similar inscribed and cir- 
CHmscribed rectilineal figures ; it is required thenqe to deter- 
mine the surfaces of the corresponding inscribed and circv|i^- 
sdrflMd polygons AKCNEQGTaw} VILMOPRSf, w^ichhaxe 
twice the nuttiber of sides. 

2a 
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From the centre of tbe oircle, draw nidiattiig Hoei 16 aB ilie 
angular points. It it evident that the triangles ZXK and ZAB 
are like portions of Che given inscribed and circamaeribod fi- 
gures TKNQand HBDP; And that the triangle ZAE, ana 
tbe quadrilateral figure ZAIK are also like portions of tbe daf* 
rivative polygons AKCNEQGT and VILMOPRS. And ahce 
XK h parallel to AB, ZX : Z A : : ZK : ZB (VI. 2.) ; hut ZH 
is to ZA as the triangle ZXK is to the triangle ZAK (7. SS. 
cor 2.), and, for the same reason, ZK is to ZB as the triangle 
ZAK is to the triangle ZAB ; whence ZXK : ZAK : : ZAK : 
ZAB, and consequently the derivative inscribed polygon 
•AKCNEQGT* is a mean proporUonal between the insoribed 
and circumscribed figures TKNQ and HBDP. 

Again, because ZI bisects '. 

theangle AZB, Z A is to ZB, 
orZXistoZX^as AT to IB 
'( VL I0«), and.consequently 
(V. 25. cor. 2.) the triangle 
XZKis to the triangle AZK 
as the triangle AZI to the 
triangle IZ&. Hence tbe in- 
soribed figure TKNQ is ta 
- its derivative inscribed figuve 
AKCNEQGTasthe tsian- 
gle AZI to the triangle IZB; 
wherefore <V. 11; and IS.) TKNQ femd AKCNEQGT tqp- 
ther are to twice TKNQ,. aa th^ Iriangles AZI #n4.iZ£^ or 
AZB, to twice the triangle AZI, 'or the spaipe AlKZf— th#t 
is, as HBDF to VILMOPAS. And thus the two inscribed 
-polygons are to twice ithe simple inscribed polygon^ ta the 
aurfaoe of the circumsoribmg polygon to the surface of the de- 
rivative circumscribing polygon wit)i double the nuipberpf 
sides. 

' ' Cor, Hence the area of a circle is equivalent to the redtilii* 
gle under its radius and a straight line equal to half its cir* 
cumference. For the surface of any regular circumscribing 
polygon, such as VILMOPRS, being composed of a number 
of triangles AZI, which have all the same altitude ZA| is cqoi* 
valent (II. 6.) to the rectangle under ZA and half the sum of 
their bases, or the semiperimeter of tbe polygon. But the 
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circle iUelf, as it ibrms the ultimate limit of the polygbn, 
mmt .have its area, therefore, equivalent to the rectangle un^ 
der the radius ZA9 and the aemicircumference ACE. 
•. Scholium^ This solution, it was observed, affords one of Che 
|>e9t-elementary«iet)iods of approxim^ing tp the numerical ex- 
pression for the area of a circle. Supposing the radius of a circle 
to be denoted by uni^ ; the surface of the circumscribing square 
will be expressed by iff and consequently (tV. 15. cor.) that of its 
inscribed sq^iare by 2. Wherefore the surface of the inscribed 
octagon is :s v^^x 4=2.828427124j7; and the surface of the cir- 
cumscrlbing octagon is found by the analogy,2-f 2.8284^1 24:7: 
2 X 2 : : 4 : 3.3137084990. Again, V (2.828427 1247 X 
3.3137084990)=3.0614674589, which expresses the area of 
the inscribed polygon of 16 sides ; and by a farther process 
2.8284271247+3.0614674589 : 2x 2'g284271247, 
or 5.8898945836 : 5.656854|2494 : : 3.313708499 : 3. 182597978 1, 
which denotes the area of the circumscribing polygon of 16 
sides. Pursuing this mod€( of calculation, by alternately ex«» 
tracting a square root and finding a fourth proportioiia], the 
following Table will be formed, in which the numbers ex* 
pressing the surfaces of the inscribed and circqmscribed po* 
lygons continually approach to each other, ^nd consequently 
to the measure of their intermediate circle. 



Kumber of 


Area of th^e in- 


Ares (Mr tw.circuni* 


Sides. 


scribed Polygon. 


scribing Polygon. 


4 
8 


2.0000000000 
2.8284271247 


4.000000000Q 
3.3137084990 


16 


3.0614674589 


3.1825979781 


. 3? 


3.1214451523 


3.1517249074 


64 


3.136^484905 


3.r441 184852 


126 


3.1403^11570 


3.1422236917 


256 


3.1412772509 


3.1417503692 


512 


•S:i415138011 


3.1416321807 


1024 


3.14J5729037 


3.1416025026 


2048 


3.1415877253 


3.1415951177 


4096 


3.1415914215 


3.1415932696 


8192 


3.1415923456 


S.1415928U76 


16384 


3:1415925766 


3.1415926921 


32768 


3.1415926344 


3.1415926632 


c 6^536 


3.141592648^ 


3.J415926560 


131072 


3.1415956524 


3.l41592654i2 


262144 


31415926533 


3.1415926537 


524288 


3.1415926535 


3.14159265361 



S56 NOTES AND ILLUSTRATIONS. 

The computation of ibts xMe miglit be greatlj abridged^ 
by attending to the succetsive formation of the numbers. Let 
a and b denote the area of an inscribed and circumseribing po- 
lygon of the lame number of sides, and «/ and df the areas 
of correspondbg polygons haWng doable the number of sidea. 
Since of ^»/ ah^ when a and h approach to equality, H la ob* 

Tious that a'=^ nearly, or a'— a =-^ ; Wherefore af- 
ter the sides of the polygon are raylttplied, the numbers of the 
first column will be formed, by constantly adding Aoj^ their 
difference from those of the second column* Again, because 

2s^ 4a3 

*/= -—; — * by substitution d' = ^ . i , and hence A— y ^ 

* 3flj-i ^^ — fl L i \ but, since a and h come to differ little, 

h h a 

the ^^^^^^^^-qT^t^ may be reckoned equal to J, or A — fi' s -j— 

very nearly. Consequently the higher numbers in the seeood 
column may be filled up, by subtracting ome^/imrth of the com* 
raon difference. It follows likewise, from combining this lesidt 
with what has been shown before, that a number in Che secaad 
column, diminished by the third part of the oonsaon difference 
must give very nearly the final result. Thus, the areas of the 
inscribed and circumscribing polygon of 20iS sides, being 
3.1415877255 and 5.14<15951177, their difference is 7S924<, and 
the third of this, or 24641, taken away from the greater, leaves 
3.14159265S6, for the ultimate valuOt or the area of the circle 
itself. 

Of the two modes of approicimiiting to the mensuration of 
the circle, the one contained in the test,^ though not so direct, 
is on the whole simpler than the other. In the course of my 
geometrical lectures, I generally mentioned, that the first pro- 
position of the fourth book, by enabling us to discover a series 
of regular polygons with the same sides continually doubled, 
admitted of an easy application. But not having pursued the 
calculation to any length, I neglected the obvious advantage 
which results from reducing the perimeter at each step to the 
same extent, till I was led to reconsider the subject, in con- 
sequence of meeting with the small work of Schwab, before 
quoted. It somehow had escaped my notice, that M. Legen* 
dre, in the additions to his Geometry, has cursorily treated 
the subject in the same way. 
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llic attmberg coatained in the last table were copied and 
interpolated from the tract of Jamei Gregory, entitled, Vera 
CitGuli et HyperhokB Qjuadratura, as reprinted in the Opera 
Varia of Hujgens* For the calculation of the table contained in 
the text, and of other tvro tables which will be annexed to this 
note, accompanied by several acute remarks concerning the for- 
mation of the successive numbers, I am indebted to the very 
. obligtngassiduity of a young friend, Mr G. A. Walker Arnott» 
whose solid talents and unwearied application promise the hap- 
piest fruits. 

Let the same mode of computation be applied to the suc- 
cessive polygons derived from the hexagon. The radius of 
the circle being unit, the perpendicular from the centre to the 
base of each component triangle of the inscribed hexagon will 
be :sz Vit and consequently the area of the figure = ^ v'Ss 
2.5980762114. Again, each side of the circumscribing hexa- 
gon is s V* = 2 VJ-i and therefore its area, or that of the six 
contamed triangles, is = 6v^^=:2v^3=: V12= 3.4641016151, 
or one-third more than the former. Hence the following table 
is constructed. 



NttWberof 


Area of Um 


Area of the 


Sides. 


Inscribed Polygon. ' 


Circumscribing Polygon. 


6 


2.5980762114 


3''.4641016151* 


12 


3.0000000000 


3.2153903092 


£4 


8.1058286412 


3,1596599421 


48 


3.1326286134 


3J460862150 


96 


3.1393502030 


. 3.1427145996 


192 


3.1410319509 


3.1418730499 


384 


3.1414524723 


3^1416627470 


768 


3.1415576079 


3.1416101766 


15S6 


S.14158S8921 


3.1415970343 


S072 


3.1415904632 


3a4159374«7 


6144 


3.1415921060 


3.1415929274 


12288 


3.1415925167 


3.1415927220 


24^6 


3.1415926194 


3.1415926707 


49152 


3.1415926450 % 


3.1415926579 


98304 


S.1415926514 


3.1415926547 


196608 


3.1415926531 


3.1415926539 


393216. 


3.1415926535 


3. 1 4 15926537 


786432 


3.1415926536 ^ 


3.1415926536 
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If the method employed in the text for discoyering the hi^ 
dioi of the circle, which has twice the number of sides ondei^ 
the sime extent of perimeter, be applied to the hexagon or itg 
elementary equilateral triangle, the numbers will stand as be^ 



h«BlMr«f 


lUditoofloicrib. 


Radius of Gfcnm. 


8Um. 


•dCiitlt. 


ieriUng Oral*. 


6 


.8660254038 


1.0000000000 


12 


.9830127019 


.9659358268 


84 


•9494692641 


.8576621969 


43 


.9535657305 


.9556117687 


96 


'J9545887496 


.9551001222 


192 


.9548444359 


.9549722705 


884 


.9549083532 


.9549403113 


798 


.9549248822 


'.9549823217 


1596 


.9549888270 


.9549303848 


8072 


.9549998257 


.9549298250 


6144 


.9549295758 


.9549297002 


l228iB 


•9549296378 


.9549296690 


24576 


.9549296534 


.9549296612 


49152 


.9549296578 


.9549296592 


98804 


.9549296582 


.9549296587 


196606 


.9549296585 


•9549296586 


S9S216 


.9549296566 


- .9549296586 



Wherefore, .95492965856 : 1 : : ^ : 8.141 5926536; and hence 
5.14159265S6 is the nearest expression, consisting of ten de- 
timal places, for the area of the circle whose radius is 1. But 
the semicircumference in this case denoting also the surface, 
the same number must represent the circumference of a cir- 
cle whose diameter is 1. Consequently, if D denote the dia- 
meter of any circle, the circumference Will be expressed ap* 
proximately, by 3.14159265S6xD; whence the area will be 
JD* X 3*1415926536, or D* X .7858981634. 

By help of the note to Prop. 27- Book V. lower numbers msy 
be found, approximating IS the same results. For in this case 
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liics3» n^7fp^ Invalid ^ssl 1 : whence, remountingfrom these 
conditional equalities, the ratio of the diameter tothecircumo 
/ferenceiof a circle is denoted progressively, byl 5 8-t-by 7 : 
22-.by 113 : 355— and by 1250 : 3927. The ratio of 1 to 3 
is the rudest approximation, being the same as that of the dia- 
meter of the circle to the perimeter of its inscribed hexagon; 
the ratio of 7 to 22 is what was discovered by Archimedes ; the 
ratio of 113 to 355, in which the three first odd numbers ap- 
pear in pairs, was first proposed by Adrian Metius of Alkmaer, 
Professor of Mathematics and Medicine atFrancker, who died 
in 1636; and the ratio of 1250 to 3927, the same as llo 
8.1416, which was known to the Arabians, and is now gene- 
irally preferred in practice. Hence also the circle is to its cir- 
cumscribing square nearly-*-as 11 to 14, pr still more neariy^-*- 
«s 855 to 452, or finally as .7654 to 1« . 



To this Book may be added the following Propositions. 

PROP. L THEOR. 

If from any point in the circumference of a circle, straight lines 
be drawn to the extremities of a chord, and meeting the perpendi* 
cular diameter, they xioUl divide that diameter, internally and jtx- 
ternaUy, in the same ratio* 

Let the chord £F be petpeiidicular to the diameter AB of 
a circle, and from its extremities F and £ straight lines PG 
and EG be inflected to a point G in the circumference, send 
tutting the diameter internally and externally in C and D ; 
then will AC : CB : : AD : DB. 

For join AG and BG, and draw HBr parallel to AG. 

Because AEGB is a semicircle, the angle AGB is a right 
Angle (III. 19.) ; wherefore AG and HI being parallel, the al- 
ternate angle GBI is right (I. 22.), and likewise its adjacent 
angle GBH. But the diameter AB, being perpendicular to the 
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ehord BF, iii«t(lll. 4 i&d 1&) bMot the krc TAB, nd 
Ihtrtfere tbt ngle EGA is equal to AGP (IIL 18. cor.) or 
(Hi. 17.) it0 sopplenieiit. And since AG U parallel td 
Hl» the angle £GA if 
e4ual to the angle GIB 
or iUiopplenient(Ld£.) ; 
and for the tame reason^ 
the angle AGF it equal 
to the alternate angte 
GHB. Whence the an. 
gle GIB jB equal to 
OHB; but the angles 
GBl and GBH being 
both right angles, are 
equalf and the side GB 
is common to the two 
trianglesBIG and BHG, 
which are, therefore, 
equal (I. 20.}, and con- 
sequently BH is equal 
to BI, and AG : BH : : AG : BI. Now, because the parallels 
AG and BH are intercepted by the diverging lines AB and GH, 
AG : BH : : AC : CB (VI. 2.) ; and since the paraU^ls AG 
afad BI are intercepted by the diverging lines GD and AD, 
AG : BI : : AD : DB. Wherefore, by identity of ratios, 
AC : CB : : AD : DB, that is, the straight line AB is cat in 
the same ratio, internally and externally, or the whole line 
AD is divided harmonically in the points C and B. 

Cor. 1. As the points E and G 
oome nearer each othek*, it is ob- 
vious that the straight line £GI) 
will approach continually to the 
position of the tangent, which is 
its ultimate limit. Hence the tan- 
gent and the perpendicular, from the point of contact or mu- 
tual coincidence} cut the diameter proportionally,. or AC : 
CB : : AD : DB. It is, therefore, evident (VI. 7.) that, O be- 
ing the centre, OC : OB : : OB : OD. 
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. Cbr. 2. Sinco OC : OB : : OB : QD, ifcfaHoiira(V. 19. cor, 4j 
thftt OC : OD :, t OB^^OC* or AC-CB : 0D» — 0B» ot 
AD.DB ; whence, by division, CD : OD : : AD.DB— ACCB* 
or ^ VI . i cor.) CD» : AD.DB. 



PROP-IL THEOR. 

Jlf^Q straigM lines be infieciedfrom the extremities qfthe base 
of a triangle to cut the opposite sides proportionally ^ anothft 
^aishtlinSf dramn from the vertex throtigh their point of con-^ 
WATSe^ mli bisect the bascy - 

In the triangle ABC, let AE and Ct), drawn from the ex- 
ti^mities of the base to cut the opposite sides proportionally^ 
intersect each other in F, join BF, which produce if necessary 
to meet the base in the point G ; AG will be equal to GC. 

For join DE. And because the aides AB and BC are cut 
proportionally, DE is parallel to AC 
<VI. 1. cor.), whence BD : BA : : 
BH : BG (VL 1.); but BD : BA : : 
DE : AC (VI. 2.), and therefore 
BH : BG : : DE : AC. Again, the 
paridlels DE and AC being cut by 
the' diverging lines AE and CD, 
DE : AC : : DF : FC (VI. 2-) and 
DF : FC : X FH : FG (VI. L) ; where- 
fore BH : BG i : FH a FG, or BF is 

cut ibterhally and externairy in the same ratio. But DH be- 
ing parallel to AG* BH : BG : : DH ; AG; and since DH is 
abo. parallel to GC, HF : FG ; ; DH : GC; whence DH s 
AG. ; : DH .: GC, and consequently AG is equal to GC* 

PROP. III. THEOR. 

if a semicircle be described on the side of a rectangle, and 
through its extremities ttoo straight lines be drawn from ant/ point 




i69 



NOTBS AMD IIXUSTKATIOMS* 



i» Me eircuwtfiPtticeto m^ the appotiteiide produced boihwt^; 
ike aliihukqfthe rectan^ wUl he m mean pnopoHianal betweem 
the eegmeiUi thui intere^d. 

Let ABED be a rectangle^ which has a semicircle ACB de- 
scribed on the side AB and the straight lines* CA and CB 
drawn from a point C ih the circumference to meet the exten- 
sion of the opposite side DE ; the altitude AD of the rectan- 
gle will be a mean proportional between the exterior segments 
FD and EG. 

For, the angle ADF, being eridently a right angle, is equal 
to the angle ACB, which stands in a semicircle (III. 19.) and 




the angle DFA is equal to the exterior angle BAC (I. 22.); 
wherefore (VI. 11.) the triangle FAD is similar to ABC. In 
th^ same manner, it is proved that the triangle BGE is 'simi- 
tar to ABC ; whence the triangles DAF and BGE are similar 
to each other, and consequetitly (VI. 11.) FD : AD : : BE or 
AD : EG. 

If the straight lines CD and CB be drawn, they will (VI. ^) 
divide the diameter AB into segments AH, HI, and IB, whidh 
are respectively proportional to the segments FD, DE, and 
EG of the extended side DE. Consequently, when ABED is 
a square, and therefore DE a mean proportional between FD 
and EG, it must follow that HI is likewise a mean propor- 
tional between AH and IB. 

If the rectangle ABED have its altitude AD equal to the 
side of a square inscribed within the circle, the square of the 
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diameter AB'is equiyalent to the squiites of the two tegmenet 
AI and BH. For FD : AD : : AD : EG, whence (V; 6.) 
TD.EG=AD% or 2FD.EG = 2AD* ; but (IV. 15. cor.) 
SAD* = AB» or DE% and consequently SPD.EGsDE? 5 
Wherefore { VL 2.) 2AH.IB = HI% and hence, by the first ad- 
ditional proposition to Book II., the segments AI, BH are 
the sides of a right-angled trianglfe, of which AB id the by* 
jpotenuse, or AB» = AI» +BH*. 

This is one of the elegant theorems of Fermat. 



PROP. IV. THEOR. 

A chord of a drcU w divided in continued proportion, iy 
stra^ht tines inflected to any point in the opposite circumference 
Jrom the extremities of a parallel tangetU, 'which is limited oy 
another tangent applied at the origin ^the chord. 

Let AB, AC be two tjingents applied to a circle, CD a 
ghord drawn parallel to AB, and AE, BE straight lines in- 
fleeted to a point E in the opposite circumference ; then will 
the chord CD be cut in continued proportion at the points t 
nod G, or CF ; CG : : GG : CD. 

For join BD, BC, and CE. Because the tangent AB is 
equal to AC (HI. 22. cor.), 
the angle ABC is equal to 
ACB (I. 10.); but ABC 
is equal to the angle BCD 
(L 22.), and to the angle 
BCC (III. 21.) ; whence 
(VI. 11.) the triangles B AC 
and BDC are similar, and 
A& : BC : : BC : CD, and 

consequently (V. 6.) BC*=AB.CD. Again, the triangles 
CBG and CBE are similar, for they have a common angle 
GBS^ and the angle BCG or BCD is equal to BDC or BEC 
(III. 16.) : Wherefore BG : BC : : BC : BE, and fiC*=BG.BE. 
Hence ABwCD=BG.BE, and AB : BE : : BG : CD ; butFG 
being parallel to AB, AB : BE : : FG : GE (VI. 2.), and 
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esiMeqotnUy FG : 6E t : BG : CD ; therefore (V.6.) FG.CD= 
to.6B: and siDoe (III. 26.) BG.GEsCG.GD, it follows 
Ibat C&GD=:FG.CD, and FG : CG : : GD : CD, and hence 
<V. la) OF t CG : : CG ; CD. 




PROP. V. THEOR. 

Iffjrom the 'oeHex iff a triangk^ tt»o ^aight lines be drcnm^ 
tnaking equal angles with the sides and cutting the base ; the 
squares qf the sides are proportional to the rectangles under the 
adjacent segments of the base* 

In the triangle ABC, let the 
straight tines BD and BE make the 
angle ABD equal to CBE ; then 
AB* : BC* : : DA.AE : EC.CD. 

For (III. 9. cor.) through the 
points B, D, and E describe a cir- 
.cle, meeting the sides AB and BC 
of the triangle in F and G^ and 
join FG. 

B^c^use the angles DBF and EBG are equal, ^ejr stand 
(III. i6.f:<5or.) on equal 
arcs DFand EG, and con^ 
sequentiy (III. 18. cor.) 
FG is parallel to DE. 
Whence (VI. 1.) AB : 
BC ; : AF : CG, and there- 
fore (V, 18.) AB* : BC» : : 
AB.AF:BC.CG;hut(III. 
26.) AB.AF = DA.AE, 
and BC.CG = EC.CD. 
Wherefore AB» : CD* : : 
DA.AE : EC.CD. 

If the triangle ABC be right-angled at C, and the vertical 
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lines BD and BE cut tlie base internal 
ly : then BC«+ AC.eE t BC* : : AB r CD. 
For make AH equal to EC. Because 
AB* : BC* : : DA.AB : EC.CD, and, (11. 
10.) AB»=AC*+BCS therefore AC»+ 

BC^ : BC* : : DA.AB r EC.CD, ata.hy 

cHvfsiop, AC* : BC* : : DA.DE— EC.CD r ^ K J> 3S . <3 
EC;CD. Bat, by successive decomposition, f>A.ABi-ECXIDsty 
DA. AC— DA.EC— EC.CD= DA.AC— E&AC =r AC Ji& i 
whence AC* : BC* : : AaHDr EC.CDj arid ( V. 13^ and cdri) 
AC.EC : BC* : : EC.lffD : EC.CD^ or (t. p.y: : HD ? CD^ 
consequently (Y. 9.) BC*+AC.EC : BC»: : ttC : CD; b&t, 
AH being equal to EC, HC is equal to A^ ; wherefore 
BC*+ AC.EC : BC» : : AE : CD. • 

If the vertical lines BD, BE cut the base AC of a Affii^ 
angled triangle AC9 

externally ; then will - ^J3 
BC«-AC.EC:BC*:: 
AE : CD. Formake 
AH=EC. It is de- 
monstrated as before, 

that AC* : BC^ : : D li A. 

DA.AE-EC.CD : EC.CD ; but DA.AE-?C.CDzzDA.AC+ 
DA.EC— EC.CD = DA.AC— EC.AC ==AC.HD : wherefore 
AC* : BC* 2 : AC.HD : ECCD^ and ACJEC : BC* : : EC.HD ,- 
EC.CD : : HD : CD, and consequently BC*^AC.EC : BC* : : 
HCorAE:CD. 



PROF. VI. THEOR. 

If through any point in the circumference of a circl^x ^^ 
straight lines be dratvn parallel to ac^cent sides of an irucirihed 
quadrilateral Jlgure^ and meeting opposite sides, the rectangles 
under their segments toill be equivalent.. 

Let ABCD 6e a quadrilateral figure inscribed in a ch-cle, 
and from any point E in the circumferencei the lines EHI and 
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F£6 be drawn parallel to tbe tides AD and AB, and meetiiiy 
the opposite pairs AB, DC, and AD, BC ; the rectangle H£I 
will be equivalent to F£G* 

For draw DL pariU|el to AB, and join LB, which produce to 
neet FG in M. 

Because FG and DL are paralM to AB» the intercepted arci 
A£ and AD are equal • to BT, BL ; consequently the corre* 
apoading chords are 14;ewise equal. Wherefore, AE and BT, 
beiag formed, the triangles AF£ and BMT are evidently- ^- 
qual| and hence BM and MX are equal to AF and F£« It i^ 
also manifest that FH and p£ are parfdle^ogranis, f nd there- 
fore FA and FD arecquid 
to ]&H and £K. Ag«^l» 
the triangle BGM is simi- 
lar to QKI, for the i^igl^ . 
GBM or LBC is equal 
to KDI or LDC, and, 
the angle BMG is equal 
to ^^B A, and (IILlT.cor. 
2.) to ADL, ortoDKI; 
whence BM : MG : : 
DK : KI, and BM.KI= 
MGJ)K,thatis,FA.KI 

^MG.FE. But, from th^ property of the circle, FA.FD:^ 
F£«FT; and adding these rectangles to the preceding, it follows 
f ^ FA (FD+ Ki ) =:FE ( FT+ MG ); that is, FA CEK+ Kl)=f 
FE (EM+MG)or £H.£I=FE*EG. 

Cor, 1, If the two points C and D coincide, the quadrilateral 
figure passes into a triangle, and the side CD is represented 
by a tangent. 

Cor, 2. If the point B likewise coincides with A^ the side 
^3 Tt^ill become a tangent, and AD will be the only sid^ of 
<tbe fijgure that remains. 

, pqr. 3. If the points B and C merge into one poiqt, and 
also A and D into another ; the figure will be represented by 
a chord, and the sides BC and AD will become tangents. In 
this case, the points H and I coincide, and consequently ^he 
rectangle F£p yrill be equal to the square of EH. 
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PROP. VII. THEOJR; 



The perpendicular within a circUy is a mean proportional fa 
^esegmenhjbrmedon it by straight lines^ dravmjrom {he ex* 
hremMm of ike diameter^ through any point in the dreum/erence. 
'..)..'.'•• . , ' ' •. . , • 

Let the sti^ht Ibes AEC aod BCG, drawn from the ex* 
tremities of the diameter of a circle 
through the, point C in the circamfe* 
rence, cut the perpendicular to AB ; 
the part DF within the circle is a 
mean proportional between the seg- 
mei^ts PE and DG. 

For the angle ACB, being in a se- 
micircle, is a right angle (III. 19. ), 
' and the angle ABG is common to 
the two triangles ABC and GBD, 
which are» therefore^ similar (VI. - 
11.). Hence the remaining angle 
BAG is equal to BGD, and conse- 
quently the triangles ADE and GDB 
are 9imi]a.r ; wherefore AD : DE : : 
DG : DB, (and V. 6.) AD.DB = 
DE.DG. But (III. 26. cor.)^ ' the 
rectangle under AD and DB is equi- 
valent to the s(]uare of DF ; whenct 
DE.DG=bF», and (V. 6.) DE : 
DF!!DF?D6r 




PROP. VII. THEOR. 

The area of a quadrilateral ^gure inscribed in a cirde, is ^ 
mean proportional between the rectangle of the excesses qfthesemp- 
perimeter above any ttioo sides, and the rectangle of the excesses tf 
the semiperimeter above the other two sides* 



SflS 
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Let A6CD be a quadrilateral figure inscribed in a circle ; 
its area is a mean proportional between the rectangle under the 
excesses of the semiperimeter above the sides AD and CD, 
and the rectangle under /its excesses above the side^ AB and 
BCJ* 

If tiie opposite sides of the quadrilateral figure be parallel^ 
the semipenmeter will evidently be some of i^ length and 
breadth, and consequently the rectangles of the excesses will 
be merely the squares of that length and breadth, to which 
the area is a mean proportionaU 

But if two of the sides AD 
and BC be inclined, produce 
them to meet in £ and draw BF 
bisecting the angle which they 
form: draw likewise from the 
corners A and D, the lines AG, 
AH, DG and DF, bisecting the 
exterior and interior angles <of 
the figure ; join BG, BH, CI) 
and CF, and from the poin^ G, - 
H, I andF, let fall the perpen- 
diculars GK, Gl.,*GM, HO, 
HN, HP, IQ,IR,IS,FU,FT 
and FV. 

. Itiflreasytoseethatthe.three 
perpendiculars from each, of; 
the pointo G, H, I and J are 
equal ; and pursuing the saine ^ 

preliminary demonstration as in VI. 29., it is .^vious that 
AK=AM,AN=AO,BL=BM,BN=BP,CRc:CS,CT:=:CV, 
DQ = DS, DT = DU, EKsEI., £0 = EP, EQ = ER and 
£U=EV, and likewise AM x=BN, and CS=DT; whence 
OQ=PR, and KUsLV; but ABsAM+BM=AK+BL, 
and CD=CT+DT=CV+DU, and therefore KU or LV re- 
presents the setniperimeter. Now KU-^-CDz: KU— DSi-^DT 
s KU — DQ — DU £= KQ; KU — AD s KA + DU 
ss KA + CR ; KU — AB sr KU — AM — BM ac 
KU— AK— AO=iOUaiidj LV— BC=: LB+CV=AO+CV. 
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The exterior angle EABts {ill. 17. cor. 2.) equal to BCD, and 
these angles aqd their adjacent angles BAD and DCV are bi- 
sected by AG and AH, CI and CF; wherefore the right-an- 
gled triangles GKA and AOH^ IRC and CVFare all similaj:. 
Consequently AK : KG : : OH : OA : : Ctt : RI : : f V : C V, 
and (V. 19. EK) AK-f Ctt : KG+Rl: :OH+FV:OA+CV; 
whence (V. 13. El.) KQ(AK + CR): Op (K6+RI): : 
KQ(OH+FV) : OU (OA+CV). But it was shown, that JCQ 
is the excess of the semiperimeter KU above the side CD, that 
AK4-CR, or AK+DU, is the excess of KU above the side 
AD, that OU is the excess of KV above KO or the side 
AB, and that OA4.C V, or LV + C V, is the excess likewise 
of the semiperimeter above the side BC. The extreme terms 
of the analogy are hence the rectangles of the excesses of the 
semiperimeter above the sides CD and AD, and above the 
opposite sides AB and BC. It only i^mains therefore to prove, 
that the mean terms are each equivalent to the area of the 
quadrilateral figure. 

Now> this quadrilateral figure ABCD is evidently compos- 
ed of double the triangles HOA, HNB, IQD and IRC, in- 
creased or diminished by the double of the rhomboid HOQI, 
according as the point H lies nearer to the vertex E» or- more 
remote than the point I : The area of ABCD is therefore equi- 
valent to HO. AB+lQ,DC=t=(HO + IQ) 0Q= HO(AB=fc:OQ) 
+ IQ (CD db: QQ) = HO.KQ + I Q.OU. 

But since the triangles AHN and ISC are similar^ and also 
PMG and DFT, it follows Oiat AN : NH : : IS : SC, and 
BM : MG : : FT : TD ; whence HN j MG : : FT : fS, ai^d 
KG : OH : : IQ : FV ; : EK : EO : : EQ : EU, or,*ydivi. 
sioD, KG ; HO ; : KQ : OU, and IQ.F V ; : I^Q^OU ; where- 
fore HO.KQ ^ OU.KG» and the area of ABCD=: 
OU,(KG+IQ,or IR). Again, IQ.OU=K^pV; and conse- 
guently the area of the quadrilateral figure is likewise equi- 
valent to KQ (HO-f-FV). The proposition is therefore esta- 
bUshed. 

For the substance of this demonstration, I am indebted tn) 
the taleQts and assiduity of my ing^ioVs frie^^d Mr Ari^o^; 

2^ 
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The Appendix to the hooks of Geometry cannot fail, by fti 
novelty and singular beauty, to prove highly interesting. The 
first part is taken from a Scarce tract of Schooten, who waB 
Professor of Mathematics at Leyden, early in the seventeenth 
century. But the second and most important part is chiefl y 
selected from a most ingenious work of Mascheroniy a cele- 
brated Italian mathematician ; which in 1798 was translated 
into French, under the title of Geometric du Compos. It will 
he perceived, however, that I have adapted the arrangemeot' 
to my own views, and have demonstrated the propositions 
more strictly in the spirit of the ancient geometry. 



NOTES TO TRIGONOMETRY. 

1. It was the pursuit of Practical Astronomy that led the 
Greeks to cultivate Trigonometry. But tHe Elements of Geoi- 
tnetry had been reduced to a systematic form before the foun^ 
dation of this science was laid. Aristarchos of Samos, a contem« 
porary' of Euclid, and a very ingenious astronomer, attempted 
to determine thp relative distances of the sun and moon by a 
curious observation ; yet the rude and circuitous way which ' 
he took, in solving the problem, to show that an arc of three 
degrees is less than the 18th, and greater than the 20th part 
of the radius, attests^the slow progress of the art of calcnla- 
tion. 

About a centtiry afterwards, the great outlines of Trigono- 
metry were traced by Hipparchus of Rhodes, the most original . 
and powerful genius perhaps of all antiquity, who fiourished 
between the years 125 and 160 before the Christian sera. If 
we consider the novelty of his views, the extent of his inqui- 
ries, the fecundity of his resources, and the accuracy and im- 
mensity of the calculations which he performed with such 
cumbrous instruments and involved materials — we are filled 
with wonder and admiration. The main object of his pursuits 
was the advancement of astronomy. Hipparchus adopted the 
usual division of the circumference of the circle into 360. 
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degrees; but he divided the radius into 60- equal parts, 
which he called likewise degrees, and repeated the successive 
subdivision by 60 for primes, seconds, &c He derived the 
rules of Trigonometry from the properties of lines inscribed 
within the circle, and now termed chords^ which he measured 
in sexagesimal parts of the radius. He had composed a work 
in twelve books expressly on the calculation of chords, and ap- 
pears to have computed these important lines to every half de- 
gree\>f the semicircumferenx^e. Unfortunately some fragments 
only of his labours are preserved. 

Trigonometry, in this shape, remained litationary during the 
space of 300 years, till Ptolemy, who cultivated Astronomy 
and Geography in the Museum of Alexandrifft withindefatiyi- 
b\e ardour, introduced a few subordinate improvements. In 
hh Analemma, which deduces the construction of sun-dials 
from the orthographic projection of the sphere, this c^lebrjBted 
author, who seems to have borrowed liberally from Hippar- 
chus, employs haff-chords^ instead of chords^ in his geometrical 
delineations ; and, had he pursued that simple idea, he might 
have anticipated the use of dnisSf the introduction of which was 
reserved for the Arabians. 

Ptolemy recomputed the chords to ^very t^o degrees of the 
semicircumferdnce^ and, in his Almagest^ or MiymM £vvl«{if, he 
has explained distinctly the mode of proceeding. On this oc- 
casion, he appears first to have brought into notice the beau- 
tiful theorem which forms the 20tH proposition of the six^h 
Book of the Elements of Geometry. 

An an object of considerable interest, I here subjoin Pto- 
lemy's table of chords, or, a» he styles it, the Canon of Inscri- 
bed Lines^^KxcuMv rif n Kv«A« ivdiimu It will be found to be 
far more precise and accurate than we should have expected ; 
and it shows the wonderful address and patience which the 
Greeks exercised in performing calculations with their com- 
plicated system of arithmetical notation. For the sake of insti- 
tuting a comparison, I have converted the sexagesimals into 
decimals, and have likewise annexed,^ from the more elaborate 
modern tables, the chords, expressed sexagesimally. The co- 
incidence will appear very remarkable, seldom differing by 
"unit -in the last place. 



Table of Chords to every two Degrees of the Semicircumference, ia 
Sexagesimals, and the same as given by Ptolemy, and likewise con- 
verted ioto Decimals. 



i 

< 


c 


HORDS, 




Chords. j 


Sengesinial 


Scale. 


Decimals. 


Seiageamal Scale 


Dedmi:^' 


By Modem nblw. 


ByFtateiBSr. 


BsrFtoter. 




Bjf Modno Tri»le«J 


ByltotaBjr* 


BjWmj. 


^ 


il9 Sf 39"26'" 


^ 5'A(»f 


.0549074 


92 


86^19' 14"48''' 


86<»19'1S" 


1.4386806! 


4 


4 11 16 ns 


4 11 16 


.0697963 


94 


87 45 44 58 


87 45 45 


1.462708S 1 
1.4862^/:/ 


6 


6 16 49 9 


6 16 49 


.1046715 


96 


89 10 38 33 


89 to 39 


8 


8 22 14 48 


8 22 15 


.1595559 


98 


90 55 54 55 


90 55 55 


1.5094S13 


10 


10 27 31 16 


10 27 32 


.1745148 100 


91 51 31 11. 


9} 51 32 


l.'-32092S 


IS 


12 32 56 19 


12 32 56 


.2090555 102 


93 15 27 4 


95 15 27 


1.554291 T 


14 


14 37 27 32 


14 37 27 


.2457361 |l04 


94 33 40 40 


94 99 41 


1.5760231 


16 


16 42 2 47 


16 42 3 


.2785472 


106 


95 50 10 52 


95 50 11 


1.S9727S; 


18 


18 46 19 42 


18 46 19 


.5128657 


108 


97 4 55 21 


97 4 56 


1.618O370 


80 


20 50 16 1 


20 50 16 


.3472965 


no 


98 17 55 40 


98 17 .54 


1.6585056 


22 


22 53 49 29 


22 55 49 


.3816157 


112 


99 29 4 15 


99 29 5 


1.6580787 


24 


24 56 57 51 


24 56 58 


.4158261 


114 


100 38 25 42 


100 38 26 


1.6773426 


26 


26 59 38 55 


26 59 38 


.4498981 


116 


101 45 66 47 


101 45 57 


1.6960972 


28 


29 1 50 16 


29 1 50 


.4838426 


118 


102 51 56 16 


102 51 37 


1.7143380 


50 


31 3 29 48 


31 3 30 


.5176389 


120 


108 56 82 58 


103 55 23 


1.7520509 


92 


35 4 55 21 


53 4 36 


.5512751 


122 


104 57 15 45 


104 57 16 


1.7492407 


34 


85 5 4 34 


55 5 5 


.5847454 


124 


105 57 13 22 


105 57 14 


1.7658981 


36 


57 4 55 21 


57 4 55 


.6180524 


126 


(06 55 14 48 


106 55 15 


1.7820139 


38 


39 4 5 28 


59 4 5 


.651 1545 


128 


107 51 19 


107 51 20 


1.7977778 


40 


41 2 32 41 


41 «53 


.6840417 


130 


108 45 24 58 


108 45 95 


1.8126157 


42 


43 14 56 


45 15 


.•7167561 


132 


109 37 31 39 


109 37 32 


1.827092<) 


44 


44 57 10 3 


44 57 10 


,7492150 


134 


110 27 38 7 


110 27 39 


1.8410139 


46 


46 55 15 50 


46 55 16 


.7814650 


136 


111 15 45 27 


111 15 44 


1,8543704 


48 


48 48 3b 13 


48 48 50 


.8154722 


158 


112 1 46 44 


112 1 47 


1.8671620 


50 


50 42 51 6 


^ 42 51 


.8452361 


140 


112 45 47 12 


112 45 48 


1.8793889 


52 


52 36 16 19 


52 36 16 


.8767407 


l«l 


113 27 44 2 


115 27 44 


1.8910370 


54 


54 28 43 54 
de 20 11 44 


54 28 44 


,9079815 


144 


114 7 56 24 


114 7 37 


1.9021157 


56 


56 20 12 


.9589444 


146 


114 45 23 40 


114 45 24 


1.9126111 


58 


58 10 37 45 


58 10 5S 


.9696204 


148 


115 21 5 3 


115 21 6 


1,9225278 


60 


60 


60 


1.0000000 


150 


115 54 39 56 


115 54 40 


1.9518519 


62 


61 48 16 28 


61 48 17 


1.0300787 


152 


116 26 7 45 


116 26 8 


l,940S9S6 


64 


6J 35 25 8 


65 55 26 


1.0598426 


154 


116 55 ^ 55 . 


116 55 28 


1.9487607 


66 


65 21 24 3 


65 21 24 


1.0892778 


156 


117 22 39 46 


117 22 40 


3.9562963 


68 


67 6 11 20 


67 6 12 


1.1183889 


158 


117 47 42 57 


117 47 45 


1.965254^ 


70 


68 49 45 


68 49 45 


1.1471528 


160 


lis 10 56 58 


118 iO 37 


1.9696157 


72 


70 32 5 14 


70 52 3 


1.1755694 


i62 


118 31 21 21 


118 31 2;2 


1.9755796 


74 


72 13 4 5 


72 15 4 


1.2036296 


164 


118 49 55 49 


118 49 56 


1.98O5370 


76 


73 52 45 46 


71 52 46 


1.2515261 


\66 


119 6 T9 56 


119 6.20 


1.9850926 


78 


75 31 6 25 


75 51 7 


1.2586455 


168 


119 20 33 28 


ri9 20 54 


1.98904^^ 


80 


77 8 4.15 


77 8 5 


1.2855787 


170 


119 32 56 7 


119 32 57 


1,9923935 

1 


'82 


78 43 37 29 


78 45 58 


1.3121204 


172 


119 42,27 41 


119 42 29 


{.9951345 


84 


80 17 44 25 


80 17 45 


1.5382659 


174 


119 50 7 57 


119 50 9 


1.9972639 


86 


81 50 23 19 


81 50 24 

85 h 53 


1.5640000 


176 


119 55 56 50 


119 55 38 


1.9987870 


88 


83 21 32 26 


1.3893194 


178 


119 58 ^4 18 


119 58 65 


l,9§9€99l 


90 


84 51 10 8 


84 51 10 


1.4142130 


180 


120 Q 


120 0. 


2J0O00000 
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Td «ftd«rdtand the txnckfnt writers on Astronomy «nd Tti- 
gonometry, it is necessary to be fttgn^iar with the methods of 



converting sexagesi* 
mals into the ordi- 
ttarydediba! ftubdivi* 
sion. I shall diere* 
fore give one or two 
examples. Suppose 
it were required to 
estimate, in djecimal 
parts of the radius, 
the length which Pto- 
lemy assigns for the 
chord of 969, or the 
side of the inscribed 
decagon : The con- 



37^ r 65" 
10 


6.1049 


10 
10 


1.48X1 


40 
10 


8.156 


40 
10 


0.19 ^6 


40 
10 


3.14 26 


40 
10 


2,24 26 


40 
10 



Orm6recoii- 
cisely, thus 

601^ 

91€7 



6rt37.08J94S 



i.61d0324 
The result, .6180324, 
is true to every 
place. 



4.0 26 40 



version may be performed either by a successive multiplica-/ 
tioR by 10, or by an ascending division by 60. 



1.2855752 

60 

77.134512 

60 

8.07072 

60 



Again, let it be required to express sexagesi- 
roally the chopd of S&?^ or 1.2855752 : The ope- 
ration will consist in a repeated multiplication 
by 60. 

The result Is 77^ 8' 4^'' ; but Ptolemy makes 
the last figure to te^". . * ^-^^ 

Albatenius or Geber, the son of Mahomet, an Arabian 
Prince, who flourished about the year 880 of the Christian 
aera, wrotp a system of Astronomy, in which lie improved on 
the Almagest of Ptolemy. To simplify the calculations of 
Trigonometry, he substituted for chorda, their halves, which, 
in the Arabic language, he named Gi6^ to sonify Jblded ox 
doubled up. This word, appropriated to the semkhord^ was 
afterwards translated into Latin by the term sinus^ from which 
comes the modern denominatio'n sine, Albatenius likewise in- 
troduced versed sines^ and thereby improved the rules of Tri- 
gonometry. He made even a decided step towards the for- 
mation of tangents ; for, in treating of dialling, he computed ^ 
table of the lengths of the shadows of the vertical §tyle, though 



STIf notes and ]tLU6TRATIOM8« 

only in digits or twelfth parts of Hs akitudsi Sooie notioa of 
secants was also eniertaiaed by bim« 

Eba JouDis, who flourished under the Calif Hakem, and 
died A. D« IOO69 carried still farther the in^foyements of 
Trigonometry. He computed a table of shrnhm or tangents^ in 
sexagesimals and to a radius of 60 degrees* He particularly 
studied the orthographic projection of the sphere, and gave 
some useful theorems in Practical Astronomy. 

Ebn Jounis was the first mathematician who employed nib^ 
sidiary arcs for abridging his calculations, changing Bometimea 
tangents into secants, to facilitate the extraction of roots. It 
deserves to be remarked, that this astronomer, having in one 
of his computations exhibited a number consisting of 11 
places of figures and written in the Indian characters, takes 
the trouble to explain each of them in succession,— a decisive 
proof, that those numerals had been recently communicated to 
the Arabians, and were still not generally understood by them. 

To compute the sines of the quadrant, this able astronomer 
sets out from certain arcs, which he calls primitive, being those 
of 60'', ISO"", 90°, Se"", IM% 72° and 106?, and investigates, 
through various combinations, the sines of their doubles and 
their halves, of their sums and their di&rences. In this way, 
he finds the sine of l^" to be 1° 2' 49'^ ^S**" 2>^, which diffeia 
only in the last pl^c^ frOm 1° 2' 49^ ^'^ &^, which our tables 
would give ; but he stopped at thirds, though he calculated 
the sines for every 10 primes or minutes. 

Aboul Wefa of Bagdad, who fiourished about the year 987 
of our flsra, gave a sexagesimal table of tangents, or of the sha* 
dotffs of arcs to every degree of the quadrant, but which has 
been lost. As an instance of his great accuracy, I may cite 
S4^ 38' 27'' 39"' 38'% the measure he assigns for the tangent of 
30^, which, converted into decimals, ma^es .57735028, having 
only an excess of a digit in the eighth place. Wefa likewise 
noticed the cofangentSf which he called the upright shadows^ sta- 
ting, with the same remarkable accuracy, that of 30^ to be 
1,4'3° 55' 22" 58**. He even indicated secants^ which he term- 
ed the diameters of shadtyaos, considering them as subtending 
the right angle made hy the radius and the tangents. 



KOT£S AND ILLUSTRATIOVST. 375 

i 

Tbe AmbtaiiSi (hiu[ aided by the denary syBtem of numerals, 
Extended gveatly tbe powers of calculation. They could readily 
' extract the cube root of any number, which the Greeks, with 
all their penetration, could never adiieve. Geber, a nkiive of 
the Moorish kingdom of Grenadat early in the twelfth century, 
enriched Spherical Trigonometry, by the inTentioii of one of 
its principal theorems. ., - 

The revival ofv letters among the Christian nations was, 
about the middle of the $fteenth century, invigorated by the 
noble acquisition of the art of printing. The study of literature 
was soon followed by th^ pursuit of sdence. George of ^iir*-' 
bach» near Vienna; and thence commonly juamed Purbachius; 
bom in 14^25^ but uiifbrtnnately cut off by a premature death* 
appeared the first in Europe who devoted himself to the cuU 
tivation of Astro^pmy. He studied the Almagest of Ptolemy 
through the dark medium of a Latin version framed on the 
Arabic translation, and exercised his ingenuity and patience 
in extricating from a mass of obscurity and inaccuracy the 
meaning of the original text. As he derived his information 
from that source, it is curious to observe, that, making the dia- 
qaeter of t^,^ piroje to contain 120 equal parts, he reckons in> 
round nmnbers the circumference of the circle to consist of 
377* If frotn these numbers wef subtract 7 and 29, the terms 
of tho Archimedean proportion, we shall obtain 113 and 355, 
the famous approximation proposed by Melius. 

Purbachius followed the Greeks and Arabians in dividing the 
radius into 60. equal parts ; but, instead of subdividing them 
again successively by GO, he carried forward the subdivision by 
^ 1,00, and avoided, the "separate notation of t)ie subordinate 
parts. He thus inade the radius to consist of 600,000 parts, 
in which he expressed, without any breaks, the sines and tan- 
gents computed likewise to every 10 minutes. In calculating- 
these tables, he sets out with the arc of IS^^ which, afler Ar* 
zachel and the Arabians, he calls Kurdaga ; its sine being de- 
rived from the bisection of the arc of 30^, or the half of that 
subtended by the side of a hexagon. He likewise finds the 
sjnes pf 30°, ^S**, 60", and 75° ; from the well-known theorem^ 
that the rectangle under the radius and the differenpe between 
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UuiiiiMi>of two arci it eqoivalnie to iviot flitfVMCaog^e voder 
^ liaecf liBtf Ihe didEbreoeto and thecotim of Wf thetind o# 
|ll9 orco theouelf ot. Tb«i> 
J*jn« XonA«tt, M 15«««P«»0P aiid m 74^ coi 7i^ 

Fourth Kardaga, tin 60^^— «tn. 46^=2 Mm Tl*". eas 59}^ 
JPj^ Kardaga^ uA l&'-^n 600s« «m 7 J^ coi 67i^ 
SiMXfln&«», m90*— Jii»7^a9m7i^0ot02i^ 
Piirbachtuf found the Ainei of the muhiplet of 7^^ b j a »mU 
lay proceai, and t||ence be oompated the met of the mnltipiei 
of ita haU; or S^o. Thit tatiil arc it contained ^ timet in a 
qnadrant^^Hi circumttance which detenret particular notieei 
at it cmncidct with the practice of the Hinda Attrenomy. 

Joiin Miiller of Koningtberg, and therefore ttyled de Motde^ 
fugio or lUgiamoiUaniu, the tcbolav anii tuccettor of POr- 
bachiuty carried thoteimprovementt much farther. After tome 
betitation, he finally rejeeted every inilce of the texagetimal 
tabdivition of the rad^nt, which he aiade to contain 10^000,000 
equal partt ; he therefore computedf the tmet and tangentt for 
every minnte of the quadrant to teven ptecet of figures, and 
he likewite annexed the secantt. la filming thete complete 
tablet, Regiomontanut availed hinttelf net only of the ordinary 
properliet» easa*^ 1 — sina*^ and 2sMa*z: 1 — co#2a, bat of a curi- 
out theorem of hit own ihTention, {sin a— ^in6)'-^0Off(a— eo^i)* 
s4«tn'^ (tf — i)f which he demonstrated geometrically. 

Besidet the repeated bitectiont of the Kariaga^ Miiller de» 
rhed the sinet of another datt ef arcs from the tide of the 
decagon. He thut computed Meet pf 24S ^2^, 6S S^', 1^% and 
finally ^i& ; the rest were fitted up by different interpolations, 
hi his book of** Triangles,^ he gave another table for disco- 
vering the angle of a right-angled triangle, from the base and 
perpendicular willioul seehieg the hypotenuse. It was in fieict 
an imperfect table of tapgenhy thoagl^not so named by htm, ao4 
oateulated only for each degree of the quadrant. Yet this he styl- 
ed Canon FofcundUs^ without applying it to the improvement 
of Trigonometry. Miiller died in 1476, wlien lie had onljK 
reached the age of 40. 
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Heinholdy who died in 1553» Profeasdr of Mathematics at 
Wurtemburgt computed a table of iangenU to every minute ; 
imd shortly afterwards Maurolycus of Messina gave a table of 
^ecan$€f which he syled Tabula Benefica. Rheticus, with incre- 
dible labour, next produced a complete set of trigonometrical 
tables, calculated to 15 places of figures for every 10 seconds. 

The famous Vieta, borti at Fontenay in Lower Poitou, in 
l540y and who died at Paris in 1603, maybe regarded as the 
person who completed the Modern Trigonometry. He enrich- 
ed it with new theorems, and reduced the whole into a regular 
system. Besides other properties, he first noticed the very 
simple one, which derives the sines of arcs exceeding GQo from 
mere addition. In his book on triangles, printed in 1579, he 
gave tables of sines, tangents, and secants, computed to every 
minute, in a collected form ; but in allusion to the right-angled 
triangle, he referred the sines to the perpendicular, the tan- 
gents to the base, and the secants to the hypotenuse. He af- 
terwards attempted to name the tangents prosinus, and the se- 
cants transiniLS, 

In this state did the trigonometrical tables continue without 
alteration, till Stevinus introduced the Decimal Arithmetic, 
about the end of the sixteenth century. Yet the sexesimal sys- 
tem was retained by Bressius in 1581, and a considerable time 
ielapsed before the radius came to be reckoned as merely unit; 
and even then, the notation of the descending numbers was load- 
ed with repeated accents like the primes, seconds^ &c., or with 
small figures inclosed in circles. The capital improvement, 
which produced the utmost simplification* was effected by 
Napier, the iUostrious inventor of Logarithms, who proposed, in 
his Rhabdologiap to discard those subsidiary marks, and merely 
to distinguish the place of units by a full point. These lines, 
now called the natural sines, tangents, secants, &c are qften 
superseded by the use of their logarithms; but as they fUmish 
useful examples for training the pupil to calculation^ I shall 
here give a specimen of them. 



Table of Sines, Tanobvts and Segakts, 
to every Degree ofthe Quadrant. 



Coiiae. 



PI 



101745S4 
20348995 



9998477 
9995908 



0174551 57.S8996S 1.000159d|57.S98688|89 
1*0349208 28.636253 



3 0523360 9986295 0584078 

4 0697565 9975641 0699268 14.K)0666|l 



50871557 



99619470874887 



10458859945819 



1818693 



9925462 



1051042c 
12278468.1 



1S91731 9908681 



9 1564345 
101736482 



9876883 
9848078 



9.5143645 
.1443494 
14054087.1153697 
1583844 6.31S75151 
17632705.67128:8 



1908090|9816272J9438035.1445540|1.0187167|5.2408431 

978 1 476 2 1 25566 4.7046501 1 .0223406 4. 8097343|78 
83086884.3314759 1.0863041 4.445411577 
2493280 4jO 107809 1 J0306136 4. 1335655 76 
26794923.7320508 1.0552762 5.865703375 



9743701 



820791 17 
138849511 
14 841981919702957 
15 

16 
17 



2588190 9659858 
27565749612617 



2923717 



95630483057307 



18 3090170 9510565 3249197 



193255682 



28674543.4874144 
3.2708526 
3.0776835 
2.9042109 1 



5420201 



94551865443276 
93969265639702 2.7474774 



3583679 
22 3746066 
233907311 
24 4067566 
854286185 



3838640 



9535804 

92718594040^^62 

92050494244748 



9135455 
9063078 



4452287 
4663077 



4383711 
t87 4539905 

4694716 
294848096 
305000000 



89879404877326 
89100655095254 



5150381 
5299T93 
5446590 
5591929 
5735764 



8829476 
8746157 
8660254 

8571678 
8480481 
8586706 
8290576 
8191520 



5317094 
5545091 
5773505 1 



3658778538090170 



37 6018150 
5^61^6615 
396295204 



6008606. 
6248694 
6494076 
6745085 
7002075 

7865425 
7535541 
7812856 



7986555 
7880108 
777146O|809784O 



40 6427876 ^660444 8590996 

41 65605907^47096^692867 1.1503684 ).3250150|l 
426691506 745 i448'9004040 1.1106125 1.3456527 
456819984 7515537.9525151 1-0725687 1.5675275 
446946584 71^5398*9656888 1.0555305 1.5901686 
457071068 7071068!lOOOOOO 1.000000011.4142136 



I Cioginei 



1.0006095 28.6537(58 88 

19.081137|l. 0013783 19.10739187 

.009441914.335587 86 

11.430052|1.0038198 11.475713 8j 



.5667722 84 



1.0055088 9. 
1.0075098 8.205509083 
1 J009887 6 7. 1 858965 82 
01846516.3984532 81 
1.015426615.7587705 80 

79 



18 5. 



1X)402994]5, 
1.045691 
1.0514688 
.0^76207 
1.0641778 



;.6279553 

>. 4203036 

3,236068072 

5.0715555 

2.9238044 



2.6050891 
2.4750869 1 
2.3558524 
2.2460568 
2.1445069 



1.0711450 
.0785547 
1.0863604 
1.0946565 
1.1055779 



2.7904281 
8.6694672 
2.5595047 67 
2.4585953 
2.366201665 



2.0505058 

1.9686105 

1.8807265 

1.804047^1 

.7320508 



1.1126019 
1.128326818, 
1.1325701 
.1435541 
1.15470052, 



2.2811720 64 

1.8026895 6< 

2.1300545 

2.0626655 

.000000060 



1.6642795 
1.6003345 
1.5398619 
1.4825610 
1.4S814801. 



1.1666354 
1,1791784 
1.1925655 
1.2062179 
.2807746 



941604059 
887079958 
8560785 
,7882916 



1.37638191 

1.387P448 

r279'9416 

1.2348972 

1.1^175361. 



57 
56 
1.7434468 55 



.236068011.701301654 

1.2581357 1.6616401 55 

1.26901821.6242692 52 

1.88675961.5890157 51 

30540731.5557238 50 



5243531 
1.4944765 
1.4662792 47 
1.4395565 
1.41421.76 



'Sine. I Cotangent.! Tangent, | Coaccant | Secant. |^ 
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BriggSy the celebrated improver of the logarithmic canon, 
itttempted to modify the sexagesimal division of arcs, by re^ 
taining the degrees^ and only subdividing them again succes- 
sively by 100. But this project has not been adopted, unless 
that the decimal parts of seconds have sometimes been pre- 
ferred to the ordinary succession of thirds, fourths, &c. 

2. The French philosophers have, at the instance of Borda, 
lately proposed^ and adopted the centesimal division of the 
quadrant, as easier, more consistent, an^ better adapted to 
our scale of arithmetic Having divided the quadrant into 100 
degrees, they subdivide each degree into 100 minutes, each of 
these again into 100 seconds, and pursue the subdivision as far 
as may be' necessary. An astronomical student is therefore ob- 
liged to become acquainted with the mutual transformation of 
the sexagesimal and the centesimal divisions. As an example, I 
shall select the measure .6366197724, which was found in p. 
199. to express the radius of a circle whose 
circumference is 4. This number evidently -6366197724 
denotes, in decimal parts of the quadrant, the 57.295770515 
length of an arc equal to the radius, and would' 60 

be written thus in the centesimal mode, 17.74677096 

63 «» 66' 19* 77'" 24^ To convert it into the or- 60 

dinary degrees^ minutes, seconds, thirds, &c. it 44.8062576 
must be multiplied first by 90, and the decimals. q^tra^ 

again successively by 60. The result is, *»-?754^ 

57^ 17' 44? 48'". 22^% which represents sexa- 22.52736 

jgesimally an arc equal to the radius. 

Again, the obliquity of the ecliptic at the last summer sol- 
stice being 23^ 27' 57" 36'", thi» would be ^^ 
easily converted into centesimals, by ascending ^L^^.^ 
from the lowest parts, dividing by 60, annexing — ! ^q^ - 
the preceding number, and repeating the pro* Qn^23~466 — 
cess till the final division by 90. The result |.26073333 
is 26» 7'33'^ 33r 

I shall now give a specimen of the sines and tangents com-r 
pu^ed to each cente^mal degree of the quadrant. 
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Table of StKts to each degree of the Centesiind DiTitiofi o€ 
the Quadrants 



Ami 


mam. 


AM. 


WMt. 


Aitt. 


Bbm, 


Afcvi 


Am I 


▲m. 


Sun. 


1 




21 


8239174 


41 


0OO4«M 


61 


8161497 


81 


955799Q 


2 


0314108 


22 


3387379, 


42 


6129071 


62 


8270806 


82 


9608937 


3 


0471065 


83 


3534748 


43 


6252427 


63 


8858074 


83 


9645574 


4 


0627905 


24 


3681246 


44 


6374240 


64 


8443279 


84 


9685832 


6 


0784591 


25 


3826834 


45 


6494480 


65 


8596402 


85 97286991 


6 


0941083 


28 


3971479. 


46 


6613119 


66 


8607420 


86 


9759168 


7 


1097543 


27 

28 


4115144 


47 


6730125 


67 


8686315 


87 


9792228 


8 


1253352 


4257795 


48 


6845471 


68 


8763067 


88 9892878J 


9 


1409012* 


SO 


4399392 


49 


6959128 


69 


888T656 


89 98510931 


10 


1564345 


30 


4539305 


50 


7071068 


70 


8910065 
8980276 


90 


9876883 


U 


1719291 


31 


4679298 


51 


7181263 


71 


91 


9900238 


12 


1873813 


52 


4817557 


59 


7289687 


72 


90482T1 


92 


9921147 


13 


S087873 


38 


4954587 


53 


7396311 


73 


9U4033 


93 


99396 J 7 


14 


2181432 


34 


5090414 


54 


7501111 


74 


9177546 


94 


9955620 


15 


2334454 


35 


5224986 


55 


7604060 


75 


9238795 


95 


9969177 


16 


2486899 


36 


5358268, 


56 


7705132 


76 


9297765 


96 


9980269 


17 


2638730 


37 


5490228 


57 


780430^ 
7901550 


77 


9354440 


97 


9988898 


18 


2789911 


38 


5620834 


58 


78 


9408808 


98 


9995066 


19 


2940403 


39 


5750053* 


59 


7996847 


79 


9460854 


99 


9998760 


20 


30901701 


40 


5877853 


60 


809017Q 


80 


9510565 


' 100 


lOOOOOO 



The sines corresponding to the Intermediate minutes might 
be easily found from this formula, 

sin (a + d) = sin a -f .01570796. d. Cos a — 
.000123*. rf*. sin fl+.0000606| dK cos a ; 
in which the last term will be scarcely ever wanted. Thus, to 
find the sineof 43<^71'; the series of corrections is, 
.6252427 + .0087039 —.0000389 + .0000002 = .6339079. 
The sines corresponding to every decade of the centesimal 
division of the quadrant^ are obtained by the mere process of 
extracting square roots. Thus, 

sin 10<^=:tv^(34.V5)— J^(5— ^5), 
«»20 =:J(— 1 + ^5. 
sin 30*>=i V(5+ \^5y^i^(S-^^5). 
sin 400=^^(10—2^5). ' 
sin&>''=W2. 
«n60o=J(l+^5). 
sin 70*»=t(5+^5)+J V(S— ^5.) 
sin 80«=tV'(3+ V5)+W(5--^5). , 
It would be supierfluous, however, to detail the investigation 
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of the80 expressions, wfaidi are derived from the sides of the 
iosGcibed octagoa and decagon. ^ 

On the basis of this centesimal division, the French have 
likewise constructed their ingenious system of measures. The 
distance of the Pole froia tlie Equator was determined with 
the most scrupulous accuracy, by a chain of trilogies extend- 
ing from Calais to Barcelona, and since prolonged to the Ba- 
learic Isles. Of this quadraiUal arc, the ten millionth part or 
the tenth part of a second, and equal to 39.S71 English inches 
constitutes the metre^ or um't of linear extension. From the 
metre again, are derived the several measures of surface and 
of capacity ; and water; at its greatest degree of contraction, 
furnishes the standard of weights. 

It would be most desirable, if this elegant and universal 
system were adopted, at least in books of science* Whether, 
with all its advantages, it be ever destined to obtain a general 
currency in the ordinary affairs of life, seems extremely ques- 
tionable* . At all events, its' reception must necessarily be 
very slow and gradual ; and, in the meantime, this innovatioti 
is productive of much inconvenience, since it not cm ly de- 
ranges our habits, but lessens the utility of our delicate in- 
struments and elaborate tables. The fate of the centesimal 
division may finally depend on tlie continued merit of the 
works framed after that model. 

3. The remarks contained in the preliminary scholium, will' 
obviate an objection which may be made against the succeedi- 
irig demonstrations, that they are not strictly applicable, ex- 
cept when the arcs themselves sire each less than a quadrant. 
But this in fact is the only case absolutely wanted, all the de- 
rivative arcs being at once comprehended under the defini- 
tion of the sine or tangent. To follow out tlie various com^ 
binations, would require a fatiguing multiplicity of diagrams, 
and such labour would still^be quite superfluous, becauise the 
mode of extending or accommodating the results from the ge- 
neral principle is so easily perceived. 

4. The general properties of the sines of compound arcs 
may be derived with great facility from Prop. 20* of Book VI- 
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of the Elements. For, since AB.CD4.BC.ADs AC3D, it te^ 
evident that iAB.iCD+iBC.fAD=|ACiBD ; bat (cor. 1. 
def. Trig.) the semichord of an arc is the, same as the 
sine of half the arc, and consequently, by sub&titutiiHi, 
nnJAB miCD+sin\BCsiniABCDz=: rini ABC X 4m|BCD. 
LetiAB = L,iBC = M, and iCD 
=N; wherefore fABCD = L + 
M + N, iABC =2 L+ M, and 
fBCD=M-|-N, and hence the ge- 
neral result ; sin L Wit N -}- sin M 
sin (L + M + N) = «», (L + M 
sin (M+N), which L, M and N 
are any arcs whatever. This ex- 
pression,, variously transformed, witl exhibit all the theorems 
respecting s?nes. For the sake of conciseness, let the radius 
be denoted as usual by 1, and the semicircumference by w* 

1. Put AsM, B=N, and let L be the complement of A. 

Then, c(wA«»P+«iiiA«it(A + B+ ^-. A) =:««(-^^ + A) 

nn(A-{-B) ; that is, since the sine of an arc increased by a 
quadrant is the same as its cosfne, sin AcosB+cosAsinBzs 
sin(A+B). 

2. Let the arc B be taken on the opposite side, or substitute, 
— B for it in the last expression, and WTiAoofB— cof AnnB = 
«n(A— B). 

3. In art. 1, for A substitute its complement; then 

«ii(A+ B)=i«ii(-|— A -FB)=«ii(-|-+A— B) ;=«w(A:^B), 

and hence co8AcosB+sinAsinB=:cos(A — B). 

4«. In art, 2, likewise substitute fof A its complement, and 
the result will become cmAco^B — sinAsinBzzcoslA'^B). 

5. in art. 1, let A=sB, and 2sihAcosAz:zsiri2A. 

6. In art 4, let A=zB, and cos A* — sinA*^cos2A. 

7. In art. 3, let AzzB, andco«A»4-«nA*=:l- 

8. Add the Jbrmula in art. 1. and 2, and 2sinAcosB == sin 
(A+B)+«nj(A— B). 

9. Subtract thejbmtula of art. 2. from that of art. 1, and 
2cosAsinB'zzsin{A+B) — «7i{A— -B). 
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10. Conjoin the formula of art. 3. and 4, and QcosAcosBzs 
co*(A+B)+co»(A— B); 

11. Takethe /onn«/« of art. 4. from that of art. S, and 
2sinAsihB:=€0s(A — ^B)— <;(»( A -f- B). 

12. In art. 8, let B be the complement of A» and 2«tnA*r= 

sin{A + -g— A)i-5i»(A— |.+A)=i— co«2A=wr^A. 

IS. In art. 9, let B be the complement of A, and 2cosA^zs 
sin (A+ ^A)— («wA— I + A)=zl+cos2Azzsuver^A. 

14. In art. 5, instead of A substitute its half, and there re- 
sults 2^11^ Ax cosiA=8inA. 

15. In art. 6, likewise substitute tiie half of A for A, and 
(co*iA)*— (miA)»=<?feA. 

^ 16. Jn art. 12, for A substitute its half, and 2 (siniA)*=: 
1 — cosA or stnlAzs V(i(l — cosA))zzVi'oersA. 

17. Make the same substitution in art. IS, and 2(eosiA):=: 
1+C05A, or cosiA=i V(l(l+cosA))=: V^suversA. 

18. In art. 8, transform A and B into A+B and A— B, and 
consequently, for A-f-B and A — B, substitute 2 A and 2B; 
then 2«e7i'(A + B)co*{A— B) = «w2A+««2B, or sin{A+B) 
eos(A^B)=:i(sin2A+sin2B). 

19. Make the same transformation in art. 9, and 2+B 
cos{A — B) = 5in2A — m2B, or co*(A+B)Mn(A— B) =: 
i{sin2A—sin^B). * 

20. Repeat this transformation in art. 10. and 2co5(A-f B) 
coi(A— B) =: cos2A + cos2B, or co5^A+B) cos{A — B) sr 
icos{2A+cos2B}. • 

21. The same transformation being still made in art. 11, 
2««(A+B)«n(A— Bi=cos2B-co52A,or«w(A+B)«>i(A— B) 
=:i{cps2B—cos2A). 

22. Suppose L=N=:B, and M=iA — B; then the general 
expression becomes sinB*+sin{A — B)£in(A-|.B)=M»AS or 
sin(A + B)sin( A— B)=«w A*- «nB». ^ 

23. Instead of A in the last article, take its complement, and 

sin [I -^ A+B)«i«(|~A— B) = c<w(A— «/«B)S or 
co«( A— B)co5(A+ B)t=eosA*'^$inB*. 
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2i. Compare art. 21. with 22, and KcotSBcat- 2A)s 

25. Comparing likewise art. 20^ with 29v and 
I (eoi2A+co<2B}=co«A*~5fViB*. 

26. Betolve the difference of the squares in art. 22. into its 
factors^ and sin(A+B)sin(A — B)=:{sinA+(nnB}nnA — (sinB), 

27« Make a similar decomposition in art, 2S| and 
oo«(A+B)cos(A— .B)s(co«A4.WnB)(coirA^^'nB). 

24. In art. 18» instead of A and B take their halyes, and 
stViA +mB=2niii( A + B)cosl ( A— B). 

25. Make the same change in art. 19, and mA— ^'»B= 
2iiii(A— B)co*i(A+B). 

26. Change likewise art. 20, and cosB+cosAz= 
2cM4(A+B)co*i(A— B). 

27. Do the same thing in art. 21, and cqsB — casA= 
2sini(A—B)sini{A+ B ) . 

28. For A substitute A+B, and by art. 16, 4f«»»i(A+B)= 
2— 2c(w( A — ^B)=2— 2mA. sinB^2cosA. cosB. But by art. 7, 
«nA*+co«B*=;l,andthereforc4'««»^(A— B)=«»A*+«?iB»— 
2iJiiA« mB^cos A* +CQS B* — 2cos A. cos B=(«'« A — ^wn B)«+ 
(cesA — cos B)*. 

The Arabian Mathematicians appear to have been the first 
who availed themselves of the trigonometrical tables in abridg-* 
ing the process of extracting roots before the Indian notation 
was introduced among them. 

$. From the third additional proposition to Book III., a very 
simple ei^pression may be derived for the sum of the. sines of 
progressive arcs. Suppose the diameter AO were drawn; tbea 
BE + CF +DG = HG=HO+PO, or2«fiAB+2«wAC + 
fyinAD = HO + Uin AD^ and sin AB + sin AC + sin AD = 
|HO+45i» AD = iAOJanBAO+lsinAD. Wherefore, in 

general, sina+sin2a -{- sinSa sinnazz \vers naxotla-^- 

\sin nd. Hence the sum of the sines in the whole semicircle 
'nzzcot\a. Thus, if the sines for each degree up to 180^, the 
radius being unit, were added together, |;heapao^nt would be 
11^958866. . • 
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6. Theslnes and co^inei dfiheamallerarc&may be foimd ftom 
art. 16. and 17» bj aprocess of continued bisection. Tkus^the 
sine of 18o, being half the side of an inscribed decagon, is 
'J90dSl7Q^ and Ule cosine- 1^10565. Wherefoire sine 9''^ 
V(| (1^.9510565)) 3 v^ <^024471S)3S.1564M5,'>aiid (^sd^s 
V(i(l+.95W)5e5))a: V<;9755282) ^ .987688S; 

But anoshermode jtoajr be stated. Let S dendte the sin^ of 
any arc, and s and c the sines and cosine of its half; Ihea 
{s+cy=:s^+c*+2sc=z 1+5. and (^-<:)^5r»>4^»^2«»=l— S. 
Wherefore sJ^c = V(i + ^) and 0—5 ac v?^.l — sy; conse- 
quently, «= J( V^ (1+ sy — v^(l— 5)> and c == 
1 (y^(l + S)+i/(l— 5.) To applythis 'expression, the sine 
of 80 being .5» the sme of 15Prs^ ( v^l.5--^.5)3r : 
J(l .2247448-^.7071068) =^ .2588190, and Icosine 15<^ = 
%(1.2?47#8 + .7071068) ss: .9659?58, 

7. After the table of.sia^s hgifi been construetedt the, foiu 
mula s+cs:^(l + S) and c — *=v'(l— iS) inay serve for the 
extraction of square roots. Suppose it were required to com« 
pute the square root of 40. This may be done either by as- 

' cending from the squares of 5 or 6|, or b^ descending from 
the squares of 7 or 8 ; the former being greater than the half 
of 40, and the latter being less than it^ double. jPor 
40=25+15, ^nd v^40 :;: 5 ^/(l + -6} ; but .6 h the sine of 
86^ 52' 1 1.63^ ; and the sine and cosine of the half of thi8,lor 18* 
K' 581" are .3062278 and .9486884, whose sum, or 1«2649111^ 
b^ilg multiplied by 5, gives 6.324555S, the square root of 40. 
Or 40i:;:64— 24, and ^MzaS^^l — 575) ; now .875 is the 
sine of 22"^ 1' 31.98% and the sine and cosine of its half^ or 
ll"" a5''.99t tfte .19764^ and .988521 18, whose differ^nee, or 
.7905694 being multiplied as before by 8, gives 6.32455581 

The same result is obtained from art. 16 ; for C denotii^g the 
cosine of a double arc, s=z^i{l—C) ; bat40=:100.j(l— ;2}, 
and V40aB(10v^i(l-^2)) ; now .2 is the cosine of 78'' 27' 
46.95% the half of which is 89** 13^ 53.47^, >whose sine, 
.6324555 multiplied by 10, gives the square roet of 40. 

In like manner, by art. 17. c=b V4(l+C)), aiid<i^40s: 
sj^i{l + .25.)) But .25 is the cosine of an arc 75^ 81 ' 20.94^^ ; 
an4 the cosine of the half of the half of this, or 37'' 45^ 40.4??<^ 

2c 
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ig.790MB4» which bdog inidliplied bjF S, gfa« 6MUSS,ibe 
aame m bebre. 

8. FroM Prop. 1 • and 2 , il ii ^uy to teifie otheir seriet for the 
multiple sinks and cosines. For cot {n+l) osscfM a . <:o« aa~ 
sina.}nnnatand$in{n+l)a3ziina.ca9M+cm^.^na. If 
f» be assmned succeisif ely eqvel to % S* 4, &i> ise shall ob- 



stftSa^sft Jtna*^a; and 
cot^a^coi a*-«-8 eoi o • m aS 
mdasSMa.cofa^'-^nii*; again, 

iM 4 a s 4 nn a . eof a'«-4 nntf *eoiB» 
4v. ^. 4rc» 
The coefficients are evidently those of the alternate terms 
,of the powen of the binomia!; irhence, in general, 

»— 1 «-fl • « . «— ^ ^"^^ «— ^. 

«ws?*^. wi a*— &c. 

«tii na = R nn a • co^ a""s— «• --x g" • «» ^ •cos a"^+ &c. 

From these expressions the series for the cosme and sine of 
an arc are derived, as formerly given. 

9. The fof roulse lor the sines and tangents of circular area, 
may likewise be conveniently tvansformed by the ezpansifm 
of complex quantities. I shall therefore take this opportuni- 
ty to explaip a simple method of investigating the celebrated 
trinomial dieorem, which I was accustomed to teach daring 
the time I occupied the Mathematical Chair. 

The expression (a+i)" is converted into a" ( 1+— ) , by 

dividing byiCS first term ; and, consequently, the expansion of 
a binomial is reducible to the development of {\J^x)\ fiot 
this expression must evidently, assume the form, 
14pA«4-Bcc^4-C^+ &o. ; and the only difficulty is to disco- 
vet the successive coefficients A, B, C, &c. But these co- 
efficients are readily found in the case where ft is an integral 
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^milter ; te siiH^e thtty muic be indepe&Aent of the valae of 
'^^-hativuEie ilk l^imiiA t^-l, and inroUt dia powers fiy re- 
pIMtttfd 'Oiiil^lioatfMk The result of this procedure will give 
tfte i^ot^ of eoefficieiifi tbf responding to the hidtiGes 1, ^ 9> 
4|5><ft(^ Kqv, it k bbfloiis^ frointhe > ^;] j^ 
ModQ ^ <mililplidtiik«' df^Hed to the ^ll^gj 1; 



Yfglhl; hAiid^ tkab eai^ ir^hital rank is 8 



l,S,S,l. 



i^ff. 



^oOD^XdDed bf tiddibg ev^ry term ^in sue* *1* *» 6i 4$ 1 
omion to thi>«djacebt tttw of ihe prfc- ^1>:5, M), Ip^:^^ I. 
ceding cothiifio. Hius^ jtf<th« third row, Iji3l40^'9=c'^'t» 
OsirS+d, 10td44L6 '&c. ; aiftid in the fodrth roti^, i=ili|-0» 

By retracing this operation, the doeffifeifafl are tilso dkbo- 
tl^ere* wfaich^^b^iMlg.ter'Slie'iifdfees; thit 4t^'$mio^t6SAteX' 
tdnsiif^n' becoia«; afle6iefi by the subtrective fign. Hitis^ th^s 
terms — 1, +1, — 1 &ci of the 
horizontal range oppo^t^ to — I, 3 



are fdtmd by sobtractmg them — 21,— ^2, +»,-,4*c 



l,--4, +10,— 20&C/ 
1,-3, +6, — lO&c. 



U--.l,+l,^l&<j. 
1, 0, 0, 0, 0, &c; 



IB succession from the ierdi t^ ^ 
which are the advanced terms of ^ V ! 
the range immediately below. 
Again, the temu ^2^. j|l% .U4 ^( the nekt range a1>bve, are 
obtained by isabtrafetin^ J f^otn-^i, ^5 from + 1, + 5 from 
— 1 &c. And, in like manner, opposfte to — 3, sjtaiip^ f— 3, 
+6, — 10, which result from subtracting 1 from — 2, — ^3 
from +3, +6 from — *, iSee. 

It is remarkable, that ithese horizontal ranges exhibit the 
same numbers, only with alternating signs, as the vert^rf^ co- 
iunms in the forrter tables. The application of both sets of 
itombir* is abundantly limple, and exhibits, whenever n is in- 
tegral, the involutiop qt{l+x)\ and of (1 +*)-*, or , ^ , , 

which includes also a compound division. • 

But to discover the coefficifents in all cases, whether n be 
whole or fractional, smce (l+«)»\s=l+.Aa+B:|2^^^|.^ 
let both sides of the equation be multiplied by 1+a:, and 
(1+ar) "+1 = 1+ A* +Bar« +Cs^ &c. 
. + x + Ax^+Bx^&c. 
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Wherefore, when Ihe index n passes into n+l, the sucoesiife 
eoeScienu A, fi» C, Ac most pass into A+1, B4- A, C-(-B« 
Ac These coefficients being deri? ed from n^ such is the oon- 
dition which should determine thdr function or pecidiar rehr- 
tion. In order to limit the investigation^ it may be obsenred, 
that when n becomes nothing, die coefficients all disappear, 
and, therefore, no constant quantity can enter into the fimo- 
tion. It is only further to be remarked, that the several co- 
efficients A, B, C, Sse^ being obvioudy formed from each 
other, must belong to successive orders of functions. 

Let A, therefore, which is nimgiy of the first order, be de- 
noted by ff«, and A4-I must be expressed by {n+l)mi 
whence ls«, and Asa. 

Again, since B is of the second order, put BssnFm + nfi, 
and B+AsrB +n s (»+!)*• + (»+l)/0 ; consequently, by 
subtracting these equations, ii=2it«-|.«. 

+/8. 
Comparbg the corresponding terms, as^im, and}=s»; 
but Ms/Sse, and, consequently, | +/Sso, or /8= ^. Where- 

tore, JOS-jr — <5r-»||. ■ ^ . 

Lastly, C being a function of the third order^ let C;=n'«-|- 

n'/S-l-ay: It follows, that C+B=(«.(.iyi»+(it+l)«^(if+l)y, 

n' n 
and therefore-g— -g =s8»*»-|-S««+« 

+2»iS+iS 

+v. 

Equating now the homologous terms, -^ =: 3n<«, — -s* =: 

SiM+2it^, and «-|-iS+y=:o; whence ^ =«, — 1=1+4/8, or. 
/ S== — i » and X— i+i^=o, or /SsrJ^ Consequently, C = 
«■ «*" n /««— ^ji+«\ «_! «— 2 

"a^T+T-'^v — 6 — y=''-"2^"r" 

Collecting, therefore, the several results, we obtain 
0*l<p)*al4^.^+w-2ni.«*«.lli,±=^ The law of 
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toteosioii.is evident, whatever may be the diaracteif or yidue 
of It. • 

10. The exprefisioDft for multiple sii^es and tangents will fur- 
nish an easy solution of some forms of equations. Thus^ for 
quadratics, let t denote the tangent of any arc» and T the tan- 
gent of double that, arc ; then T = ^— -« Pr putting ts^fL. 

T g -■ ^^, ; whence Tj^^ +2 mx = Tin», and - 

o •» 
«^ •)- -^fsr X = tn*. Now compare (his with the general equar 

tioui «* 4- '^ = ^'» <^^ 9n'=5*9 or m = 6, and, therefore, 

ft ' ^h h 

-wr=:«, or T = — == — ; consequently the arc is found which 

has T for its tangent, and hence t the tangent.of half that arc 
is obtained, and the root xssd.^ Suppose it were required to 

solve the quadratic, ^-|-6jr=sl6. Here Ts:^, and the cor- 
responding arc is 53^ T 48,38", or 233° T 48.38"; the half of 
which is 26° 33' 54.19", or 116o 33' 54.19*, and the tangent of 
this bisection is .5, or *-2, the latter being only the cotan- 
gent of the same arc ; whence the roots or 4.^ are -|-2 and 
-m^ Again, let the equation x^ — 5r=:24 be proposed : In 
this case, b =: ^24=4.8989795, and a = r--5 ; whence T=: 
—1.9595918, which corresponds^ to the arc —62° 57' 51 .51'' or 
+117?2'8.4-9", and the half of this arc is — 31°28'55.75" or 
+58^$1'4.25". Wherefore / s: —.6123724 or + 1.6339931, 
and consequently x^ — ^3 or -pf-S. 

It is evident that thesdf fortntilffi will answer only when the 
third term 5' b additive. If it be subtractive, the properties 
of multiple cosines may be applied. ^ - 

Let the quadratic x*— «r«s=,— «i* be proposed for solution. By 

8ubstitutingy4- -3- =0*, the second term will be removed, and tjie 

equation transformed into y^^rr^h*. But c and C denoting the 
cosine pf an arc and of its double, if follows that C = 2c*— 1 
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put ct^M^^ and the flirmula wiU plus into Cs-^^^l; wbence 
fti III* • 

Cm^mS|y**-f»* or |^*S5:+^ 'k'^* Compare this with the gene- 
ra equatioay's^— ^» and -^^^ff^^ mz:^a^\ \ h^t—^Vt 

iWld therefore C= -^t-js — ("r") ; but <r=-^ and 

y=iiic=:c.a^i; whence 4:=:c.«v^i4«^, 

Suppose it were required to solve the equation jb*— lOxr: 

- — 16. Here &=^ and a=zlO; cdnsequehtly C= — rf -^J s 
— S^=:*-.64, which is the cosine of the arcs 129**47'S04Sf' 

,, , *o "■ 

and 230''12'29.45''; wherefore the halves of these arcs are 

64°53'45.27^ and 1]5^6'14.73", of which the costee c k* 
'+ .4240037 and — 4240037. But .fl>/ic=7.07t 0678, and 
•acrVis+3 and-rS, whence «aHh3-t-^9}4-^#nd.: 
.:=: ^^5=4-2; both of which additiye roots will answer. 
It is evident that this method>i11 fail^ ff the third term 

should exceed Uie square of half thef second; the very case 

whe/e the formula with tangents* apply. 

11. The estpression for the sine of a triple are gives a ready 
solution of certain cases of cubic equations. 'By-eitchldl^^ llie 
second term, but preserving tlie same'dimensionSy such eqna- 
Vions' will be reduted to the* form' ir*dt:to*artr^*- Now*t 
i and ^TrepVesent the sines of an drc* and of its tri^, ai|d 

J8te3tfnr4«? 4 {»H^ s«j:— i a*4tiWfft*»if^fti»QFiP^fi^^^^jr-» 

whence Sm»==3m»x—4x», ftod. ft»dJ^/^^flr--x: •fF'^SfiT* 
' This equation can be assimilated only to the modified iRirm 
a;9— a*irc= J^ ; wherefore, by comparison, -^--'szA^t •^ 



S.j-=--J*; consequently m:^a J-s% and /Sr: 



3' /4 



* =--J*; consequently m':^a V~t and /Sr: — " ' . 
— y/,W Thus, the arc corresponding to the sine S is 
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ibimd^abdtHeDoetf th^siae of iiai tbird {lairt^ hut 

At an eaifunpld, snppotli a*i-**lidJr3t)*««^5S0 ; Herd S being 

equal to - 7^. v» the arcs to which that sine beV)ng8 are 

67° W GtlW^'mth t\ie snecessive addittoii lof a whde pir- 
cumference. ^nberefore tho9» arcs being trkected, ghe 
22^ 24' 39.25", 142° 24' 89.25'', and -262° 24' 39.25" ; and mul- 
t^plying Ihe corresponding sines fnto 2>/43, tr^ obtain, for 
tbe roots of the^quation^ J^B^ +® ^d —13. 
As anolfher example, assamd a^-^\ x == 4* 180. Ifore 
90 ' #8100 

arc is — ^78° 59' 18.78^ ; the trisection of this again prodatefc 
the successive arcs, —26^ ly 46.26^, +93^ 40' 13.74*, and 
4:213^ 4fy 13.74" ; the sfnes being multiplied ij 2v^0| give 
— 4,^*4*9 and — ^5, for the roots of the equation. 

It is obvious, (hat this metht)d is applicable only when the 
sqtiare oMbalf the thirdt lemi'doeaiiot .exo^i^ the cube of the 
third of the second term ; which constitutes what is called the 
irreducible caa^ in C^ics, x>]: that wherein Gaprdan'lB theoretti 
fails. The three roots thus evolved are, consequently, pro- 
portia&Al to the perpeodiciilarB fet fiill &&m die angular pointa 
of an equilateral triangle inscribed in a circle. But the two 
perpendiculars on the one side are together' equal lo the sin- 
gle perpendicular on the other ; a property which coincides 
with the l»awa condition of- eqaaitions tl^at want the second 
term, the sum of their additive roots being equal to that t)f 
their subtractive roots. 

Suppose the cubic x**-— 48a;i=:128. In this case, the square 

^^ -^ or 64 beiiig equnl to ^e cube ^ or of 16y the resulting 

arc !s''9(r, and its trisection gives the arcs 30®, 150**, and 270% 
of which the sines are +.5, +i5 and — 1 ; iwrhcreforei tool* 
tiplying these into 2^/16, or 8, we (ifcrive the equal fWU 
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4-4 and +%f and an oppoaile ^oot«-a Heneet in tins caa^ 
the eqoatlon has strictly only two roots. 

Let the imperfect equation •*--87xso be propoeed. Here 
the resulting arc vanisbest but the trisection atill gives the two 
arcs 190^ and 240^, the sines of which are opposite^ being e- 
qual to 4&v^| and — ^|. The products of these fractions 
hjfij/l% are -f. 6 and ^^. But the equation was reducflda 
to the quadratic «*-«^so> where «s/S6s4-6or —6. 

12. On exaaming the formation of the successive terms of the 
first and second tables, it will appear that the coefficients are 
certain multiples of the powers of 2, whose exponents likewise 
at every step decrease by two. It is fisirther manifest, that if 1, 
A, 6, C, &c It A\ W, C, &c and 1» A,\ B\ C\ &c. denote the 
multiples corresponding to the arcs ii.a» n+ i.a, and n^j.a / 
then A+ 1=: A', B+ A'sB', C+B'=:C't &c. Whence the va- 
lues of A, Bp d &c. are determined, either by the method of 
finite differences, adopting the appropriate notation, or froih 
the theory of functiohs. llius, in the first table, ^A=:l, and 

A = if-4; AB=A'=i»-8)andBttB2=~:::l; AC=B^a 
SZltel, and C =: "-^'"^-»rg , Whetefore,ingeneral> 
(1.) Sin na=2»-^(J^*— ^^.2»-»c»-^+!!=~^ 

* — ■ 2»^V-7^ Sec. 

(2.) Cosna=^-^^^n.9^.if^+^:^^^.^»^ 

2.S + 

Tl^e third and fourth tables are evidently formed by multi- 
plying constantly by 2co«S» or 2-4tf*,.8aid subtracting the 
terra preceding ; or the multiplication by W produces the se- 
cond differences of the successive quantities. Hence in the. 
former, AAAsa4n'^ AAB=:4fA'^, &c. 

wherefore AA=w+i.n+i, and A= ^~ '^'*" ; 
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anA B4^^ ^'''^g'^'''*'^ > But in the fourth table, 
AAA'+4s A^B+4tA'ff AAC'tSiiBf't and cota^uetotfj^^As!^ 
2»+2,and;A==j\'AB=s(2.^^^ and 

Bg * oftA ' Wherefore, in general, 
(8.) Sin iMS«*_«. -^4»+n.-^.-— -^- 



'•-23— ir-6j-' + *''- 



(4.) Co. «fl=l-2-'*+2 -35- '^-l -35—1:6-'^+' *''* 

In the fifth and sixth tables, the coefficients are evidently 
the same as those of the power of a binomial, onlj proceeding 
from both extremes to the middle terms. Hence, accbrdin^ 
as » is odd or eren, 

n.-^.— g-wi (ft— 6)a=ia&c.; and 



2*-* sm (^s:s3aDOS n(Kspsnxos{n^9)a^isEn* -^<x»(ii— 4)a=|S 

n. -3-.-5-c(w(n— 6)0, &c. 
Again, 
(6.) 2*^ CO* a*sscos 9ta-fn,^o*(»—*2)a4in.—H- .005(91— 4d)i^ 

n.-g-.— j;. co<(fi— 6)«, Ac 

• In these three expresaione, half the l^it term, which corre* 
sponds to the middle m the ex{Mui8ion of the binomial, is tobe 
taken> when n is an OTon amober. 

13. It will be satisfactory likewise to subjoin an inTestigation 
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of the line of Ui««uillipi»aiCt MdaeiveilftMi Urn Theory of 
Functions. 

It appears from inspecting the JnoDaaaiTefonnalion of the 
sines of the nkulciple'afcs, 1* that the odd powers only of # oe- 
Mf; &«iMUlbsi9peawntM^th0:fjilt0ilniatiidyii,aaclthe 
other ceeflmms are its functions of third» fifths &c. orders ; 
and 9. that since, in the case when 11=1,; the i^est of die coef- 
iicients evidently vanish, those coefficients in f/somal^ as af- 
fected by opposite signsi must in each term produce a mutual 
balance^ 

Let therefore stn Ma=:fi.«-{-ii.^-{''*^ ^^« * where s denotes 

the sine of the arc a, and ft, n; n, &c. the successive odd or- 
desa of the functions of n« . J| is evident, froia(PFopb & cor. ^ 
Trig.) that, by substitution, 

f M itUi 

+&C. =2^(1— *')«» iia=(2— «*--J«% &c.%ns-\'n^+n?,&c) 

A ' ' ' ft III I ' ' 

=2iK-f- {2» — iiK+ )2n — n --4«)*' » *c. Now, equating corre- 
sponding termfy aiid rejecting tba pKMvers oT^ wo obtain these 
general results : 

. '.M Ui . iu I fm nutsnin w ' i 

2«'=2»'; (n+ 1 ) +{n+ 1)=2ji— w; (« + 1)+ («— 1)=2«— «— Jn. 

It remains hence to discover the sererad orders of the func- 
tions of fi* 

1. The equation 2n'=2n' contains a mere identical proposi- 
tion.; but otb^r bo^ideralians jn^c^te tjhat n must alwajFs de- 
note the first term) or that the first function of n is n itself. • 

2. The equation {n^\)Ji^\n — i)=:2n«— n fixes the conditions 
orch0lUfd>fuiieiton*qj(% wllilsl,,llob tHe fittlttre <ff Ab rala- 
fMn^ia oMMsly oapeifieiv mk^w^s the second Cbnb< Put 
therefore, n'''=:«n'-|-/8n; andi \ff tiUbsCHU^, 2>Mi^+6«fi^ 
2^ft=2«»' '\'y^n-^n. Equating now the corresponding terms, 
tad(5«r=— I, or«=s— |; but«+/8srp, and therefore /»+|. 

Whence «=--^«'+|w=:— w.^^. 



3. Again, m the third equatioo,^(9+i)+ (w — 1)=:%— n-^ji«t| 

gubstitute iiBB:<<ti^>f^0i^7»^i and the€^diti99f^af4fa*fiMofw 
der of the function of n wiU be determined by thia compound 
expression: 2«»'^+ (.8Gte+^^»*+ (lOHh^^+Sb^li^S^ 
({W+i)n^^(Vr--T"^i)^, !^^***** *.® Cftrrespondimj terms^ 

and 20« + 2^=2^+ ^, or «= igQ^glM^ ' ^" '^^ Huumeri 

=^;but*+^ + y=0,whence:y=^ , . . .' , . 
Collectively, therofore, «=— ^j^ as^^^-g^:-^. 
Whence, resuming all the .terms, sin na:=:ns — it.- ^ ~ ^ « -f. 

. 14r Fronp, tbfi expression for the sine'of a nxultiple .arc,^ may be 
idedufied;the s^i^i^ for theai«e of apy ftrcp m terms of the are 

A 

jtself, and conversely. Let na=z A, &nd therefore ir=--^^ if n 

be auppcmd. il^lefi^iteIy gireat^ then a xmjist he^^JAd^niiely 

4Qan,>«iid co^equentl^in.a j;^^ip of e^ifij^^E 19 f., ^V^^nce^ 

' • A • 

sobjBtitu^iiig A. for na, ^sid-rJbr fin the general, ^sppressiion^ 

But h beipig fndeKni^Iy gr^at, the composite fractfbns "*^> 

-^-, &c. afe each in effect. equate unit, which forms their 
cKtMae limit*. ^ CoiisequeAftIy» a9«:qppg tlvU 4)o|}j6satio% 
««A=A-^g-J.g;^^^,^c, 
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Agftin, poUiBg a=A and <r:S, suppose n to be iadefinitefy 
smalli and mn na^nazmA ; whence^ by substitution, 

la a iA-^.'^8»+«.^.2^ S»-^ Ac, and 

But if n Tanish from all the tennsi the series will pass fntd 
a simpler fomu 

A = S. + ^8* + ^S'+5:J^S^+.Ao. 

By a similar investigation^ the series for the cosine of an are 
is likewise found. 

CaiA= 1 _-+ A.^-^_ +. &c 

These series' are very commodious for the calculation of 
sinesy since they converge with sufficient rapidity when the 
arc is not a large portion of the quadrant* Though the me- 
thod explained in die text' is pn the whole much simpler, yet 
as the errors of computation are thereby unavoidably accumu- 
latedy it would be proper at intervals to calculate certain of 
the sines by an independent process. 

15. The series' now given furnish also various modes for the 
rectification 6t the circle. Thus, assuming an arc equal to the 

tadlug, its sine is, 1— ^+ ' . , -&c- zizMmif ^and ha 

cosine is, 1—0 + oTZ — *c.sH408(». But that arc evident- 

Ij approaches to 60^, of which the sine is Vi=*866025, and 
the cosine ^00000. Wherefore (Pr. 1. Trig.) the sine of the 
difference of these two arcs is .866025 X .540902— 
.841471 X •500d00=X)47l8, and consequently^ by the series, 
that interval itself is .0472: Hence Hie length' of the ace of 
60° b 1.0472, and the circumference of a circle which has 
. unit for its diameter is 3 X 1.0472=3.1416 ;' an aj^roximation 
extremely convenient. 
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1& The Fifth Propodtianmaif be othenmedmonstrtOed^fiam 
the corollaries alp. 864. 

Let AB and BC, or BC, be two 
. tfrcS) of which AB is the greater; 
make AD, or AD^ equal to BC, 
and ^ply the respective tangents* 
Because OAE is a right-angled tri- 
angle, and OG', OF, are drawn, 
making equal angles with OA and 
OE, it foHows, that OA*— AE*AG' : 
OA' : : EG' : AF, and consequently 
B*-^fln AB. tan BC : R« : : 
tdnAB + tanBC : tan (AB+BC). 
Again, since QG and OF' make 
equal angles with OA and 0£» it is 
evident that OA«+AEiAG : 0A« : : EG : AF', and hence 
R^'+tonAB^anBC ^ R' : : tan AB^^anBC : tan{ AB— BC> . 

17. The radius being expressed by unit, the sum of the tan- 
gents of the angles of any triangle is equal to the number 
arising from their continued product. For, let A^ B» and C, 
denote the several angles of the triangle ; and since two of 
these, such as A and B, are supplementary to the remaming 
one C, the tangent of A+B is the same (schol. def. Trig.) as 
that of the third angle in an opposite direction. Whence 

1-^ Aiflw B " — '^"^* *°^ therefore tan A + tan B.= 
— tanC + tan A ton B tan C, or tan A + tan B^ + tanC s 
tanAtanHtanC. 

18. The properties of the tangents are easily derived firom 

those of the sines, 

^ m A . . Ti *»«A. . sinB sinAcosB+cosAsinB 
1. ra»A+<a«B=^-^+ -g= ^ 



cosAcosB 



("-'•-"•'o*^- 
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% Change the sign of Bin the IflrtaitkH and teii4**4^^ 

m(A— B) 

MwAcoiB ' 

S. Instead of A and B in art. 1. substitute their complements, 

i. Main the tame solMtitatioii in art. 2, and eot B— oof A r= 
m(A-B) 

S. rflii(A+B)=^j±|i c (srt. 1. and 4, Na S.) 

^A^StXlX^ ^^*^^' *^"^» **"^^ by iros A «« B or 
•A«iiB, gives tan{A+B)^ ..J.^^ :p.^ 



«»A«»e, gives ^a>»C A+ JiJg i_^g^'AtonB =^ ^/Bco^A-^l- 

6. Change the sign of B in the last articlb, and /<m(A-^B)r7 
ittnA*''*4anB _ caJB^-^A % 
l+tanAianB'^^BMS^' 

7. Divide the expression in the first article by that in the se- 

, . rin(A^i) tiinA+tim'B ca(B+caiA ^ 
oond, ^i^^lA^^i^^tanAUanB^e^B^cotA* • 

8. In tha'Iaii artiotei chtfnge the 'sign of B, and instead of A 

... ^ . cos( A 4*B) cotB — tan A > 

. take Its complement, and ^jA::^)=-^SB+i5SB= 

MA^^4amB 

iHA+iaSB' ' i 

9. Divide the expression of art« 12. NO. 37 by that of art. 5.| and 
1 — cosQ'A ^ ^inA^ ^ sinA 

ifflSA , ''^unAjpoaA^cMA' ^''^^' 
10* Divide the expression of art. 5. in the sdAie nuslbeiv by 
^v ^ r ^ to 1 ««2A QsinAcosA sinA 
that of art. 13. and q:^5^= ^^oiA^ =^Sa*^^«^- 

11. Multiply the expressions o^ the two preceding artides, and 

1— cofgA. • 71-w»«2A 

——^:=:tanA\ or te«A= Viq-j^- 

)2. Decompose the expression in art. 9., and tanAzs 
1 cos2A ' 
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18. In the laK wtide, change A into itt cemplemeiiti and 

14. Subtract the last expretdion from th« «ne precemng ili 
and te«A— co<A=^2(?o«2A, of to»A=co/A— 2co<2A. ^ ^ 

15. In art,9, 10, and 11, for 2 A and A, take A and i At and 

. 1— cotA sin A _ / I— ^5A ^ 

*«'**f=""5;i3: — i+co^A^vi+caiA 

16. Multiply the cxpi^essions of art. 1. and 2.» and4iMA4.«a»B) 

(^ai»A.^nB)=^a>»A^-^iiB^ F ''''^^tfA4o^B^""^^ ' 

17. Multiply the expressions of art 3. and 4?., and Xii?ctfB^«e(^A ) 

.*, 5i»(A— B) rinfA+B) . ,. 
(c<rfB-^a^A)=co^B'^c(rfA»;p .iV^A^Ifi' " ^^ 

18. Divide art. 284 of No. 3* by art 29., nnd ^ - ^_^"^ s; 

' 2j>i»i(A+B) cQfKA^B) _ ton|(A4>B> 
2awi(A+B) m4(A~B)""<tf»KA— B)* 

19. Divide art. SO. of the same NO. by art. 31., and 
casB+cosA _ ^coil{A+B) cq4(A— B) _ cQ^i(A+B) 
c(»B«-cof A""2mi (A + B) «»KA— B>"^««wKA— B)* . 

]'9. From art. 14., the reciprocal of to arc may easily be denot* 
ed hy a series : For since cot A — 2cot2A^^ianA,' if the arc A 
and its compound expression were c.Qptiniuillj biseoted^ thpi ^ 
would arise : / , . 

icof^A— cot Azs\tan\A. 
icotiA—icot^AzzitaniA' 
. icotiA'-icotiA=itaniA ' 
&c. &c. &c. 
Wherefore, collecting t^se SHccessive lermsr, and observing 
the effects of the opposite signs, the general result will come 
out, 

^(^^^^^A=ltmiA'¥ifaniA+iianiA...+^^ ^ 

If n be supposed to become indefinitely large, then 
1 ,A 1 1 .-..,. 1 I 2« 1 1 

^ and consequently * 

'j-=:c<aA+itaniA+ ito«jA+ \t&niA + .^tan^A + &c. 
This expression, however, is more curious than useful. 



\ 
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SOl It if obtiottsihat the tenui of the serict for the tugeiit 
pf the multiple arc are formed out of the coeiBcientB of the 
powen of a biaoniaL Wherefore^ 

rU — n ' —2? y-r + &e* 

(y.)Tamnas: ^ ^ 



1— 11— y 
Hence aliOp 



1— ii--^<*+i!.-g 5 j-<*— *o. 



(8.)5i«iifl=c"(««-»i.— 5 T"* +***2 3 5 5~* 

— Ac and 

(ft) Coi lias (f (1— »). -g- <*+« . -§ 5- -x^- 

21. The seriei for the tangent in terms of the are, is easily 
deriTodi by the theory of functions, from the expression of the 

tangent of the double arc. Since tan2azzv — ^zz2t+^ +2t^ 

J- &c Put I = a-ifr Ao* + Bo* + &C.9 and by substitu- 
tion, tan2a:=i 2a + 8Ac» + S?Ba* + Ac. q= 2o + (2A ^-2)a'+ 
(SB -f 6A -^ 2) a* -|-| &c. Equating, therefore, the corre- 
sponding terms, we obtain; 8A = 2A + 2, or A ?= f t aa4 
82B s 2B 4. 6 A + d, or SOB = 4, and B = V^. Whence, 
m general, ^an a = a+ia*+ ,\a», &c. Again, revert this se- 
ries, and a=*— !<»+ it'—\r+&c. 

But the same conclusion is attained more directly from the 
general expression for the multiple tangents. Let na= A aqcl 

tanna^Tl then ^ 9; #, and if » be supposed indefinitely great,' 

H 

this elemental arc a will become equal to iu tangent t. Where- 
fore, 

A n— 1 n— 2 A» ^ 

^ ^ - 

n— 1 A* n— 1 »— 2 n-^ A* ^ 

, ^ A— jA H&c . 

and ultimately T = i_j a^ ^,A*~ &c. 

Whence by division T = A+iA'+ aA*+ See., 

and by reversion A = T— J T'+ iT* — &c. 
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The Idit aeries afibrdg the most expeditious mpdeibr the 
i-ectificattQii of the circle. Assume an arc a» whose taogeat t 

4ff..^^t^ 120 
is one-fifth part 6f the radius, and tan ^^^T^^iTTt^ TTq^ 

consequently (Prop. 5. Trig,) tan (4ja — 45^) = ^=^ 

jOO4,1^>10O,4I8. Wherefpre» computing the terms of the 
aeries, a::s.l97,395,559,850, and 4a:=«789,582,239,40Q. la 
like manner, we find 4a —^S'^rs. 0049! 84«076,000» and henca 
the difference between these values, or .785,398, 1€S4 exhibita 
the length of the octant ; which number, multiplied by 4, 
gives $,1415926536, for the circumference of a circle whose 
diam^er is !• 

- 22. Proposition sixth, with its corollaries, would furnish a 
simple quadrature of the circle. The sine of a semiarc being 
equal to half the chord, it follows that the ratio of an arc to 
its chprd is compounded of the successive ratios of the radius 
to the cosines of the continued bisections of half that arc. 
Assuming therefore the arc of 60^, whose chord is equal to the 
radius, the logarithm of the ratio of the circumference of a 
circle to its diameter will be thus computed : 

Arith. comp. log. Cof 150 = .0150562219 

-^ — - Ci>« 7^ S& = .0037814399 

* — ^ Cos 3° 45' = .0009308547 

— ^ Cos r 52' 30" = .0002325891 

. . Cos (P 56' 15" = .000058 139£{ 

— Cos 0° 28' Ji" = .0000145344 

One-third ^he last temif =s .0000048448 

Logarithm of 3 s .4771212547 



.4971493730, which 
exceeds only by 3, in the last place, the logarithm of 
3,141592654. > As. the successive terms come to form very 
nearly a progression that descends hy quotients of 4, the third 
of the last one is, for the reason stated in page 245, consider- 
ed as equal to the result of their continued addition. 

2d 



40S HMMM Ahb ILLUSTBiTloStk. 

te. An elegant mode of forming the approximate einea odr^ 
irteeponding to any difition of the quadrant, may be dmved 
firtiiti the prindplet stated in the calculation of trigonome- 
triieal lines : For the siiccessiTe difierences of the sines for the 
arcs A -^ By Ay ind A -|- B, are jfnA <^ sin (A — B)» and 
Mil (A •{- B) — im A ; and conseqaently the diiference be- 
tween these again, or the second difference of the sinea, is 
im(A + B)4. $m (A — B)— fiitn A s (Prop. 8. cor. S. Trig.) 
— SofTf B.WaA« The second differences of the progresuTe aines 
are hence subtractiTe, and always proportional to the nnes 
thenileltes* Wherefore the lines may be deduced from their 
second differences, by rerersing the mual pr6eessi and reeom* 
poondbg their separate elements. Thus, the sinles of A^^B 
and A being already known, their second and descending dif- 
ference, ai it ii thiis deHired from the sine of A, #ill combine 
to form the succeeding sine of A-fB, which is— 2oerfBfmA4^ 
(<t»A^— ^ftnCA— B)} + tin A. It only remains then, to' deter- 
minei in any trigonometrical system, the constant multipliei' 
of the sine, or twice the Tersed sine of the component arc. 
Suppose the quadrant to be divided into 24 equal parts, each 
containing 9^ 45^ or 225^ The length of this arc is nearly 

T'iS^lfig' ^^ consequently twice its versed sine c: (iq^= 

t^n) in approximate terms. If the successive smei, borie^ 

JipondiDg to the division of the quadrant into 24 equal parts, 

be therefore continually multiplied by the fraction ^-^y or di- 
sss 

vided by the ti\imber 288, the quotients thebc^ arising will 
represent their second differences. But, sihce 288 is nearly 
equal to 225, or the length in minutes of the primaiy or com- 
ponent arc, and which differs not sensibly from its sine, — this 
last may be assumed as the divisor, the small aberration so 
produced being corrected by deferring the integral quotients, 
in this way the following Table is constructed^ 
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Farts of th« 
quadrant. 


Are*. 


Sinat. 


luDiff. 


edDiff. 


Arcii 


1 


225' 


225 


224 


1 


3» 45' 


2 


450 


449 


222 


2 


7 30 


» 


675 


671 


219 


3 


11 15 


4 


900 


890 


215 


4 


15 • 


5 


1125 


1105 


210 


5 


18 45 


6 


1850 


1315 


205 


• 5 


22 80 


7 


1575 


1520 


199 


6 


26 15 


8 


1300 


1719 


191 


• 7 


30 


9 


2025 


1910 


183 


8 


33 45 


]0 


2250 


2093 


174 


9 


37 30 


11 


2475 


2267 


164 


10 


41 15 


12 


2700 


^12431 


154 


• 10 


45 


.13 


2925 


2585 


143 


11 


48 45 


U 


3150 


2728 


131 


12 


52 ' 30 


15 


3375 


2859 


119 


• 12 


56 15 


16 


3600 


2978 


106 


13 


60 
63 45 


17 


3825 


3084 


93 


13 


18 


4050 


3177 


79 


14 


67 80 


19 


4275 


3256 


65 


14 


71 15 


20 


4500 


3321 


51 


14 


75 


21 


4725 


3372 


37 


• 14 


78 45 


22 


4950 


3409 


22 


15 


82 SO 


23 


5175 


3431 


7 


15 


86 15 
90 


24 


5400 


3438 





15 



It will be seen that the number 225, which elcpresses the 
length of the component arc, and therefore represents very near- 
ly its sine, is here employed as the constant divisor. Thus, 225« 
divided by 225, gives a quotient 1 ; and this, subtrapted from 225 f 
leaves 224» which, being joined to ^25, forms 449, the sine of 
the second arc. Again, 449 divided by 225, gives 2 for its in- 
tegral quotient, which taken from 224, leaves 222; and this^ 
added to 449, makes 671 , the sine of the third arc* In this 
way, the sines are successively formed, till the quadrant is 
completed. The integral quoti^its, however, are deferred; 
that is, the nearest whole number in advance is not always ta- 
ken. Thus the quotient of 1315 by 225, being 5||, which ap- 
proaches nearer to 6, yet 5 is still retained. These efforto to 
redress the errors of computation are marked with asterisks.. 
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Each of the three composite colamns, we iolsy oheerve^ 
really forms a recartiog series. In the Second quadrant, llie 
first differences become subtractirey and the same numbers 
for the sines are repeated in an inverted order* By cbntinomg 
the process^ these sineS are reproduced in the third and fourth 
quadrants, only on the opposite side. 

Such is the detailed explication of that veiy ingenioos naode^ 
whichi in certain cases, the Hindu astronomers employ, for 
constructing the table of approximate sines. But, ignorant 
totally of the principles of the operation, those humble calcu^ 
lators are content to follow blindly a slavish routine. Tfii^ 
. Brahmins must, therefore, have derived snCh information from 
people farther advanced than themselves in science, and of a 
bolder and more inventive genius. • Whatever may be the pre- 
tensions of that jpassive race, their knowledge of trigonometri- 
cal computation has no solid claim to any high antiquity. It 
was probably, before the revival of letters in Europe, carried 
to the East, by the tide of victory. The natives of Hindustan 
might receive instruction from the Persian astronomers, who 
were themselves taught by the Greeks of Constantinople, and 
stimulated to those scientific pursoits by the skill and liberali- 
ty of their Arabian conquerors. This opinioh Seems to derive 
strong confirmation from the Lilawati, a very meagre and de- 
fective practical treatise of arithmetic and geometry, which I 
had some time since an opportunity of examining, with the 
kind assistance of the learned Dr Wilkins,.at the library of the 
India House. Of that singular performance, a transUtionfrom 
the original Sanscrit by Dr John Taylor, printed at the ex- 
pense of the Literary Society at Bombay, has since reached us, 
and will enable the European mathematicians^ who are sc- 
quainted>with the state of science at the revival of letters in 
Italy, to reduce the lofty pretensions of the Brahmins to their 
just level. They will perceive the utter nakedness of a sys- 
tem, which, in the language of ignorance and oriental exagge* 
ration, the Hindus represented as endued with a sort of magical 
virtue) that would enable the person who understands it '* to 
teili in the twinkling of an eyci the number of leaves on a tree. 
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or of blades of grass in a meadow, or the number of gri^ins pf 
sand oa the sea shore/' 

On reconsidering the subject, I have no doubt that this a* 
bridged table of sinefi^ was originally derived froipi the Ara- 
bians, They proceeded in |;heir i^amputatioD^ we have seen, 
frqm the bisections of the Kardaga or arc of 15^» and in dis« 
posing of the results they might occasionally, instead of de- 
scending to seconds, stop fit minutes. This would give a ra- 
dius of SGCkV ; bi^t, if they estimated t)ie radius in sexagesimal 
parts of the circumference, it would be reduced tp 34:38'* But 
the fourth part of \5^ or the 24>th part of a quadrant^ is %2&9 
which must be Very nearly the length of its sine measured by 
the same scale. The sines of the successive multiple arcs form 
a recurring series, the composition of which it was not difficult 
to perfeive.. The fundamental table of Purbachius, who fol- 
lowed the Arabians, was, we have already observed, adapted 
to the same subdivision of the quadrant, 

24. The principles before stated lead to an elegant construction 
<^f the approximate sines, entirely adapted to the decipaal scale 
of numeration, and the nautical division of the circle. Suppose 
a quadrant to contain 16 equal parts, or half points of the mart'' 
ner^s compass ; the length of each arc, the radius being unit, is 

nearly-s-'q?^ nV ^^^ consequently twice iti^ versed sine is 

( — )*, or, in round numbers, jrrr. It will be sufficiently ac- 
curate, tl^erefore, to employ 100 for th6 constant diyisof. The 
sine of the first arc or hdlf point being Hl^ewise expressed by 
loo, let the nearer integral quotients be always retained, and 
the sine of the whole quadrant, or the radius itself, will come 
.out exactly 1000. The first term being divide4 by 100 gives 
1 for the second difference, which, subtracted from |00, leaves 
99 for the first difference, and this joined to 100, forms the se- 
cond term. Again, dividing 199 by 100, the quotient 2 is th^ 
second difference, which, taken from 99, leaves97 for the first 
difference, and this added to 199, gives the third term. If) 
like manner, the rest of the terms are found. 
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Hair 
poinlh 


An:.. 


8W; 


iMDiC 


sdOiC 


ElMM. 


Coircet 1 


1 


5" 37i' 


100 


99 


1 


S 


97 


3 


11 15 


199 


97 


2 


4 


195 


S 


16 sn 


296 


94 


S 


5 


291 


4 


22 SO 


S90 


90 


4 


6 


S84 


5 


28 74 


480 


85 


5 


7 


47S 


6 


SS 45 


565 


79 


6 


8 


657 


7 


S9 22i 


644 


78 


6 


9 


6S5 


8 


45 00 


717 


66 


7 


10 


707 


9 


50 S7i 


788 


58 


8 


9 


774 


10 


56 15 


841 


50 


8 


8 


8SS 


11 


61 52i 


891 


41 


9 


7 


884 


12 


67 SO 


932 


S2 


9 


6 


926 


IS, 


7S 7J 


964 


22 


10 


5 


9^ 


1*' 


78 45 


966 


12 


10 


4 


969 


15 


84 22i 


996 


2 


10 


S 


m 


16 


90 00 


1000 











The errors occasioned by neglecting the fractions accumu- 
late at first, but afterwards gradually diminish^ from the e£Eect 
of compensation. The greatest deviation takes place^ as might 
be expected, at the middle arc, whose sine is 707 instead of 
717. Reckoning the error in excess as limited by 10, and de- 
clining uniformly on each side, the correct sines are finally de- 
duced. The numbers thus obtained seldom differ, by the 
thousandth part, from the truth, and are heqce far more accu- 
rate than the practice of navigation ever requires. This sim- 
ple and expeditious mode of forming the sines is not merely 
an object of curiosity, but may be deemed of very consider- 
able importance, as it will enable the mariner, altogether in- 
dependent of the aid of books, to the loss of which he is often 
exposed by the hazards of the sea, to construct a table of (2?- 
parture and difference qflaHtude^ sufficiently accurate for ever^ 
real purpose. 



25. In trigonometrical investigations, it is pften requisite to 
determine the proportion which the difference of an arc bears 
to that of iU related lines. With this view, let A denote the 
increment or finite difference of the quantity to which it is 
prefixed. 
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1, In art 29« of Na 15. change A bto A+AAt and B itito 
A ; then wiU - 

AttnA:s2miAAcos{A+iAA). 

2. Make the same change in art* SI. of that number, and 
ADOsAzz^-^niAAsmiA+iAA). 

S. In art. 2, of NO* 19. let a simikir change be made, and 

*"cotAcot( A4. AA ) * 

4. Qo tl^e same Uiing in art. 4. and 

5. In art. 22. of NO. 1^* make a like suhititutiont and 
A<mA*=3mAA.m(2A-fAA). 

6. Let the same change be made in art. 2S*p and 
AcofA*=:— ^'9iAA.«tii(2A4-AA). 

7. Do the iame thing in WfU 16« of NQ. Ij9t. an4 
.^ A. ««AA(«»2A-|:AA) 

8t If^tly^ let a similar change b^ made in art. 17. pf that 
number^ and 

If the d^rences be conceived to diminish indefinitely and 
pa88 into dijfferetiHah, these expressions, in coming to denote 
pnly limiting ratios, wi|l drop their excresisences and acquire 
a much simpler form. Thus, (idopting the characteristic d^ 
* since the ratio of an arc to its sine is ultimately that of equa« 
lity, and the sine ofA+dA may be considered as the 9ame 
wit^ the sine of A ; it follows* that 

1, d sinAs:+cosAdA. 

2. d cosAis: — rinAdAi 

4. d colAsg-T? » ii ? 

5. d mA^;AJ^2nnAcaiAdA* 
e. d 0Of A*s—SmiAcotA^A. 
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Siace dsinAszcoiAdAf or the ▼arUtion of the tine of an 
arc IS proportional to its cosine ; it follows that, near the ter^^ 
minatlon of the quadrant^ the slightest alteration in the nhie 
of a sine vould ooeanon a maierial change in the arc itsel£ 

Again, <//ait A= — -^ or the variation of the tangent is in- 
versely as the square of the cosine, and must therefore increase 
with extreme rapidity as the arc approaches to«e quadrant. 

26. Propositions 12, IS, and 14 might be demonstrated from 
another figure. Produce the shorter side BC of the triangle 
ABC till BD be equal to BA, jmn AD, bisect the vertical an- 
gle by the line BE, and draw CO and CF parallel to BE and 
AD. 

It is evident that BE will bisect AP 
at right angles ; wherefore (11. 24. El.) 

AE.EG=: ^^ , ^^ = (II. 19. EL) 



AC+CD AC— CD 

§ 2 • 



But CDs 



AC«^CD 
AB— BC ; and consequently ^ — 



AC+AB~BC , AC— CD 

• 2 ' 2 " 




G D 



5L.- . Let S then denote the semiperimeter of the 

triangle ABC, and AEJBGs(S— BC)(S~AB). 

Again, the triangles FBC and £BD being similar, 
(BD+BC)« = (II. 10. El.) (BE+ BF)« + (ED + FC)* =3 
(BE + BF)*+ AG* ; but AG«z= (II. II. El.) AC*— €GS and 
therefore (BA+BC)*— AC* = (BE+BF)*^ CG*; again (II. 
19. El.) (BA+BC+AC)(BA+BC— AC) = (BE+BF+FE) 
(BE + BF — FE) = 2BE.2BF; whence BE.BF = 

right-angled triangles BFC and BED (Prop. 7. Trig.) 
1. BC ;FC : : RiriniB^andBP : ED :««.;«a4B; wherefore 
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BA.BC : AE.EG : : R'^ ««JB% or BA.BC{ (S— BA) S— BC) 
J : R» : sin{B\ 

2. By Prop.'8. Trig. BF : FC : : R ; towjB, and BE : £D i : 
R : ianiB ; whence BE.BF : AE.EG : : R"^ : toiz^B, or 
S(S— AC ) : (S— B A) (S—BC) : r R« ; te«f B«. 

S. BC 2 BF : : R : co^B, and BD ; BE : : R : cosiB ; conse- 
quently BA.BC : BE.BF : ; R» : cos^B^ that is, BA.BC : 
S(S— AC)::R*:w»4B«. 

The same figure would also furnish an easy proof of the re« 
markable property, that the area pf a triangle k a mean pro- 
portional between tho rectangle under the seipiperimeter 
and its excess above the base, and the rectangle under its ex- 
cesses above the two sides. For the area of the triangle 
ABC, or of the difference between the triangles ABD and 
ACD, is equivalient (II.6. JSl.) to BE. AE— CG.AE or FE.AEs: 
BRAE. But the triangles BFC and BEA being similar, 
BE : AE : : BF : FC ; and consequentiy {V. S. El.) 
BF.BE : BF. AE : : AE.BF : AE^EG, that is, T expressing the 
area of the triangle, S(S— AC) : T ; : T : (S~AB) (S— BC> 

27. It IS convenient to reduce the solution of triangles to al- 
gebraic^rmti/iep. Let or, h and c denote the sides of any plane 
triangle, and A', B, and C tl^eir opposite angles. Thof various 
relations which connect these quantities may, all be derived 
from the application of Prop. II. 

1. Ca*A:;=-X^j3— 

2. But, since (art. 16. NO. S.) dn\A}z=i\{l^cosK), it fol- 
lows, by substitutioii, that rii^ A^:;;; ^^^'^^^'^f s;: 

semiperimeter, Sin\h.*zz^ 'j^ ^; which corresponds to 

Prop, 14. , 

S. Again, because (art. 17. Note 3.^) cosiA»=i(l+.co*A)i 

b/sutotitution, cosW ^^^±^^^=^Ji±^- ■ 
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( <H^)+^^( (H^H^n and cooiequently 

Cb«iA* s *^*^^ ; which agre^ ifith Prop. 18. 

4. The second ezfUretiion being now ^i^tided bjr the third, 

giTes tan iA» =?■ t(f fli * corretpon4inj to Prop. 12. 

These are the^/^rmiJ^ wanted for the solution of the fint 
case of obliqoe-angled triangles. To obtain the rest, i|iio|her 
transformation is required. 

5. It is manifest that «»A*s=l— co#A*= |j^ -p 

4T» 

and consequently, by Note 5. Book VI^ <iaA* = 'J^* ^ 

2T 2T 

itn A ss -rr * For the same reuon, smB 3= — t andl^enee 

^^s: -J- ; which corresponds to Prop, d* 

«»A — «»B «— i J ^. - _ 
a Again, by composiUon, 3SX+5SB=5+J' ""^ therefor?, 

by pH. 18. Note 7. 

7. Lastly, transforming the first expression, there results, 
41 =s V{6«+c*— 2& coirA)=v^( (J— c)*+2ic wjtjA) 

=•( (4+c)*— «fc(l-t?CMA) ). 

The preceding,^»rmti&p will aplye all the cases in plane tri- 
gonometry ; but, by certain modifications, they miiy be some- 
times better adapted for logarithmic calculation. 

8. Divide the terms of art. 6. by a, and ^^^j^Tpp ~~F * 

"a" 
let b ,te«*{A — ^B) 1 — ianx , ■ ^ ^,-. ,. . 

fan (45^— «). Wherefore, —Z2 tan «, and la«(46*-r^) = 
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taniC /af9i( A— B)=toiiiC cot{iC+B)ts 
taniCi—cotdC-k-A) ). 

d. Again, from art. 7. fl5=\/{ (b — c)*+24cwr*AJ=: 

(ft— c)v^( 1 + /t vg « wr*A) ; consequently find ton.a:=: 

\/25c . - ^^bc ,^. . /,' V 5 — c 

TZIT^ wr* A =2-2;;::3^«J A, anda =:(i-^c) *^c «=~|^ 

10. But the e:$pres8ion in art. !•» by a different decoinpo^itioq, 

2bc 
gives a=v^((4+c)*-26c«iwr«A)i=(i+c)i/(l-rjT^|«i»fr«A) ; 

whereforie find sinxzs Y, v^ wpgrj A=:2"^ — cb«|A,and 

a=(i4Tc) cotx. 

11. Other expressions are likewise occasionally us^d. Thus^ 
by art. !•, 2bcjCasA = 5*-|-c*— fl% or (^--^QbcxosA = a*— 4% 
and, solving this quadratic, we obtai|i 
csfewAsfrVCa*— i*+5*co»A*)==ica*Adbv^(fl«— ft»«jiA«),or 
c=:i C05A =±: i/( (a4-5 nnA) (a— ft HnA)). When two sides 
and an angle opposite to one of them are given^ the third side 
18 thus found by a direct process. 

12. From art. 5., c=fl jjjjj ; but C being a supplementary 
angtey its sine is the same as that of A+B, and consequently 
^_^ ^mAco,B+co*Am^ ^ By a similar tranaformatlon, 

mC tinC ^- « 

'^"««(B=C) ~''nn^posC+cosBtinC~cotB+a>iBcotC' 

IS. Lastly, from art. 8. of Note 19, eolA+cotC as ^^^^^ 

h—aeosC ^ . ««nC 

astnC ft-wi»nC 

If the angle A be assumed equal to 90®, the preceding' 
farmidie will become restricted to the solution of right-anglei 
triangles. 

H- From art. 1*, casAszozs — ^W^ > whence, o*=ft^rt«i?S 
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which ezpretset the radical property of the iighi>ai^(led tri- 
aogle. 

15. From art. 5., -T--r = — i and consequeDtly sin B= — , 

SinA a a 

which corresponds with Prop. ?• 

16. Again, from the same article, —s-^^S-s-^^, and 

® c stnC cosB 

i 

therefore ton B ;s ^ = coiC. 
c 

» 

For the convenience of computing with logarithms, other 
.expressions may be produced. 

17. Thus, from art. 14., ^'sa*— c*, and hence 

*P^((fl+c)(a-c)). 

c* c 

18. Since a*=i*(l— Tr)» P^^ t = '«»*> and a = i{secc)=: 

h 
eosx* 

19; Lastly, because A* =s o* (1^ — j-), put ■— s: Hn «, and 

b:saxosxm 

BesidcfS the regular.cases is the solution of triangles, other 
Gombioations of a more intricate kind sometimes occur in 
practice. It will suffice here to notice the most remarkable 
of these varieties. 

20. Thus, suppose a side, with its opposite angle and the 
sum or diffisrence of the cpntaiiung sides, were given, to de- 
termine the triangle. By art. 5., a = — r^g- = "g^"* ^^ 

therefore «=*i?!^±^=i*i±¥^^= (at-S-an* 

18.Notel5.) 2sini(B+C)casi{B^C) " cos\(B-C) ' 

' But0oii(B+ C)s:««4A, and hence omKB— C)= ^ +g><" 2^ ; 

and the diffbrence of the supplementary angles B and C be- 
ing, known, these angles themselves are hence found. 
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^n like madner, it will be found that sini(B — Cssv *^^ • 

21. Let a side with its adjacent angle and the sum of the 
other sides be given, to detertnine the triangle* By art. 4i 

ia«iA« =5 -t^j^ And tan 4B»= ^'^^^ i whence tew^A* 
tenJB» = 9- -a.9^b^{^h^ ^ ^^ consequently tenj AtenjB zs 

Again by art. 1., 26c c&sA = 6* + c*— a\ or a* — i* — c* =s 
^— ^xosAy and adding Sod + 2&^ to both sides, a^ + 2ab + 
b^^^*=:2ab+2b^^2bd.cosA, or (a +*)«— c«s=26{fl+ b^^xosA); 
Whence ((fl+6) + c) ((a + *) — c) = 26{fl + b —cxosA), and 

j.- t((g+^)+g)((«+M-g) 
*-^ (o+A)— C.COJA 

If the sign of b be changed, and the supplement of its adja<^ 
cent angle therefore assumed, we shall obtain 

«rfXB=ft,„iA£±J?=^;, and fa^t(^(t-^))(c4-(a^)) 
t^»t"— 3 c^{a-^b)* * cco^A— (a— 6) 

The relation of the aides and angles of a triangle might also 
be in some eases conveniently expressed by a converging se- 

Th 6 ^«VtB_ sinB _, sinB 

ries. iftus ^ -««A""«n(B+C)""««Bi?o*C+«wBmC* 
and consequently fr mB cofC -ft ^ coiB m»C s a m B, or 
-— ^L_^zz22^— /awB. Wherefore, by actual division, toiiB= 

— sinC+'^sinC cosC +-^««C co*C*-| — j-wnCcd^C* + &c. ; 
and, in substituting the powers of this expression for those of 
the tangent in the series of Note 9., <^e obtain B=: — sin C + 

— «i»C cosC +g^(4c(wC*— 1 ) rinC + -^ (2 cwC* — 1) sin C 

cosC + &t. ; or— «»C + ^,sin2C + ^a^^C + ^«»4C+ 
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In otrtala SKtreme caiet^ iq[»proxiiiiaUotis can likewise be 
employed with adTsntage. Thus, suppose the angles A and B 
10 be exceedingly small ; then, by page WI9 their Tersed sinee 
are very nearly equal to half the squares of the sines. Wheie- 
fore, mC,or #tff (A-|.B)3(art. 1. Note 15,\ MsA(l-4nj»B*) 
*^^B(1 — ^WsA') nearly^ and consequently, by art. 5«, 
esz(a+b) (1— ^iiiA dnB) ; or, the arcs being nearly equal 
to their sinesi substitute c for a + i in the second or differen- 
tial temi,andc=ii4-&-»^AB. Agaui,putC=s'— #,ortfs A-|-B, 

end (a+b) {^nAsinB)s: i^^^^^^j^szii''^ nearly, 
6rc=«+^l«^. 

SB. Proposition twenty-fifth, Which is employed with great ad^ 
vantage in maritime surveying, admits likewise of a convenient 
analytical solution. Let the given distances AB, BC and AC be 
denoted by a, 5 and c, and the observed angles ADB and CDB 

by m ahd fi ; then (art. 5. Note 15.) BDs ^ «fBAD 

BsinBCD B sin m ^ nnB AD ^ Bsinm — a$inn 

sin n *^^ atinn jwiBCD isinm+asinn^ 
s»fiBAD-^nBCD _,^,, .^ w^,^ ,0, /ew jiBAD—B CD) 
mBAl)+n»BOD = <"'• ^^ ^""'^ ^^'^ ^STpAU+BCD) ' 
But the angles ABC and ADC of the quadrilateral figure 
DABC being evidently given, the sum of the remaining an- 
gles BAD and BCD is given, and each of them is consequent- 
ly found. Hence the triangles ABD and CBD are imme* 
diately determined. 

This most useful problem was first proposed by Mr Townley, 
end solved in its various cases by Mr John Collins, in the Phi'*> 
losophical Transactions for the year 1671. The second solu- 
tion given in the text is borroi^ed from Legendre. 

29. The reduction of oblique angles to their projection on a 
horizontal plane, is commonly solved by the help of spherical 
trigonometry. It admits, however, of a simple and elegant 
general solution, derived from the arithmetic of sines. Let a 
and b denote the two vertical angles, or the acclivities of the, 
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i&vergiog lines, A the oblique angle which theie conUin, and 
A' the reduced or horizontal angle. Since the magnitude of 
an angle depends not on the length of its sides, assume eftch 
of them equal to the radius or unit, and it is erident thai the 
base of the Isosceles triangle thus limited will be the chord of 
the oblique angle A, the perpiendiculars from its extremities ' 
to the horijEontal plane, the sines,— -and the horizontal traces 
t>r projections, the eosines, of the vertical angles a and b. The 
base of the isosceles triangle forms the hypotenuse of a right- 
angled vertical tHangle, of which the perpendicular is the dif- 
ference between the viertidal lines. Consequently the square 
of the reduced base is equal to the excess of the square of the 
chord of A above the isquare of the difference of the sines of 
o and b, or 

(cor. 6. def. Trig.) 2— 2t;<»A— («ii» tus^nbysx 
(II. lis. EL) 2^2co9AT^n a^^^n b*+2sin a sin i:± 
(2. cor. def. Trig.) cos a^+cas b*+2sin a sin &— 2c;osA. 
Wherefore (Prop. 11. Trig.) in the triangle now traced on ih6 
horizontal plane, 2cos acosb cosAf^2cosA — 2sin a sin b; and 
mliltipiying by i s€c a sec b, there results (con 4. def. Trig.), 

1. CosAfsssec asecb cos A — tan a tan b. 

This expression apj^^ars concise and commodious, but it may 
be still variously transformed. 

'Pot vers A'ts l-^co5A/=t 1 ^^tanatani-'^-secusecbcosA 
^ss sec a sect {cos a cos b+sin a sin B^cosA)s= 
(Prop. 2. Trigi) sec usee i5(coi(a— i$)— c(»A) : whencd 

2. VersA^zmec a sec SQoersA — Vfrf(a— j))« 

Again, becattse(2. con 1. and 3. cor. 5. Trig.)oer«A/=2m( A^ 

mnd pgrf A— Pgr<(g^i5)at2jm 2~ '**'* 2^ ^ » ^^ ®'** 
tain, by substitution, 

8. SinlA^:=:secasecb{sih "* o"^ *^'» o )' 

Of these^y^^rmu&ip, the first, which I had presumed to be new, 
iappears distinguished by its simplicity and elegance. The hist 
one, however, is, on the whole, the best adapted for calctti* 
tetion hy logarithms. 
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When the Tertical angles are tmaiU the problem will ttdmh 
pf a very coovetiient approximation. For, assuming the arcs 
^ i as equal to their ungents, it follows^ by substitution, that 
soiA'=:co«Av^(l4.a*>/(l +b''h^^coiA(il+ia*){l +ib^))-c6 
ssomACI +ia^+i6*yiai^ nearly. Whence, by Note 25, the 
decrement of the cosine of that oblique angle is 
a£--coiA(^*-ft4£<); but 

(II. 17. EL) fl5=(?±i).^?^)., and 

(II. 18. El.) ia«+i««=(^-±i)«+(^)' ; 
wherefore the decrement of co$Af:s 

(?±i)«(l-<«MA)-(l=li)»(l+CMA). 

Consequently the increment of the oblique angle itself it, by 
Note 25, ' ' 

(i±i)'to.JA--(T^)""»lA. 

Such is the theorem which the celebrated Legendre has gi- 
ven, for reducing an oblique angle to its projection on the Im- 
rizontal plane. It is very neat, and extremely useful in prac- 
tice. But to connect it with our division of the quadrant, re- 
quires some adapta^on. Let a and b express the vertical aisles 

in minutes; then will (^(^)Han\A.—(^f€oihi^^ de- 

note, likewise in minutes, the quantity of reduction to be ap- 
plied to the oblique angle* 

SO. In computing very extensive surveys, it becomes necessary 
to allow for the minute derangements occasioned by the con- 
vexity of the aurface of our globe. The sides of the triangles 
which connect the successive stations, though reduced to the 
same horizontal plane,.may be considered as formed by arcs of 
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great circles, and their solution hence belongs to Spherical 
Trigonometry, But, avoiding such laborious calculations, for 
which indeed our Tables are not fitted, it seems far. better to 
estimate merely the deviation of those incurved triangles from 
triangles with rectilineal sides. For effecting that correction 
two ingenious methods have lately been proposed on the Con- 
tinent. The first is that employed by M. Delambre, who sub- 
stitutes the chords for their arcs, and thus converts the small 
spherical, into a plane, triangle. This conversion requires two 
distinct steps. 1 . Each spherical angle, or that formed by tan- 
gents at the surface of the globe, is changed into its corre*' 
spending plane angle contained by the chords. Let « and fi 
express the sides or arcs in miles ; and the angles of elevation, 
or those made by the tangents and the respective chords, will 

2160U 21600 

be (III. 29. El.) denoted by HTg^gl* and ^ -^ ^ in minutes, 

1350' 1350' 

or ^j^ « and g^^. Insert these, therefore, in place of a 

and b in the^rmt^ of the preceding note, and the quantity of 
reduction of the angle A, contained by the small arcs « and /3, 

vill be ((• + taniA — (»—fifcoiiA)^-^ in seconds. 

2. Each arc is converted into its chord : But, by the Scholium 
to Proposition VI. of the Trigonometry, an arc « is to its chord| 

as 1 to 1 — ^|=- ; wherefore the diminution of that arc in pass- 
ing into its chord amounts to the g— ^__ part of the 

whole* 

These reductions bestow great accuracy, and are sufficient- 
ly commodious in practice. But the second method of cor- 
recting the effects of the earth's convexity, and which was 
given by M. Legendre, is distinguished by its conciseness and 
peculiar elegance. That profound geometer viewed the sphe- 
rical triangle as having its curved sides stretched out on a 
plane, and sought to determine the variation which its angles 
would thence undergo. Analysis led him, through a cojopli^ 
cated process, to the discovery of a theorem of singular beau* 

2£ 
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fy. But the following inTettigatioo, grounded on other prm* 
ciplesy appeers to be much simpler. 

Let A) and B denote any two angles in the small spherical 
triangle, and • and ^ express m miles the opposite ddea, or 
those of its eztensbn upon a plane. Since (Prop. 9. Trig.) 
« : ^ : : $inA : <i»B, there must exist some minute arc i, such 
that dtt m nnM : : nn(A+ $) : m(B+$.). But (art. 1. Note 8.) 
iin (A+ $)si rinA + $ cotA^ and (SchoL Prop. VI. Trig.) 

«• «• /s* 

j«»«s«-^7; whence •— -^ i $ 7; ; : dnA + ^cosA :WnB-{- 
o 00 

i coiB. Now /8 : • : : HnB : MfiA» and therefore, (V. 9. El.) 

1 — -- : 1 — ^ : : sinA. <fnB 4. ^ co<A. sinB : iiaA. nn B -f 
6 D 

$ sin A. cosB, But the first and second terms being very nearly 

equal, and likewise the third and fourth, — ^it is obvious that the 

analogy will not be disturbed, if each of those pairs be increa- 

sed equally. Hence 1 : 1 + — ^ : : smA sinB : sinAsinB + 

t {rinA cosB — co^A <tiiB) ; and since (Prop. I. Trig.) 
n»A cotB — eofA Hn B = sin (A— B), therefore (V. 10. £).) 

1 : . . , ; : sin A sinB : ^ sin (A-*B). Consequently, since c 

and ^ are proportional to sin A and sinB^ $ (^nA— B) = 

jjinA<wB/^SJZ±)=:^ («»A«-^»B»)=(Prop.IILcor.5. Tri- 

gonometry,)-^^*f« (A + B)«n( A — B)j, or ^ =-g «n(A+B). 

But the sine of the sum of A and B is the same as that of their 
supplement C, or of the angle contained by the sides « and /S^and 

consequently tf is the third part of -^ sinC^ the area of the tri- 

angle, or the third part of the excess of the angles of the sphe- 
ricaly ebove those of the plane, triangle. Wherefore the sines 
of the sides, which, in the spherical triangle, are as the sines 
of their opposite angles, are likewise proportioned, in the plane 
triangle, to the sines of those angles, augmenting each by the 
common excess. It is hence evident, that the angles of the 
plane triangle are obtained from those of the spherical, bjde- 
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ducting from each the third part of the excess above two right 
angles, as indicated by the area of the triangle. 

The whole surface of the globe being proportioned to 720^i 

7200 
that of a square mile will correspond to ' ^^gggvYQia * ^^ 

the =jgv part of a second. Hence each angle of the small 

spherical triangle requires to be diminished by «^. sin C. ^gg Qg » 
in seconds. 

SI. Another problem of great use in the practice of delicate 
surveying, is to reduce angles to the centre of the station. In- 
stead of planting moveable signals at each point of observa- 
. tion, it will often be found more convenient to select the more 
notable spires, towers, or other prominent objects which oc- 
cur interspersed over the face of the country. In such cases, 
it is evidently impossible for the theodolite or circular instru* 
ment, although brought within the cover of the building, to 
be placed immediately under the vane. The observer ap« 
preaches the centre of the station as near, therefore^ as he can 
with advantage, and calculates the quantity of error which the 
minute displacement may occasion. Thus, suppose it were 
required to determine the angle AOB which the remote ob- 
jects A and B subtend at O, the centre bf a permanent sta- 
tion : The instrument is placed in the immediate vicinity at 
the point C, and the distance CO, with the angle of devia- 
tion OCA, are noted, while the principal angle ADCB is ob- 
served. The central angle AOB may hehce be computed 
from the rules of trigonometry ; but the oalculation is ef- 
fected by simpler and more expeditious methods. Since 
(I. 30. £1.) the exterior angle ADB is equal both to AOB 
with OAC, and to ACB with OBC; it is evident that 
AOB^ ACB + OBC —OAC. But the angles OBC and 
OAC, being extremely small, may be considered as equal 

CO 

to their sines, and (art. 5. Note H.) sin OBC = ^ sinBCO, 

CO 
and sinOAC = qt «» ACO ; wherefore the angle AOB at 
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the centre is nearly equal to ACB + COV 



) 




n nBC0_jinKC O 
"OB^ OA 

=: ACB + CO ( — ^ 0g ^— Q^ ). Call the dis- 
tances AC and BC of the 
point of obsenration, a and 
B, the distances AO and BO 
ofthecentrea'and^': the 
displacement CO, and the 
angle ACO of demtion m 
and p, while the subtended 
angles ACB and AOB are 
denoted by C and C^ and 
the opposite angles ABO 
& GABby A &B ; thenC'= 

If the centre O lies on AC» c 

the correction of the observed angle, expressed in minutes, will 

be merely (t7««C) 8438^ 

But the problem admits of a simpler approximation. Let 

a circle circumscribe the points A, O, and B, and cut AC in 

E. The angle AOB = (III. 16. El.) AEB = ACB + CBE ; 

CE 
but MitCBE = ^ sinACB, and sinOEC = sinAEO or ABO 

CO 
is equal to ^w mCOE or AEO — ACO, and hence by com- 

u. .- . rioi:. COwnACB««(ABO— ACO) «. 
bination««CBE = g5 ^r^ K Smce, 

therefore, EB is nearly equal to OB, and the small angle CBE 
may be regarded as equal to its sine, the correction to be add- 
ed to the observed angle is denoted in minutes by-p 

^"^^jL'wA^^ ^^^' '^^^ quantity, it is evident, will entirely 
vanish when-f becomes equal to A, or the angle ABO equals 
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AGO ; in which case, the point of observation C coincides 
with £9 or lies in the circumference of a circle that passes - 
through the two remote points A and B and centre of the sta- 
tion. To place the instrument at E, therefore, would only re- 
quire to move it along CA, till the angle AEO be equal to 
ABO. 

Both these methods for the reduction of an angle to the 
centre are given by M. Delambre ; but, in his calculations, he 
generally preferred the last one, as being simpler and sufficient- 
ly accurate for practice. The investigation, however, will be 
found to be now considerably shortened. 

32. The accuracy of trigonometrical operations must depend 
on the proper selection of the connecting triangles. It is very, 
important, therefore, in practice, to estimate the variations 
which are produced among the several parts of a triangle, by 
any change of their mutual relations. Suppose tw6 of the 
three determining parts of a triangle to remiain constant, while 
the rest undergo some partial change ; and let, as before, the 
small letters a, b and c denote the sides of the triangle, and 
the capitals A, B and C their opposite angles. 

Case I. — When two sides a and h are constant. 

Since the angles A and B, after passing into A-|-AA and 
B-I-AB, must have their sines still proportional to the oppo- 

site sides, jit is evident that —-—--—-.—--—--- — -.. ^nd 
' «w(A.|-AA) 5iw(B-|-AB)' 

, «»(A+AA) — ^mA \n»(B+AB) — sinB 
consequently ■ / a . a an , » a '= • /pT.px , — ?-o; 
^ •^««(A+AA)+««A ^/2(B -f-AB) -I- ^nB* 

wherefore, by alternation and art. 7. Note 18., 

tenjAA_te«(A+iAA) 

• /a»iABT<aw(B+iAB)' 

Next, in the incremental triangle formed by the sides c, 
c-|-Ac, and the contained angle aA, (art. I. Note 18.) 

jAc te7i(B+iAB) ^ . . „ 

.1-1^= cotJ^A. ' and hence reciprocally, 

faw^A A ^ coJ(B+ilB) 
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In Ilka manner, firom tha incramental triaogia contamad bjr 
tha sidas CtC+Aonnd tha angla AB/jt follows that 

Again, tha basa of tha Incremental isosceles triangle con<* 
tamed by the equal sides i, i, and the vertical angle AC, is 
(art. IB* Note 18.) 2ftMii^AC; wherefore, in the incremental 
triangle formed with the same base and the sides e and c-f-A^ 

by «t. aa Note 18, ««(A+iAA)=t-.t^±^^^ ; 

whence 

«a^AB _ icof(A+^AA) 

sSJaC"" 4P+iAC 

After the same manner, it will be foand that 
- i fw^AA _ aeat(B+iAB) 

jwJaC"" c+iAc • 

Multiply tha expressions of art. 4.'uito those of art. S. and 
jAc Biifi(A+iAA) 
^•m^AC"" ^SpB ' 

Multiply likewise the ezpressioiis of art. 2. and 5., and 



I- ^Ac asin(B+i6S) 

^* mpc • wJaa ' 



If, in all tha preceding,/^»fmtiJtf, the increments annexed to 
the varying quantities be omitted, therq will arise much sim- 
pler exprjessions for the differentials, 
rf A ianA 

dc c 



dB B 

c 



♦4.2g=_-<;(wA. 



^c dA o « 

*6. TT^ sz B stn A. 
• /•Tss =«sjn B. 
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Case II. — fVhen one side a, and Us opposite atigle A» ure cm* 
stanU 

Since (art. 5. Note 18.) -^^ =^Jb» ^^ " evident that 
amB=:5 ««A, and taking the diffbre&ces by art. 1. of Note 
25. hb sink = 2a ««JaBco«(B + ^AB), whence "^* ^ = 

— /p^i p; > and consequently, by art. 5. of Note 18. 

gjw^AB _ sin^^Q _ mB 
^' iA6 ■" iA6 ""6co5(B+jAB)* 

In like manner, it will be found that 

m^AB jiw^aC _ a»«C 

^- iAc ^"" iAc -""c(co«C+4AC)* 
Combine the two last expressions, and 
10 Ai5_ cqs(B+^A B) 

AC- C05(C+4AC)' 

The differentials are discovered, by rejecting tlie modifica- 
tions of the variable quantities. 

^_j2nB^_tonB ^ 

' d5^bco$B'~ b. 
' rfB ««C ianC 

dc CCO«C C 

db cosB 



# 10. -r= 



Case III.— ^Ae/i one side at andits adjacent angle B, arecou" 
slant. 

In the incremental triangle contained by the sides Bf B-^^ABf 
and ACf it is evident, (art. 5. Note 18.), that 
Ao __ Ac ^ — ^db^ 

' «»AC "" smkA. ww(A+aA)*" «wA* 

Again, in the same incremental triangle, (art. 6. Note 
18.). 

*^' ^flniAC" ^awiAA"'^tt»(A+iAA)* 
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Or, tniuforming the preceding expreuion, 

wherefore. 

Again, in the same incremental triangle, by art 20. Note 4. 

«M(A+iAA)=— (— co4AC)=--c(wiAA; whence 

^^ A^^ C(m(A+^aA) 
* jSu: cos^aK ' 

The dffferentiab are found as before, by the omission of the 
mmute excrescences. 

-- dc __ dc ^ b 

*^^-ac-~5A""SiA' 

db^_ dB_ 6 
*^^*rfC"" dA'^tanA' 

dS , / 

• l^. -r^cosA, 
dc 

To compute the values of the finite differences, when these 
differences themselves are involved in their compound expres- 
sion, the easiest method is to proceed by repeated approxima- 
tions. Thus, from art. 3. ^=:— -^^ _. (2c+aC) ; as- 
sume, therefore, first, Ac ^ — . a ^j, a v 2o ; and then, 

'«=-S^A)^-5S^A,^> B..i.wili„l. 

dom be requisite to advance beyond two steps, though the 
process, if continued, would evidently form an infinite conver- 
ging series. 
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When only one part of a triangle remains constant, the ex- 
pressions for the finite differences will often become extremely 
complicated. It may be sufficient in general to discover the 
relations of the differentials merely. To do this, let each in-' 
determinate part be supposed to vary separately, and find, by 
the preceding^^^rfntc/^, the effect produced ; these distinct ele* 
ments of variation being collected together, will exhibit the 
entire differential. 

The materials of this intricate Note may be found in Cag- 
noli, but the subject was first started by our countryman 
Mr Cotes, a mathematician of profound and original genius, in 
a brief tract, entitled, Estimatio Errorum in mixtd Mathesi. It is 
unfortunate that I have not room for explaining the applica-' 
tion of thosejbrmula to the selection and proper combination 
of triangles in nice sorvep. 

33. Having in some of the preceding notes briefly pointed 
out the several corrections employed in the more delicate geo- 
desiacal operations, I shall subjoin a few general remarks on the 
application of trigonometry to practice. The art of surveying 
consists in determining the boundaries of an extended surface. 
When performed in the completest manner, it ascertains the 
positions of all the prominent objects within the scope of ob« 
servation, measures their mutual distances and relative heightSt 
and consequently defines the various contours which mark the 
surface. But the land-surveyor seldom aims at such minute 
and scrupulous accuracy ; his main object is to trace expedi- 
tiously the chief boundaries, and to compute the superficial 
contents of each field. In hilly grounds, however, it is not the 
absolute surface that is measured, but the diminished quantity 
which would result, had the whole been reduced to a horizon- 
tal plane. This distinction is founded .on the obvious princi- 
ple, that, since plants shoot up vertically, the vegetable pro- 
duce of a swelling eminence can never exceed what would 
have grown from its levelled base^ AH the sloping or hypo- 
tenusal distances are, therefore, reduced invariably to tbeir 
horizontal lengths, before the calculation of superficial con- 
tents 18 begun. 

Land is surveyed either by means of the chain simply, or by 
combining this with a theodolite or some other angular instru- 
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inent. The several fields are diyided into large triangles, of 
which the sides are measured by the chain ; and if the exterior 
boundary happens to be irregular, the perpendicular distance 
or oBsei is ttken at each bending. The surface of the com- 
ponent triangles is then computed from Prop. 29. Book VI.oC 
the Elements of Geometry, and that of the accrescent space by 
Note 4. to Prop. 9. Book II. In this method the tnanglee 
should be chosen as nearly equilateral as possible; for if they 
be Tery oblique, the smallest error in the length of their sides 
will occasion a wide difference in the estimate of the surface. 
The calculation is much simpler from the application of Prop. 5. 
Book II. of the Elements, the base and altitude of each tri- 
angle only being measured ; but that slovenly practice appears 
liable to great inaccuracy. The perpendicular may indeed be 
traced by help of the surveying cross, or more correctly by 
the box sextant, or the optical square, which is only the same 
instrument in a reduced and limited form ; yet such repeated 
and unavoidable interruption to the progress of the work will 
probably more than counterbalance any advantage that might 
thence be gained. 

The English chain is 22 yards, or 66 feet in length, and equi- 
valent to four poles / it is hence the tenth part of a furlong, or 
the iBightieth part of a mile. The chain is divided into a hun- 
dred links, each occupying 7.92 inches. An acre contains ten 
square chains or 100,000 links. A square mile, therefore, in- 
cludes 640 acres ; and this large measure is deemed sufficient, 
in certain rude and savage countries, as the Back Settlements 
of America, where vast tracts of new land are allotted merely 
by running lines north and south, and intersecting these by 
perpendiculars, at each interval of a mile. 

The Scotch chain consists of 24 ells, each containing 37X)69 
inches, and ought therefore to have 74.158 feet for its correct 
length. The English acre is hence to the Scotch, in round 
numbers, as 11 to 14, or very nearly as the circle to its cir- 
cumscribing square. But this provincial measure is gradual- 
ly wearing into disuse, and already the statute acre seems to 
be generally adopted in the counties south of the Forth. 

The usual mode of surveying a large estate, is to measure 
round it with the chain, and observe the angles at each turn 
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by means of the theodolite. But these ohservations would're- 
quire to be made with great care. If the boundaries of the 
estate be tolerably regular, it may be considered as a polygon, 
of which the angles, being necessarily very oblique, are there- 
fore apt to affect the accuracy of the results; It would serve 
to rectify the conclusions, were such angles at each station 
conveniently divided, and the more distant signals observed. 
The best method of surveying, if not always the most expedi- 
tious, undoubtedly is to cover the ground with a series of con- 
nected triangles, planting the theodolite at each angular point, 
and computing from some base of considerable extent, which 
has been selected and measured with nice attention. The la- 
bour of transporting the instrument might also in many cases 
be abridged, by observing at any station the bearings at once 
of several signals. Angles can be measured more accurately 
than lines, and it might therefore be desirable that surveyors 
would generally employ theodolites of a better construction, 
and trust less to the aid of the chain. I have now great satis- 
faction in stating, that this improved mode of practice has for 
several years back been gradually spreading, at least in Scot- 
land. 

The quantity of surface marked out in this way is easily 
computed from trigonometry. Adopting the general nota- 
tion, the area of a triangle which has two sides, and their in- 
cluded angle known, it is evident, will be denoted by -^.WnC, 
and the area of a triangle of which there are given all the 
angles and a side, is -^« ^i^^ — • 

34. It is easy from trigonometrical principles to deter- 
mine the area of a quadrilateral figure inscribed in a circlev 
Let the sides a and b contain an acute angle A, and the oppo- 
site aides c and d most contain the obtuse supplementary an- 
gle. The common base of these triangles, or [diagonal of the 
quadrilateral figure, is hence expressed by^(tf^+6'-2a2 co^ A), 
and by^(c*+rf*+ 2a/ CO* A); and consequently ii*-|- 6' — c*— ^« 
iz2ah cosA'\'2cd cosA^ 

or co^As 2ab+'icd ' Wherefore 1+ cos A = 
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by decomposi tioDy ( 1 -f- cot A) (1 — co«A)= 1 — cosA^^ sin A* =: 

drilateral figure, or that of its two component triangles, is 
ftfiAf — ^ — )=lnnA{2aB+2cd)f and therefore its square »= 
^inA*(2aB+2cd)\ or ^^^.ia+Bf^C'-^^a—By^c+dy^z 

4 i 

a+B+c — d a^ — c+d a — ^+c-frf -^-^+B+c+d 

2 2 • 2 ' 2 * 

Or, ifs denote the semiperimeter, the square of the area will 
be expressed by s — a,s ^B.$^^.8 — d. If one of the sides dwere 
supposed to vanish, the quadrilateral figure would pass into a 
triangle, whose area would be «.«— ^ — ^j.«-— <, being the same 
as was before investigated. 

S5. LevbllinoJs a delicate and important branch of general 
surveying. It may be performed very expeditiously by help 
of a large theodolite, capable of measuring with precision the 
vertical angle subtended by a remote object, the distance 
being calculated, and allowance made for the effect of the 
earth's convexity apd the influence of refraction. But the 
more usual and preferable method is to employ an instrument 
designed for the purpose, and termed a spirU-levd^ which is 
accompanied by a pair of square staves, each composed of two 
parts that slide out into a rod often feet in length, every foot 
being. divided centesimally. Levelling is distinguished into 
two kinds, the simple and the compound ; the former, which 
rarely admits of application, assigns the difference of altitude 
by a single observation ; but the latter discovers it from a 
combined series of observations carried along an irregular sur- 
face, the aggregate of the several descents being deducted 
from that of the ascents. The staves. are tlierefore placed 
successively along the line of si;rvey, at suitable intervals ac- 
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cording to the nature of the ground and not exceeding 406 
yards, the levelling instrument being always planted nearly in 
the middle between them, and directed backwards to the first 
staff, and then forwards to the second* The difference between 
the heights intercepted by the back and the fore observation, 
must evidently give at each station the quantity of ascent or 
descent, and the error occasioned by the curvature of the globe 
may be safely overlooked, as on such short distances it will 
not amount at each station to the hundredth part of a foot. To 
discover the final result of a series of operations, or the diffe- 
rence of altitude between the extreme stations, the measures 
of the back and fore observations are all collected severally, 
and the excess of the latter above the former indicates the en- 
tire quantity of descent. 

To facilitate the calculations in levelling, the rods should be 
marked with feet, divided into tenths and hundredth parts, in- 
stead of inches. In delicate operations likewise, the instru- 
ment should have a micrometer adapted to it, for the measur- 
ing^of small vertical angles. By help of a powerful level so 
fitted, much tedious labour indeed might be spared. 

The micrometer either marks minutes and their subdivisions, 
by the motion of a parallel wire in the focus of the telescope ; 
or it consists in the simple insertion of a bar of mother of 
pearl, by which the angle of a degree is distinguished into 50 
equal parts. But an object at the distance of 3438 times its 
breadth subtends the angle of a minute ; or, at the distance of 
2865 times the same, it occupies the 50th part of a degree. 
Hence, the measure of one minute, being multiplied by 34389 
will give the distance ; and this again multiplied by the number 
of intercepted minutes will express the elevation or depression 
of the distant point. The correction for the effect of curva- 
ture modified by refraction, it is easily shown, will be found 
by squaring half the measure in feet of the angle of a minute. 
When the micrometer scale is used, the distance will be found 
by multiplying the measure corresponding to one part by 
2865, and the square of that measure being divided by 6 will 
assign the correction due to curvature and refraction. 
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Suppose a pole of 20 feet placed on a remote eminence tid^- 
tended an angle of 2.5' and the bottom appeared elevated 4^' 
above the horizon. Dividing 20 by 2^^ gives 8 feet for the 
measure of a minute. The distance was therefore 8x 3488:= 
27504 feet; the height was 8x42=336; and the depression from 
curvature and refraction was the square of 4, the half of 8, w 
16 feet. Whence the whole difference of level must have been 
836+16=352 feet. The same observations with the bar of 
mother of pearl would have been 2.1' and 3^, from which data 
similar results would be obtained. 

As an example of levelling, I shall take the concluding part 
of a survey, which my friend Mr Jardine, civil engineer, 
lately made for the Town-Council of Edinburgh, with a de- 
gree of accuracy seldom attempted, in tracing the -descent 
from the Black and Crawley springs, near the summits of the 
Pentland chain, to the Reservoir on the Castlehill, with a view 
to the conducting of a fresh supply of water from those heights. 
To avoid unnecessary complication, however, I shall only no- 
tice the principal stations. The figure annexed represents a 
profile or vertical section of the ground, LVis the level of the 
Black spring, and the several perpendiculars from it denote 
the varying depth of the surface, referred to the base assu- 
med 700 feet below . The stations marked are as follow x 

L Lowest point in the Meadow. 

M Cleansing cocks on the north side of the Meadow. 

N Sunk fence in Lord Wemyss's garden, 

O Air cock in Archibald's nursery. 

P South side of Lauriston road. 

Q Bottom of Heriot's Green Reservoir. 

R Head of Hamilton's close. 

S Strand on south side of Grrassmarket. 

T Cleansing cock on north side of Grassmarket. 

U Gaelic Chapel. 

V Upper side of the belt of Castlehill Reservoir. 
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Back Ob. 


Fore Ob- 




Stations. 


Distance. 


servation. 


seiratioD. 


Ascent, 




Feet. 


Feet. 


Feet. 


Feet. 


L 










M 


370 


4.59 


2.04 


255 


N 


640 


8.68 


3.05 


818 





905 . 


9.12 


2.22 


15.08 


P 


1236 


29.43 


2.11 


42.40 


Q 


1493 


16.24 


1.40 


5724 


R 


1925 


2.54 


26.98 


32 80 


S 


2260 


4.69 


53.28 


—15.79 


T 


2352 


4.22 


4.42 


—15.99 


U 


2540 


32.40 


1.25 


1515 


V 


2705 


94.77 


9.97 


99.95 



Black springy being 620.05 feet above the level of the Mea- 
dowy is therefore 520.1 feet higher than the belt of the reser- 
voir. The numbers exhibited in the last column are obtained 
by taking the differences of the aggregates of the two preced* 
ing columns. Where the ground either sinks orrises suddenly, 
some intermediate observations are here grouped together in- 
to a single amount. Thus, three observations were made be- 
tween O and P, two between P and Q, three between Q and 
R, five between R and S, three between T and U, and no fewer 
than nine between U and V. The slight sketch between 
the perpendiculars from Q and R, shows the mode of planting 
and directing the instrument. 

While the Frenqh army occupied Egypt in 1799, a nice 
operation of levelling was carried across the Isthmus of Suez, 
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to determine the relative elevation of the Red Sea and the 
Mediterranean. The result proved that the waters of the Red 
Sea are actually higher than the surface of the Mediterra- 
nean by 92 English feet and 5^ inches in spring tides, and 25 
feet and 7^ inches in neap tides, or have a mean height of 29^ 
feet. On the other hand it was found that the interior lakes of 
Natron were 25 feet below the Mediterranean. Some obser- 
▼ations of the celebrated traveller, Baron Humboldt, make it 
probable that the Pacific Ocean is a few feet higher than the 
Atlantic. 

The mode of levelling on a grand scale, or determining the 
heights of distant mountains, will receive illustration from the 
third volume of the Trigonometrical Survey, which the late Ge- 
neral Mudge was kindly pleased to communicate to me before 
its publication. I shall select the largest triangle in the series, 
being one that connects the North of England with the Borders 
of Scotland. The distance of the station on Cross Fell to that 
on Wisp Hill, is computed* at 235018.6 feet, or 44.511 miles, 
which, reckoning 6094>^ feet for the length of a minute near 
that parallel, corresponds, on the surface of the globe, to an 
arc of 38' 33.7^ Wisp Hill was seen depressed SCy 48" from 
Cross Fell, which again had a depression of 2' 31" when view- 
ed from Wisp Hill. The sum of these depressions is 33' 19^, 
which, taken from 38' SS.?"^, the measure of the intercepted 
arc, or the angle at the centre, leaves 5' 14.7'/, for the joint 
effect of refraction at both stations. The deflection of the 
visual ray produced by that cause, which the French philo- 
sophers estimate in general at .079, had therefore amounted 
only to .06805, or a very little more than the Ji/teenth part of 
the intercepted arc. Hence, the true depression of Wisp Hill 
was 30' 48''— 16'39.5"=14!' S.Sff^ and consequently, estimating 
from the given distance, it is 967 feet lower than Cross Fell. 

From Wisp Hill, the top of Cheviot appeared exactly on 
the same level, at the distance of 185023.9 feet, or 35.0424 
miles. Wherefore, two-thirds of the square of this last num- 
ber, or 819, would, from the scholium at page 279, express in 
feet the approximate height of Cheviot above Wisp Hill. But 
refraction gave the mountain a more towering elevation than 
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it really had; and the measure being reduced in the former 
tatio of S8'SS.7'' teas' l^% is hence brongfat down to 708 
feet. 

Again^ the distance 292012.7 feet, or 55.d054» mileS| of 
Cross Fell from Chetiot, corresponds to an arc of ^V 54!«8^ 
which, reduced by the eftct of refraction, woidd: leav)e 
W 23^" for the sum of the depressions at both stations. Con- 
eequently, Cheviot bad, from Cross Fell, a true depression of 
only 23^ 44"-^20' 41.9^< or 8'2.1^ and is therefore lower than 
that mountain by 258 feet. « 

These results agree yery nearly with each other. The height 
of Cross FeU above the level of the sea being 2901, that of 
IVisp HiU is 19S4, and that of Cheviot 264^2 or 264^3. In the 
Trigonometrical Survey, the latter heights are stated at 1940 
and 2658 ; a di£Perence of small moment, owing to a balance 
of errors, or perhaps the adoption of some other data with, 
respect to* horizontal refraction, which do not appear on rer 
cord. 

Fromi the same valuable work, I am tempted to borrow an- 
other example, which has more local interest. From Lums- 
dane Hill^ the north top of Largo Law, at the distance of 
189240.1 feet, or 35.84 miles, appeared sunk 9' 32^' below the 
horizon. Here the intercepted arc is 31' 3", and the effect of 
the earth'^ curvature, modified by refraction, is 13' 24.8'' ; 
whence the true elevation of Largo Law was 13' 24.8'' — ^9^ 32'^ 
or 3' 52^", which makes it 213 feet higher than Lumsdane 
fiill, or 938 feet ^bove the level of the sea. In the Trigono- 
metrical Survey, this height is stated at 952; but I am in- 
clined to prefer the former number, having once found it by 
a barometrical measurement, in w^Uher not indeed the most 
favourable, to be only 935 feet. 

Through the kindness of Captain Colby of the Royal Engi- 
neers, who has for several years so ably conducted the survey 
under the direction of Colonel Mudge, I am enabled to subjoin 
some more examples, from the observations made last sesison. 
From Dunrich Hill the station on Cross Fell appeared de- 
pressed 19" 21'', at the distance of 349,343 feet or 66.1634 
miles. This corresponds on the same parallel to an intercepted 
arc of 57' 19"; the half of which, diminished by one-twelfth of 
the whole, gives 23' 53", for the effect of cucvaturc modified by 

2 F 
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ftHnetioA. Clon Fdl had themGrn an detatitfii^f ^ 52*^ 
the ecocM affa^BS" above 19" 21^ which* at Ihe given dk- 
Uttce, makes it lo be 461 feet higher than Dunrich HilL Gon*- 
aeqttently, the altitade of Danrich Hill above the level of the 
tea it 2901—461, or SMO feet. This altitadet detennined 
ftom nearer bases, was only -iifil feet. 

Again, fifom Caimsmuir upon Deoghi at the height of 8597 
fcet above the sea, the top of Ben-Lomond appeared with a 
depression dWW^ the distance being nearly 353,004 feel, 
or 66.6673 miles. The intercepted arc on the earth's snrfac^ 
was hence 5T 45)^ and the effect of curraliireb as modified 
by refiractien, W 4". Wherefore, B ; Am 6' 40«^, the teal eie- 
vatioD : s 852,004 1 580, which, added to 2597, gives 17? for 
the altitude of Ben-Lomond. 

I shall Select another eiuu^de, which affiirds an a^qpresi- 
tnation to the diameter of our globe. From the station at the 
Observatory on the Cakon-hill, at the altitade of 350 feet, the 
horizon of the sea was found depressed 18' 12''. But refrac- 
tion being supposed to have diminished the effect by one- 
twelfth part, if the eleventh part be added of this remaining 
quantity, there will result 19^ Slff for the true measure of de- 
pression* The angle at the centre is consequently the half 
Of 19" 51^* or9' 551''; wherefore, sin 9' SH" : R s : 350 : 121,205 
feet, or 22.9555 miles, the distance at which the extreme visual 
ray graces the sea. Again^ sin 19^ 51f i R : i 22.9555 e 3975 
ihiles, the radius of the earth, the double of whidi, (Mr 7950, is 
a ttisar approxiikiation to the real measure, or 7912« It should 
be noticed, that the state of the tide would have some efect in 
modifying the angle of depression. Thus, on the 12th May 
1816, at 7i p« m* the depression towards the mouth of the 
Firth of Forth, between the Isle of May and the Bass Rock» 
was found to be 18^ 14"; but it was IB' 16" in a direction more 
to the north and near the Fife coast, because the sea had 
ebbed nearly fite hours, the current outwards running first 
along the northern shore. On the following day, at three 
quarters after twelve o'clock, and therefore two hours and a 
half before high water, the depression about the middle of the 
t^'irth was 18/ 9^, and only 18' 6" on the northern shore, the 
Ude then flowing up principally in the middle of the channeK 
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. 33^ Maritims SyiivevjiNG U of o mixed nature : It Bot only 
determines th^ posiUoas of the remarkal^e headl^ds, and 
other con^picuoiis objects that present themselves along the 
Ticmity of a coast, but Ukewi^e ascertains the situation of thp 
irariQiisJnletSy rpcksy shallowe and soundings which occur Jn 
approaching the shore. To survey a new or inaccessible coasts 
'two boAtB are moored' at a pi^per interval^ which is cai[efully 
.measured on the s^rfa€e ^f ;tiie water ; and from each boat th^ 
•beariqgs of all thepromlnei^tpeims pf land arc tfiken by means 
of an aziomth compass^x^r the angles subtended by tl^ese points 
and the other boat are measured by a Hadley 's sextant, flar 
ving now on paper drawn .the base to any scale, straight lines 
radiating fyom each end. at 4he observed angles, as in Proip^ 
2). o£^|ie Trigonometry, will by their intersections give the 
positions of the several points from which tbe qo^st maybe 
:S)setcih6d.^^But a chart is more accuqavtely constructed, ,by 
.combiniog a .survey made on land, with obs^vatian^rtdke^on 
the water. A smooth level piece of ground .is c^ofen,.(Oi> ' 
.wi^ch a base of considerable length is.meas|ired out, and ita- 
.tion staves are fix^ at its extremities. If no such place can 
be foundy the mutual distance and position pf two points con- 
l^nienlily. situate for planting the staves^ though divided by ^ 
broken, sucfsice, are determined from one or more triangles, 
which connect with a shorter and temporary base assumet^ 
near the beach. A boat then explores the ofling, and at every • 
rock, shallow, or remarkable sounding, the bearings of the stai- 
lion staves are noticed. These observations furnish so many 
triangles, from which the situation of the several points are 
easily ascertained* — When a correct m^p of the coast can be 
procured, the labour of executing a maritime survey is mate- 
rially shortened. From each notable point of the surface of 
the water, the bearings of two known objects on the land are 
taken, or the intermediate angles subtended by three such ob- 
jects are observed. In the first case, those various points have 
their situations ascertained by Prop. 21, and tbe second case 
by Prop. 25. of the Trigonometry^ To facilitate the Ii^st con- 
struction, an instrument called the Station- Pointer has beei^ 
invented, consisting of three brass rulers, which opon.^ad set 
at the given angles. 
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9& the boidetC and moit important application of Tr%QDd^ 
tDetrjf waa to measure Che turfiice of om globe^ The soliitKm 
of this delicate problem, which forms the verj basis of geogra- 
phical science, was one of the earBest eflSnrU of the Alezandnan 
School. Eratosthenes, a man of genius and almost nnfreml 
attauments, who died nearly 900 years befote the Chiistiaa 
aera, made the first appeal to direct obterration. He fomid 
ftat the tnn, in passing the meridian at the summer solstice^ 
shone down perpendicuhrly to the bottdm of a deep pit at 
Syene, close to Thebes in Upper Egypt, and almost exactly 
south from Alexandria* On a corresponding day, he measored 
the sun's altitude at the Museum, by means of the shadow 
of a style or gnomon fixed in a plane, and ascertained the 
intercepted arc to be the 50th part of a circle. But the dis- 
tance between Syene and Alexandria, as determined by thf 
repeated operations of the royal surveyors, was 5000 stadia $ 
which gives 50 X 5000^ or 2^,000 stadia, for the circumler* 
ence of the earth. 

Posidonius of Phrygia, the intimate friend of Cicero, and a 
person of very extensive learning, attempted, about half a oen* 
tury afterwards, to rectify the estimation of Eratosthenes. He 
remarked, that the bright star Canopus grazed along the hori- 
son at Rhodes, but mounted at Alexandria to the height of 
the 48th part of a circle. The distance between those two 
* |)Iaces being reckoned 5000 stadia, would make the circuit of 
the earth to be 940,000 stadia. These difibrent estimates, how- 
ever, are lost to us, since we are not inibriQed what sort of 
stadium was employed^ and are left to suspect that a fictitious 
measure had been adopted, for the sake of even numbers. 

The Arabians were more diligent observers than the Greeks. 
The Calif Almamon, a zealous and enlightened patron of sci- 
ence, undertook to determine correctly the magnitude of the 
earth. For this purpose, an extensive plain, called Singiar, was 
chosen in Mesopotamia, and a company of Mathematicians, di- 
vided into two parties, with measuring rods in their hands, tra- 
ced out a base in the direction of the meridian line, the one 
troop advancing towards the north, and the otherto the south, 
till each found the change of latitude amount to a degree. It 
was hence determined that a degree on the surface of our glob^ 
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is equal to 56| miles, each of them contajoing 4000 cubits. But 
the difficulty lies in discoyering the value of the cubit employ- 
ed. If we suppose it equivalent to 194 S^gii^^ inches, a very 
nice agreement wovli result. The distances^ however, being 
uniformly expressed in round numbers, it seems almost ^e-* 
monstrable that the standard measures among the ancients 
were founded on actual observation. 

It is curious to remark, that the Arabian cubit muse have 
approached extremely near to 19.6855 inches, half the French 
metrCf or unit of the new system of measures, which is derived 
from the same source. According to the mensuration per- 
formed in Mesopotamia, the quadrant of the earth contains 
9Q X 56|, or 5100 Arabian miles, or ^0,400,000 cubits ; but 
the French, as we have seen, divide that arc into 10,000,000 
metres, of which 1000 make the centesimal minute, 100 of 
these the new degree, and 100 of these again complete the 
quadrant* Had the Arabians estimated the degree at 55^ of 
their miles, the coincidence between the cubit and the demi« 
metre would have been perfect. 

It may seem strange that men should have continued, 
through a long tract of ages, in this unsatisfactory state with 
regard to an object of such peculiar interest as the dimensions 
of the globe which they inhabit. But the art of navigation 
was entirely changed-*^new continents of vast extent had been 
discovered, and the most remote regions explored ; — and na- 
tions had eagerly rushed into the career of commercial enters 
prise, long before the measurement of the earth was resumed. 
Near the middle' of the sixteenth century, the famous Fernel, 
physician to Henry II. of France, proceeded in a carriage 
from Paris on the road tp Amiens, whicl^ lies almost due norths 
and reckoned the distance that corresponds to the difference 
of a degree of latitude by the number of revolutions of the 
wheel. He thence inferred the length of a degree to be 56,746 
toises, or 362,874 English feet. About a century afterwards, 
Bichard Norwood, a teacher of navigation, had the courage to 
measure the distance from London to York with a chain, no- 
ticing the infleipions of the road with a compass, and sometimes 
pacing the shorter intervals. Having found, with a sector of 
five feet radius, the difference of latitude of tliose two cities to . 
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be S^'.SS', ho thence ooncladed that a degree of the terrestrial 
meridian is 367,176 feet. These are both very near approxi- 
filiations to the truth ; but, from the imperfbction of the mediod 
employed, they can be considered as little better than fortunate 
guesses. 

Kepler, whose excursive genius took a wide range, propos- 
ed to measure a degree of the meridian, by finding the dis- 
tance between two remote objects, and observing their mutual 
depressions ; which would obviously give the angle that the in- 
tercepted arc subtends at the centre of the earth, nis me- 
thod was afterwards carried into execution by Riccioli. But 
as it involves the effects of horizontal refraction, it is not sus- 
ceptible of any great accuracy. The example which we give 
in note 34. may be considered as only a simpler case of the 
same method. 

It was in Holland, soon afler the glorious struggle for liberty 
and independence had aroused every faculty of the soul, and 
created an impulsion, which led succeeding generations to 
excel alike in arts and commerce and in literature and sci- 
ence, that the first measurement of the earth, on right prin- 
ciples, or by triangulation, was performed. Willebrord Snell, 
teacher of mathematics, and a man of genius, invention and 
learning, conducted that afduous undertaking at his own 
charge. In the year 1617, he began by measuring a base 
along the meadows between Leyden and the village of Soe- 
terwoud, employing the Rynland perch of 12 feet in length'; 
but, for the facility of calculation, he divided it into 10 feet, 
and each of these into 10 inches. From this base, which 
was 326.4.3 perches, according to hts notation, he determined 
trigonometrical ly the mutual distances of all the remaVkabl6 
towers and steeples in Holland, by a series of conn66teA 
triangles. For observing the angles, he used an iron qua- 
drant overlaid with brass, and five feet and a hAlf hi radius*; 
and he complains of the excessive fatigue in transporting tliat 
ponderous instrument, and directing it to the different objects. 
With an amiable feeling, he selected for a base of verification 
the plain beside Oudewater, his native village, which contain- 
ed the bones of his parents^ and takes occasion to give a pa* 



MOTES AND ILLUSTRATIONS. 4SU 

Ih^tic recital of the horrible atrochies commitled by the Spa^ 
niardi on the capture of that devoted place. He computed the 
whole meridional distance Arom Alomaer to Bergen-op^feoom 
to be S89^;3.1 perobety corresponding to a difference of latitude 
oflMlV; and the distance from Alcmaer to Leyden^ only 
M20ii the difference of latitude being dO^* He concluded, 
therefore^ that the length of a degree» expressed in round num« 
bers, was 28,500 Rynland feet* 

These- calculations were printed by Saeli, that same yearv 
in his EtidQsthenes BaiamtSf a work of great merit and researchr 
Among other ingeojous problems* it contains an inrestigatioQ 
of the. position of a point, from which the angles subtende4 
by three known objects are observedt-tra ppopositipna. as wo 
have seen, of vast impm'tanoe in maritime surveying, andpoj^AT 
monly referred to a period half a eentury later. The solution 
given is nearly the same as was derived in the text from the 
theory of Zocf. But in his operations, the Dutch philosoi 
pher had to contend with many difficulties : his quadrant had 
only plain sights ; for neither the micrometer nor tlie tele? 
scope was yet invented. Hi$ ooml[>utatiQns Were also labov* 
riously made ; for Napier had just published the noble sys*y 
tern of logarithms, and soiiie time elapsed befpre they QBm^ 
into general use* 

Snell afterwards detected some errors which had crept into 
his computations, and he therefore seiaed the first opportunitj 
of revising and reforming the various measurements. In tto 
latter part of the year 1621, all the low groundsid>out Leydeo 
were flooded; and a very severe winter having fbllowed, the 
whole surfiuse became copverted into ote sheet of ice. Oo 
this level plain a new. base was traced, and the distance of the 
tower of Leyden to that of the village of Soeterwoud ascer* 
tained trigonometrically to be 1097«117 perches. The conv 
necting triangles were extended as far as Mechlin ; and from 
these more precise data, Sndl corrected his lesulta, which he 
designed for publication, when he was snatched away m the 
midst' of his meritorious, labours by a premature death. The 
papers £ODtaming his observations. and calculations lay nCf 
glected for the sp^e of an hundred years, till his countryman. 
Professor Musschenbrock, inspected apd revised the whp]^, 
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H« beoce coaeladed, that tho ai«rtdioiuil diftaaee of Ale- 
nMier fimn Btrgen-op-iooa It 84S96.7 perchei, coneapoo^^ 
to a difimiioe of latitude of. !<>. 9". i7^ Thii gives 29Sl^J2 
perches, or 57083.06 French taUes for tile length of a degree; 
thus approaching Tory nearly to tlie troth. 

The Academy of Scienees at Pivis signaUssd Its institntien 
by directing the aoeinmte neasnrsmeDt of a degree. Thai 
operation was executed with ofery adnmtage in Ae yens 
1069 and 1070, by Picard, who now made the capital inprore- 
nant of adapting a telescope with cross wires in the Ibcos to 
his qnadrant. He measured a base of *5068 toue$f or aboKt 6 
Bn|^ miles in length ; and found, by a cham of triani^ the 
■seridienal distance between Amiens and MalToisine to be 
78,850 kdm ; the difSnence of latitude being ascertained, from 
the passage of a star In Ckstiapeiaf to amount to l"* 93f6S\ 
It hence followed, that the length of a degree is 57,060 toioes, 
or 864,880 English feet. 

This measurement suggested thrmsgnifieent project of cxm- 
slructittg a geometrical map of France. It was begun in 1680 
under the patronage of the patriotic minister Colbert ; after- 
wards repeatedly interrupted ; resumed in 1700, but not com- 
pleted until 1716, These operations ga?e the anomalous re- 
sult, that the mean length of a degree on the meridian south 
from Fans was 57/)02 Unus^ and nordi from that ci^ only 
56,960 ^-a result <quite at vsiriance with the opniion of the 
oblate figure of the earth, which Huygens and Newton had 
inforred from Uie action of centrifugal force. It would 
have indeed followed, that the form of the earth is veiy ob* 
long, the polar axis being to the equatorial diameter as 98 to 
95. But, notlrithstanding other transverse measurements by 
Casstni in 1788 and 1734, the English and Dutch mathemati- 
cians stfll persisted in denjring the conclusion, and maintain- 
ed, that the discrepancy from theory was owing to some in- 
accuracies committed in a triangulatiea of insuflicient rai^. 
It was therefore proposed to transfer the scene of operations 
to a distant clfane, and obtain a wider contrsst, by measuring 
the length q( a degree under the equator' itself. In 1785 die 
French academicians, Bouguer, Cpndamine, and Grodia, sailed 
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taCartfaageiia, where they met with Juan and UHaa, their 
Spanish coadjutors ; and having proceeded across the Isthmis 
9C Paiiania» they embarked for the coast of Peru^ and arrived, 
lA March 1736, at Quito, the destined centre of their laborious 
menisunition, which consumed several successive years. Tbr%e 
disliiiGt base9 were traced from S to upwards of 6 miles in 
lengthy and thoEie connected,, over an extent of about 20Q 
ffules, by a web oi triangles with the snowy summiu along the 
greal dbam of the Andes. Every delicacy in the art of obser- 
vation was cai^fully practised. The meridioaal distance ba- 
tween tht ^tceme stations being 176,940 taises, the intercept- , 
edceloslial arc was found, from the passage of t <ki&m^.to 
h% S<> 7' H« The mean length of a degree under the equalov, 
4Bd reduced to the level of the sea, was hence fixedat 56^750 
idiies^ or 362,887 English feet ; which fidHng so much bdow 
4hemeasum assigned by Picard in Ffsnce, establiriied decisive- 
ly the oblateiiess. of the. eardu 

The result^ hom^ever, was unknown in Europe, till the return 
of Bouguer in June 1744» It was afterwards published with 
all the details in the i^tv de la Tenrer^t-^ work distii^;uidi- 
ed by its originality, depth, and geometricsl elegance. But 
•the Academy of Sciences at Paris had already anticipated the 
. conclusion. la the summer of 1736, Maupertuii, accompanied 
by Cluraut, Camus, and Monnier, had sailed to the bottom of 
.thetjulf of Bothnia, where they fompd Professor Cdsius of 
Upsal, md immediately proceeded to measure the length of a 
degree in Lapland. In the space of two months, tbey esta* 
blished a series of triangles along the heights from Tomea to 
Kittis ; and on the i^roadi of winter, a base of about 8 miles, 
which they measured along the frozen surface of the river 
Muonio. A meridional distance of 55,623^ Unses was thus 
found to correspond to an intercepted arc of 6V W^^- and eon- 
sequently the length of a degree, in the parallel of 66S most 
amount to 57»437 ^e»m, or 367,288 English feet Such a vety 
considerable augmoitation of the measure determined by 
l^card in France, deariy attested the gl^eat oblateness erf the 
earth's figure; and the decision of a question jp curious and 
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Important^ fiiidly secured the receptioD of Uie Mewtimiaii 
Philosopby on the Contioent. 

Mftupertttit and his companions, on their return from the 
Polar Circle, likewise rectified the obserirations made between 
Paris and AmienSi and discovered the length of a degree to 
be 57,18S ioise$, or 9&5fie6 English feet. Other rectifications 
were effl^ed by the grandson of Cassini, about the year lfl0, 
in the trigonometrical sunreycf France; and though 
trifling anomalies occurred^ the results on the whole were i 
to agree with nathematical theory. 

Since these great and persevering operations of die' French 
Academicians, otber measurements have beenperfonaed in m- 
yIous parts of the earth's surfkee. It will suflice, however, to no- 
tice only the duef results. In 178% La Caille ibund out e de- 
gree at the Cape of Good Hope in SS^ 18' sottdi latitude to be 
57,087 ioter, or 964,788 English ftet. In 1758, the ftraonaBoe- 
covich determined a degree, in the Papal Territory between 
Rome and Rimmi, in the latitude of 48o, to be 6&jns imaes, or 
964,838 English 6et. Mason and Dixon ascertained, in 1768^ 
the length of a degree hi Pennsjrlvania, at the latitude rf 
890 12^^ to be 868780 feet. In 1777» Beccaria found a'degree 
in Piedmont, under the parallel of 44^ 44^, to correspond to 
57iOa4 iouei^ or 864,650 English feet. In 1799 and 1800, 
the measurement of Maupertuis in Lapland was rectified by 
^vanberg. But the most recent mensuration was made in 
India, during the years 1808 and 1806, by Colonel Lambton, 
who carried n series of triang^ over an extent of five d^;rees 
near Madras, and deterBoined a degree, on the parallel of 
9^ 85^ to be 862,888, and on the parallel of 12^ 8? to he 
862,964. 

f/T. Thjs' nice art of observing has in its progress kept pace with 
. tiwiihproved skill displayed in the construction of instruments, 
fiurfieys on a vast scale have lately been performed In Europe, 
with.'that refilled accutacy which seems to marie the perfection 
of scirace. After the cpndtisioo of the American war, a me- 
moir of Count Cassini de Thury was transmitted by the Frenoh 
Government to our Court, stating the important advantages 
which would accrue to astronomy and navigation, if the dif- 
ference between the meridians of the observations of Green* 
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wkh and Paris were ascertaioed by actual measurement. A 
spirit of accommodation and concert fortunatdy then prevail* 
ed. Orders were speedily given for carrying the plan into 
execution ; and General Roy, who was charged with the con- 
duct of the business on this side of the Channel, proceeded 
with activity and zeal. In the summer of ITS^, a fundamental 
base, rather more than five miles in length, was traced on 
Hounslow Heath, about 54 feet above the level of the sea« and 
measured with every precaution, by means of deal rods, glass > 
tubes, and a steel cliain, allowance being made for the effects 
of the variable heat of the atmosphere in expanding those ma- 
teriak. ' The same line was, seven years afterwards, remea- 
sured with*an improved chain, which yet gave a difference on 
the whole of only three inches. The mean result, or 27404.2 
feet, at the temperature of 62° by Fahrenheit's scale, is there- 
fore assumed as the true length of the base. Connected with 
this line, and commencing from Windsor Castle, a series of 
thirty-two primary triangles was, in 1787 and 1788, extended 
to Dover and Hastings, on the coast of Kent and Sussex. 
Two triangles more stretched across the Channel. The hori- 
zontal and vertical angles at each station were taken with sin- 
gular accuracy by a theodolite, which the celebrated artist 
Ramsden had, after much delay, constructed, of the largest 
dimensions ai^d . thd' most exquisite workmanship. At the 
same period, tL new base of verification was measured on Rom- 
ney Marsh, 15) feet above the sea, and found, after various 
reductions, to be 28535.6773 feet in length. This base, com- 
puted from the nearest chain of triangles dependent on that 
of Hounslow Heath, ought to have been 28533.3 ; differing 
scarcely more than two feet on a distance of eighty milte* 
The mean, or 28534.5, is adopted for calculating the adjacent 
and subsequent triangles. These triangles near the coast 
were unavoidably confined and oblique ; but their sides are 
generally deduced from larger and more regular triangles, ex- 
panding over the interior of the country. The annexed figure 
exhibiu the most interesting portion of this memorable sur- 
vey, and represents the various combination of triangles. At- 
tached to it is a scale of English miles. « 
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A Fiaot Church* 
B Goodhttiit Church. 
C HoUiogbom HilL 
D Tenterden Church. 
£ Fairlight Down. 
F AUiogton KuolK 
G Lydd Church. 
H Ruckinge. 
I High Nook. 



K Folkttone Turnpike. 

L Padleswortb. 

M Siruigfield Church. 

N Do?er Castle. 

O Church at. Calais. 

P Blancaez SignaL 

R Fiennes Signal. 

8 Montlambert SignaL 

KL The base qfverifiattion* 




llM l l l Ml fc 



4t0 



aa 



so 



ACE 

A 79' 2» 2" 
C 52 11 3» 

£ 48 25 55 



Caleubabm of ike eidet qfthe Tnanf^. 

BDE 
1417H«i B 49* 89' 85.77" 
118926 D 94 59 25.81 
107895.7 E 35 20 58.42 



ABC 

A 27 4 36.18 71298.5 

B 136 27 35.87 

C 16 27 48 » 44391.2 



ABE 
A 52» 18' 25.87* 
B 105 89 28.86 
£ 22 2 5.27 



BCD 

B 68 13 19.5 71887.5 

C 44 38 44.04* 54376.5 

D 67 7 56.46 ^ 



71687.2 
98629.2 



CDF 

C 40 58.96* 61777.5 

D 91 34 22.04 96039.8 

P 48 24 89 

DFG 

D 43 15 23.18 4?85a9 

F 73 27 66169.2 

G 63 14 9.82 ♦ — 

DEG 

P 62 32 52.51 71692.2 

E 54 59 17.31 

G 62 27 50.18 ♦ 71637.2 
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U5 







EFG 








KLM 




fi 21 


16 


87» 


478Sa9 


K 


eo 


27 89.6 


17056.6 


1? 52 


59 


23 




L 


70 


64 &5 


18525.8 


G125 


«2 



FGI 


106826^ 


llf 


48 


88 15 
KMN 


•■»— • 


F SS 


48 


46.1 


S1363.7 


E 


69 


48 53.5 


8O5G0.4 


G 24 


17 


2a9* 


2S186.7 


llf 


■7« 


86 40 


81555.7 


I 121 


68 


44 




N 


84 


39 26^ 





FHI ' 

F 91 27 19^ ^534.^ 

H 54. 19 18.5 - — 

I 84 IS 22 16Q53 

FGK 

F 109 50 39.35 84662.8 

G .38 2 33.76 55463.6 

K 32 6 56S9* 



KLN 

K 130 11 33 ^562.7 

L 34 29 42.5 

N 15 18 44.5 -~-. 

ELN 

6 6 39.43 , 

L 152 15 25.15 186119 

N 21 37 55.42* 



EGL 

E 13 38 2.95 * 79586.1 

G154 5 54.4 14739.2 

t 12 16 2.65 ^-~ 



FlK 
F 76<> V 53,25* 
1 79 41 0.5 
K 24 17 6.25 



54708 



IKL 

I 14 44 255* 14714.3 

K 57 2 48305.2 

L 108 9 3.5 — 



ENP 
25 33 55.02* 116660 
N 110 55 29.88 * 252505.6 
P 43 SO 35.15 * 



ENS 

E 43 19 58.52 168827 

N 87 30 29.58 245786 

S 49 9 31.9 



NFS 
N 23 25 0.25 
P 119 41 41.64 
36 53 18.11 



77237.2 



In this register, each angle in the successlTe triangles is, for 
the sake of conciseness, marked by the single letter affixed td 
it, and the computed length of its opposite side in feet ranges 
in the same line. The addition of an asterisk denotes that an 
angle was not actually observed, but only deduced from cal^ 
culation. The oblique triangles ABC and ABE have their 
sides BC and BE derived from other larger triangles, which 
were nearly equiangular. The triangles ELN and ENP had 
their angles discovered from conjoined observations. In ge- 
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neraly the seveml angles, as affected by the spherical excew, 
were Corrected for pompotati^a by a sort of teniatife process- 
It renilts from a tram of caloulatioiis-i that Dover Castle Has 
south 61"^ W 34^ east, and at the distince of 828SS1 feet or 
62.165 miles^ from Greenwich Obsenratory* On their part» 
|he Franoh astronomer^ under the direction of Cassini^ car- 
tied fiirward the trigonometrical operations Xsom Dunldrk to 
Paris ; emplojong BordaPs rq^eatii^^irde^ an instrament madtk 
smaller and less perfect than Ramsden's theodolite, but form- 
ed on a principle which, always procures the observer a near 
compensation of errors. • Frpm a coinparison of the whole, it 
foUows, that the meddian of the Observatory of Paris lies 2* 
19^ 51" east from that of Greenwich, differing only nine se- 
conds in defect from what the late I>r Maskelyne had pre- 
viously determined from combined astronomical observations* 
The success with which that great survey was attended* 
gave occasion both in France and England to still more ex- 
tensive projects; * The National Assembly, amidst other es- 
l^eotiai improvements which it meditated, having resolved to 
adopla general and consistent system of measures^the length 
of a degree of the meridian a^ the middle point between the 
pole and the equator was proposed as a permanent basis. But 
to secure greater accuracy in determining the standard, it had 
been decided to prolong thie observations on both sides of the 
mean latitude, and trace a chain of triangles over the whole 
extent from Dunkirk to Barcelona. This bold plan was exe- 
cuted in the course of the years 1792, 1793, 1794 and 1795;, 
with equal sagacity and resolution, by MM. Delambre an^ 
Mechain, who, during all the horrors of revolutionary com- 
fnotiout yet pressed forward their operations in spite of ohsta- 
film and dangers of the most sickening kind. After the va- 
rious triangles, amounting in total to 115, had been observed, 
they were connected, in the neighhouchood of Paris, with a 
base of more than seven miles in length, and measuring, at 
the temperature of 164^ on the centigrade scale, or 614° by 
Fahrenheit, 6075.9 toises from Melun to Lleursaintt A base 
of verification was likewise traced near the southern extremity 
of the line of survey, extending 6006.25 toises along the road 
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from i^erpigimQ to Narbonne. The base appeaeei not to differ 
teefiM>ifirom>the caleulation founded on the other, though 
separated %y a distance of 400 mileSi-^-a convincing proof of 
th6 ajbeuracy wItJi which the dtiBenrations had been made. A" 
specimen of Uie French triangulation is given in ^he figure be- 
loir, wkmc^ the vertical line represcvUs the oeridiaii of Dun« 
Urk, #idi the distances es^ressed by hita:^al8 of 10,000 toises; 




A St Martin du X£rtre. 

B Damipartin* 

C Pantheon 0/ PiiH& 

D BeHe Assise. 

E Brie. 

f Montlheri. 

Q lieiirwunt* 

H Mdun. 

I Malvoisine. 

K Torfou, 

L Forfet, 

M Chapelle. 

N Pithiviers. 

O Bpis Commun* 

P Chatillon. 

Q Cb&teau-neuf. 

R Orleans. 

GH The primary bate, 



A 
B 
C 



CtOc^Oatim t^iht rides of the Triangles. 

ABC CDE 

76« 2'S0.66'' 17310.3013 C 37 1 4059 9516.5896. 
57 20 17.82 15017.3211 D 57 21 1.87 13305^528 
46 37 11.52 — E 85 37 17.54 



BCD 

B 59 52 2.20 15756.1 

C 48 17 34.50 13601 

D 71 50 23.30 



CBF 

8013|C 61 IS 47.94 13101.0845 

3539 E 55 51 48.75 12370.819* 

F 62 54 23.31 



HB 
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F 45 18 40.41 lSd74.8idOM 
I, 74 8 41.99 » 



LMN 
08 85 59.16 l4MiMaB 
61 5 15.96 190S6JQ949 
N 60 18 47.58 



6 53 87 54.70 



no MNO 

, 40 84 MM S860116T8M 91 58 58.8T M9aiSfi5 
I 76 47 48M 10108.S616N 91 65 5.70 17841^80 



O 56 6 1^ 



IGH 

I 40 86 56.68 6075.8999 N 

G 75 89 99.67 90i9.5510|O 

H 68 48 SSS6 



HOP 

810 59f 2,40" 4877.2S86 

5S 89 548 7880^66 

P 95 88 58.18 



FIK 

F 56 10 1.08 7857.86272 

I 4S 52 8.25 6212.15951? 

K 80 57 55.72 — 



IKL 

I 58* 22/ 24.93» 8349.1059 P 
K 81 86 49.90 10292.0814 Q 
L 45 45.17 R 



ILM 

I 70 51 37.77 1343a2345 

L 62 47 29.^4 12650.5655 

M 46 20 52.69 



OPQ 
62 81 80.34 10446.5520 
98 17.27 11758^955 
Q 24 28 I2J9 



PQR 
50 28 6.42 12053.9075 
87 35 8.93 15614.7105 
41 56 44.65 



Through the whole progress of their sanrey^ the French 
astronomen have certainly displayed superior science. In de- 
ducing the correct results, they seem to exhaust all the re- 
finements of calculation. The angles measured by the re- 
peating circle, it was necessary to reduce, not only to the ho- 
riBontaLplane» but generally besides to the centre of obsenra- 
tion. This would have required much nice and tedious com- 
putation ; the labour of performing such reductions was how- 
ever greatly simplified and abridged, by help of condseyor- 
tnuliBf and the application of auxiliary tables. There is even 
room to suspect that those ingenious philosophers have car- 
ried the fondness for numerical operations to an excess, and 
often pushed the decimal places to a much greater length in 
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their estimates than the nature of th^ obsenrations thenw^lfefl 
could safely warrant 

In the spring pf 1799, the registers of all these operations 
were referred to a commission, consisting of the ablest mem* 
hers of the Institute, and some other learned x^en deputed 
from the countries then at peace with France. The various 
calculations were carefully examined and repeated; and a 
comparison of the celestial arc with that which had been mea« 

sured in Peru having given ^^ for the oblatenessof the earth, 

the length of the quadrant of the meridiaB» or the distance of 
the pole from the equator, was finally determined at 5190740 
toises, the ten millionth part of which, or the space of 
443.295956 lines forms the metre. Thn standard was after? 
wards definitively decreed by the liegislative Body. 

Mechain, howeyer, still anxious to realize his early project 
of extending the meridian as far as the Balearic Is)es, again 
repaired to Spain, and conducted with incredible exertions i^ 
chain of triangles oyer the savage heights from Barcelona to 
Tortosa, and was about to observe the altitude of the stars^ 
and measure the base of Oropesa, when, worn out by continued 
fatigue^ he caught an epidemic fever, which fatally closed hi| 
meritorious labours, at Castellon de la Plana* in the kingdoni 
of Yalentia, about the latter part of September 1805.-— Tho 
prosecutiofi of the plan was subsequently committed to 
MM. Biot and Arago, who brought it to a fortunate concli^* 
aion. In the winter of 1806 and the spring of 1807, these 
philosophers continued the series of triangles from Barce* 
lona to the kingdom of Yalentia, and joined that coast with 
the Balearic Isles, by an immense triangle, of if hich one of 
the sides exceeded an hundred miles in length. At sucl| 
prodigious distances, the stations, however elevated, and not* 
withstanding the fineness of the climate, could not be seen 
during the day ; but they were rendered visible at night, by 
combining Argand lamps with powerful reflectors. These ob- 
servations gave a result which agrees almost exactly wifh wha( 
had been already found by Delambre and Mechain. {f tl^e 
mean ifere adopted^ it would yet scarcely affisct the length of 

2G 
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tli« 9idrehj the dinuontioii of a four millionth part» 
this to be 449.322 lines of the ioise brought by Uie Academic 
eient from Pern. The meridionil arc extending from Dmldrk 
to Formenterat meawres 12^ 22f ISSBSf^; and from this ample 
basis, the circwnference of the earth is computed to be 24855.48 
English miles, and the ratio of ito axes that of 806 to SOa 

The fourth Tolume of the Boie Metrique^ containing the ac- 
count of the trigonometrical observations made by Biot and 
Arago in Spain and the Balearic Isles, has been long promi- 
sed ; and I was induced, for a considerable time, to defer the 
publication of this edition, in the hope of being able to draw 
some additional information from such a valuable source. In 
the prosecution, however^ of the French measurement, an 
application from the Institute was transmitted by Count La* 
place to General Mudge, to have Ramsden's Zenith Sector 
erected near Yarmouth, in order tor connect the English arc 
thence across the «ea to near Dunkirk, with the meridional 
measurement extending through France and Spain to For- 
mentera, which would have the important advantage of being 
nearly bisected by the parallel of 45^. This proposition, I am 
happy to say, has been already partly carried into effect un- 
der the able direction of M. Arago. 

In England, theprosecution of the Trigonometrical Survey, 
without aiming at such splendid views, has, suitably to the ge- 
nius of the people, been directed to objects of more domestic 
interest^ and perhaps real utility and importance. The per- 
plexing inaccuracy of our best maps and charts had long been 
the subject of most serious complaint. It was in consequence 
resolved to extend the series of connecting triangles over the 
whole surface of the Island. But the death of General Roy, 
happening so early as 1790, threatened to prove fatal to the 
completion of his favourite scheme, for which the talents and 
experience he possessed had so eminently fitted him. Af- 
ter some interruption, however, an opportunity was embraced 
of resuming that noble plan ; and it was, under the direction 
of the Board of Ordnance, committed to the care of Colonel 
Mudge, who, with equal ability and undiminished ardour, 
during the space of five and twenty years, was engaged in 
carrying on the most extensive tod varied system pf ope- 
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ralionis ever attempted, and in a style of execution which ie« 
fleeted on him the highest credit. In 179S and 1794>» the chain 
of primary triangles was continued from Shooter's Hill to Dun^ 
nose in the Isle of Wight, including a great part of Surry, Sus^ 
•ex, Hants, Wiltohire and Dorsetshire, and connecting with a 
new base of verification measured on Salisbury Plain. This 
base had, af^er correction, a length of S6574.4 feet, or6.9269T \ 

niilesy having lost almost a whole foot in bein^ reduced from \ 

an elevation of 588 feet to the level of the sea. It differed \ 

scarcely an inch from the computation founded on the base o^ \ 

Hounslow Heath. In 1795, the triangles were carried into 
I>evonshire; and they were continued in 1796 through Corn- 
wall to the Scilly Islands. The West of England became the 
scene of repeated operations. In 1798, a third base was mea- 
sured on King^s Sedgemoor near Semerton, and found, aftee 
various corrections, to be 27,680 feet, or 5.S42425 miles, dif- 
fering only about a foot from the result of the calculation de- 
pendent on that of Salisbury Plain. The survey now advanced 
to the centre of England, and was extended in 1803 to Clif^ 
ton in Yorkshire; another base of verification » 26S42.7 feet 
in length, having been measured at Misterton Carr, on the north 
of Lincolnshire. The triangles were x^ext carried towards 
Wales, and made to rest on a base of 24514.26 feet, stretch- 
ing from the western borders of Flintshire to Llandulas in Den- 
bighshire. From this last base, numerous triangles have been 
extended in different directions ; one series bending through 
Anglesea and by (^ardigan Bay, to the Bristol Channel ; an- 
other penetrating into the central parts of England ; while a 
third series stretches northwards, through Lancashire, Cum- 
berland and Westmoreland, into Scotland, and uniting with 
the collateral chain of Misterton Carr from Vorkshire and 
Norfiiumberland, is prolonged to the heights immediately be- 
yond^ the Firth of Forthj The mountains and islands near 
the western coast of Scotland will furnish triangles of vast ex- 
tent. The surveyors will not omit, we hope, the opportuni- 
ties that such stations may afibrd to determine the quantity 
of horizontal refraction, noting at the same time the variable 
state of th^ atmosphere. The indications of the hygrometer 
would then require attention. It would be desirable in all 
caies, ai in the French operations, that the third angle of eaci} 
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eriiii^ w&n aetudly meMurecL It would likewise be Mti*- 
tuiaryf in the more nDuntainoas mcU, that the barometer 
ihonld always aecompanjr the theodolite. 

The tnai^Bfttlation has been extended along the east coast 
of Scotland as far as the county of Banff and the borden 
of Ross-shire. It has also been carried towards the aame 
pomts from Cumberlandi through the heighuof Galloway and 
Dumfries-shire, to the summit of Ben-Lomond ; and from Dum- 
bartonshire and the Ticinity of Glasgow in a nortb-easteriy 
direction, connecting all the remarkable mountains of Perth- 
shire. The sands of Belhelvie» a few miles westward of Aber- 
deen, the spot formerly pointed out by General Roy, has I 
selected for a base of verification, which Captain Colby \ 
sured in the summer of 1817. It would no doubt be very de- 
sirable to have another intermediate base determined nearer 
the west side of the island. For this purpose, the plain be- 
tween Kinniel and Carron, in the Carse of Falkirk» might 
seem eligible. In 1817, M. Biot, assisted by General Mudge 
and his son, made experiments with the pendulum at Leith 
Fort. He afterwards trabspotted his apparatus to the Shet« 
land isles, in conjunction with the English astronomers, and 
repeated his obsenratlons in that extreme station. The sum- 
mer of 1818 proved uncommonly favourable, and the survey 
was accordingly pushed forward by Captain Colby with un- 
common spirit. The operations were begun at Largo Law, 
then transferred {o the Lomond Hills, next to Bendach in 
the centre of the Ochils, and thence to Ben-Lomond and 
other mountains on the western side of the island. The ac- 
cidental clearness of the atmosphere allowed very distant ob- 
jects to be seen. Some of the triangles thus formed bad sides 
exceeding 100 miles in length. 

Besides the principal triangles, a multitude of subordi* 
nate ones were ascertained in the progress of the survey, 
which serve to connect all the remarkable objects over the 
face of the country. The capital pomts were hence establish- 
ed, for constructing the most accurate charts and provincial 
maps. A number of royal military surveyors, of approv^ 
skill, have since been constantly employed in tiling i^ the se- 
condary triangles, and embodying the skeleton i^ns. The 
various materials are collected at the drawing-room of the 
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Tower, and there adjusted, reduced and combiqed* Undet 
the santie able direction, an extensive establishment has been 
formed in those spacious apartments, where a voluminous 86- 

. ries of maps, on the largest scale, are not onlj delineated but 
engraved. This truly national work advances with great activi- 
ty, and has already proved highly advantageous to the public 
service* The Ordnance Maps, in elaborate accuracy, and even 
beauty of execution, surpass e^erj thing hitherto designed. 

The publication of these valuable geographical details, after 
having been suspended for some years, is again free. Five 
parts have already appeared, including Devonshire, Essex, 
Sussex, Dorsetshire, Kent, the Isle of Wight, Hampshire and 
Cornwall. Other maps are in a state of great forwardness, as 
far northward as the parallel from Caernarvon through Shrews- 
bury and Warwick to twenty miles beyond BostoQ in Lincoln- 

. shire. The completion of a work of such vast magnitude 
must require proportional time and perseverance. The map 
ritime counties will probably be first given to the public, and 
the districts of the interior afterwards delivered. 

For a concise and perapicuous exemplification of all the re- 
finements adopted in the practice of trigonometrical surveying, 
I have much satisfaction in referring to the late work of Baron 
Zach sur I* Attraction des Montagnes ; nor can I omit this op- 
portunity of testifying my respect and regard for that able 
and very learned astronomer, in whose interesting society I 

.made a delightful excursion, in the month of August 1814, 
from Lyons by Orange to Vaucluse, and thence by Avignon 
to Marseilles, where he was then residing, as chamberlain to 
her Highness the Duchess Dowager of Saxe-Gotha. 

38. To determine geometrically the altitude of a mountain re- 
quires, it hence appears, a nice operation performed with some 
large instrument, ^e barometrical mensuration of heights 
is therefore, in most cases, preferred, as much easier and often 
more exact. This curious application was early suggested, by 
the objections themselves which ignorance opposed to Torri- 
celli's immortal discovery of the weight of our atmosphere. 
But more than a century elapsed before the improvements in 
mechanics had completely adapted the machine to that pur- 
pose, and experiment combined with observation had ascer- 
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tallied the proper correcdens: Berometen of farioui coi^ 
smictions are now oiade quite portable, and which iodicata 
with the utmost precision the height of the mercorial column 
iupported by the pressure of the atmosphere. 

The air which invests our globe, being a fluid extremely 
compressible, must have its lower portions always rendered 
denfter by the weight of Uie incumbent mass. To discover the 
law that connects the densities with the heights in the atmos- 
phere, it is only requisite, therefore, to apply the fact which 
experiment has established, — ^that Uie dasticity counterbalan- 
cing the pressure is exactly proportioned to the density. The 
elasticity of the air at any point of elevation, is hence mea* 
sured by a column possessing the same uniform density, with 
a certain constant altitude. Let AB denote the height of this 
equiponderant column, and the perpendicular BI its density ; 
and suppose the mass of air below to be distinguished into nu- 
merous itrata, having each the same thickqess BC It is evi- 
dent that the weight of the minute strdtum at B will be ex- 
pressed by BC ; whence AB is to AC, or BI to CK, as the 
presisure at B to the augmented pressure at C, and therefore 
the density at C is denoted by CK« Again, having joined IC| 
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and drawn KD parallel, BI : CK : : BC : CD ; and conse* 
quently CD will, on the same scale of density, express the 
weight of the stratum at C« Hence, AC is to AD, as CK to 
DL, or as the density at C is to that at D. It thus appears, 
that, repeating this process, the densities BI, CK, DL, &c. of 
the successive arata form a continued geometrical progressioUb 
Qut the same relation will evidently obtain at equal though 
sensible intervals. Thus, the density of the atmosphere is re- 
duced nearly to one half, for every 3^ miles of perpendicular 
ascent. At 7 miles in height, the corresponding density is 
one-fourth ; at I0| miles, one-eighth ; and at 14 miles, one? 
sixteenth. 
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The difirence of altitude between two points in the atni09> 
jhetCf 18 hence proportional to the differen<^ of the logarithms 
of the corresponding densities or vertical pressures. But the 
heights of mountains may be computed from* barometrical 
measurement to any degree of exactness^ by a simple nume- 
rical approximation. Since AB, AC» AD, &c. are continued 
proportionals, it follows that AB ; BC : : AB ^. AC + AD, &c. ; 
BC+CD+DE, &c. or BH. Let n denote the number of sec* 

n 
lions or strata contained in the mass of air, and^ ( AB4. AH) 

iirill nearly express the sum of the progression AB, AC, AD, 
&c. ; wherefore, AB 4. AH i BH : : ^AB : nBC,' or the absolute 
difference of altitude. The height AB of the equiponderant 
column, reduced to the temperature of freezing water, is near- 
ly 26,000 feet ; and hence this general rule, — As the sum of 
the mercurial columns is to their difference^ so is the constant num* 
ber 52,000 to the approximate height. This number is the more 
easily remembered, from the division of the year into weeks. 

Two corrections depending on the variation of temperature 
are besides required. 1. Mercury expands about the 5,000th 
part of its bulk, for each degree of the centigrade scale; and 
hence the smaU addition to the upper column toUl bejbund, by 
removing the decimal point Jour places to the left, and multiplying 
by tmce the difference bettoeen the degrees of the attached thermo^ 
meters, 2. But the correction afterwards applied to the prin- 
cipal computation is of more consequence. Air has its vo- 
lume increased by one 250th part, for each degree of heat 
on the same scale. If, therefore, the approximate height, ha^ 
vif^ its decimal point shifted bach three places, be multiplied by 
twice the sum of the degrees on the detached thermometers, the 
product toill give the addition to be made. If it were worth 
while to allow for the effect of centrifugal force in diminishing 
the pressure of the aerial column, this will be easily doiie be- 
fore the last multiplication takes place, by adding to twice the 
degrees on the detached thermometers the ^h part of the 
mean temperature corresponding to the latitude. 

An example will elucidate the whole process. In August 
1775, General Roy observed |.he barometer on Caernarvon 
Quay at S0.091 inches, the attached thermometer being IS^.T, 
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and the daUidied 16^ S centignide, while on the Peak of &Mir« 
don ibe beroitieler stood at 96*4/09 f the attached thc^rmonieter 
aaarking IQ^JO, and the detached 8°.8, Here, twice the dtf- 
lefeDoe of the attached thensometen ia 11<';4, which moid- 
plied into XXMISi givea .090, for the correction of the upper 
barometer. Next, 80X)0i + 96M9 : 30.091 + 26.489, or 
56.590 : S.652 :: 52000 : 3359. Again, twice the sum of the 
degrees marked on the detached thermometers is 48.8, which 
multiplied into 3.359 gives 164; wherefore, the true height of 
Snowdon above the Quay of Caernarvon is 3359+ 164, or 3523 
feet. The correction for centrifugal force is only 7 feet mcNre. 

This mode of approximation may be deemed sufficiedtly 
sear, for any heights which occur in this Island; but greater 
accuracy is attained by assuming intermediate measures. To 
illustrate this, I shall select another example. At the very 
period when General Roy was making his barometrical obser- 
vations at home. Sir Geofge Shuckburgh Evelyn found the 
barometer to stand at 24.167 on the summit of the Mole, an 
insulated mountain near Geneva, the attached and detached 
thermometers indicating 14°.4 and 13^.4, while they marked 
16^.3 and 17^.4 at a cabin below and only 672 feet above the 
lake, the altitude of the barometer at this station being 28.132. 
Now, 3.8x.0024=.009, and 24^.167+009=24.176; the arith- 
metical mean between which and 28.132 is 26.154 ; and hence, 
separately, 50.330 : 1.978 : : 52000 : 2044, and 54.286 : 1.978 : : 
52000: 1895. Wherefore,joining these two parts, 2044 +1895, 
or 3939 expresses the approximate height. The final correc- 
tion is 61.6X3.939=243, or 254 feet, if allowance be made 
for the effect of centrifugal force, and consequently the Mole 
has its summit elevated 4865 feet above the lake of Geneva^ 
and 6063 above the level of the sea. 

In general, let A and A+ rdf denote the correct lengths of 
the columns of mercury at the upper and the lower stationiB; 
the approximate height of the mountain will be expressed by 

(2A+3+2A+3S+2A+5J"" + 2A+2»— ij ^^^^• 
If ft were assumed a large number, the result would approach 
to the accuracy cf a logarithmic computation, though such an 
extreme degree of precision will be scarcely ever wanted; 
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To expedite the calculation of heights from barometrical ' 
observations, I have now caused Mr Gary, optician in London, 
to make ht sale a sliding-rule, of an easy and commodious 
construction. That small instrument, which should be accom* 
panied with a barometer of the lightest and most portable 
kind, will be found very useful to mineralogtcal travellers who 
have occasion to explore mountainous tracts. Nothing could 
tend more to correct our ideas of physical geography, than to 
have the principal heights in all countries measured, at least 
with some tolerable degree of precision. The elasticity of 
air is affected by moisture as well as heat, although the want 
of an exQct instrument for measuring the former has hi- 
therto prevented its influence from being distinctly noticed* 
When the hygrometer which I have invented shall become 
better known to the public, it may not seem presumptuous 
to expect, in due time, more correct data concerning the mo- 
difications of the atmosphere. Yet, after all, in asceHaining 
the volume of a fluid subject to incessant fluctuation, it would 
be preposterous to look for that consummate harmony which 
belongs exclusively to astronomical science; nor can I help 
considering the introduction of some late refinements into the 

JormuliB for measuring heights by the barometer, which would 
embrace the minutest anomalies of atmospheric pressure, as 
rather a waste of the powers of calculation. 

The elevation of any place above the sea may be ascertain- 
ed very nearly, from the comparison of even very distant baro- 
metrical observations, especially during the steady weather of 
the finer climates. In the summer of 1814, Engelhardt Und 
Parrot, two Prussian travellers, by a series of fifty-one barome- 
trical oblservations, made along the distance of 711 miles, from 
the Caspian to the Black Sea, ascertained the former to be 334 
English feet below the level of the latter, which complete- 
ly oversets the supposition of any subterranean communica- 
tion existing between those seas. By the same mode may be 
traced a profile or vertical section, t|iat shall exhibit at one 
glance the great features of a country. As a specimen, I have 
combined and reduced the sections which the celebrated philo- 
sophic traveller Humboldt has given of the continent of Ame- 

, rica, running in a twisted direction from Acapulco to Vera 
Cruz, and connecting the Pacific with the Atlantic Ocean. 
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A AoAPOLca. 

• PeftgnMO* 

B Crilpawsingo. 
b MeteJa. 
e Tipeeuaeyiha. 
4 PvemU de liUa. 

C CUBRVAVAOA, 

• La Cruz dd Marqua* 
D Mbxico. 



f Venta de Chtdeo. 

g St Martin* 

E La Pusbla i^il los Angsus. 

h ElPmaL 

i Perate. 

k CruxBlama. 

F Xalapa. 

6 V>BA Cbus. 




B b c 



• D f 



i k 



I r I ■■■ i I r I tA" 



100 




400 



The divided scale expresses the horizontal distance in miles* 
while the parallelS| on ^ ^lucb larger scale, mark the eleva- 
tion in feet. This profile is really composed of four successive 
sectionsi which are distinguished by opposite shadings. The 
survey proceeded jBrst along the road from Apapulco to Mex- 
ico» thence to Puebla de los Angeles, .next to Cru9 Blanpa, 
and finally to Vera Cruz, "these several directions and dis- 
tances are expressed jn the ground plan^ 

An attempt is likewise made in this profile, to convey some 
idea of the geological structure of the external crust : 
Limestone is represented by straight lines slightly inclined 

from the horizontal position. 
Basalt^ by straight lines slightly reclined from the perpendi- 
cular. 
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Pwphwy, by waved Unes somewhat roclined; 
Cfranste, by confused hatches. 
AtnygdaUidt by confused points; 

But the easiest way of estimating withih moderate limits tlie 
elevation of a country, is founded on the difference between 
the standard and the actual mean temperature as indicated by 
deep wells or copious^ and shaded springs. Professor Mayer 
of Gottingen, from a comparison of distant observations on 
the surface of the globe» proposed Kfommday whichi with a 
slight modification» appears to exhibit correctly the tempera- 
ture of any place^ at the level of the scab Let ^ denote the la- 
titude ; and 29 £o«^S 
or 14J swoers 2ip, 
will express, in de«- 
grees of the centi. 
grade scalci the me- 
dium heat on the 
coast. But the gra- 
dations of climate 
are more easily con- 
ceived by help of a 
geometricaldiagtam. 
From the centre C» 
draw straight* lines 
to the several de- 
grees of the qua- 
drant, and^ cutting 
the interior semicir- 
cle ; then the radius C A denoting 29®, the perpendiculars 
from the points bf section will intercept segments proportional 
to the iheah temperature expressed on DE* 

Hie higher regions are invariably Colder than the plains : 
apd I have been able, after a delicate and patient research, to 
fix the law which connects the decrease of temperature with 
the altitude. If B aiid h denote the barometric pressure at the 

(B h \ 
, ■ ^ J 25 express, 

on the Centigrade scale, the diminution of heat in ascent. 
Hence> for any given latitude^ that precise point of elevation 
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BMiy be found, at irbich eternal frost preyails. Put s = -^ 

and / S5 the standard temperature ; then (* « j 25 = ^, or 

«* + J04f4r sz 1, which quadratic equation being reaohred, 
gifee the reiatiTO elasticity of the air at the limit of oongela- 
tioOy whence the corresponding height is determined. From 
these data the opposite table has been calculated. 

This taUe will fkcilitate the approximation to the altitude 
of any place, which is inferred eitJier from its mean tempera- 
ture, or iu depth below the boundary of perpetual congelation. 
The decremenu of heat at equal ascents are not akogedier 
uniform, but advance more rapidly in the higher regions of 
the atmosphere. At moderate elevations, however, it wHl be 
sufficiently near the truth, to assume th^ law of equable pro- 
gression, allowing in this climate one degree of cold by Fah- 
renheit's scale for every ninety yards of ascent, and for every 
hundred yards in the tropical regions. Thus, the tempe- 
ratures of the Crawley and Black springs <m the ridge of 
the Pentland hills, were observed by Mr Jardine, where they 
first issue from the ground, to be 46*^.2 and 45^ ; which, com- 
pared with the standard temperature at the same parallel of 
latitude, would give 567 and 891 feet of elevation above the 
sea. The real heights found by levelling were respectively 
564 and 882 ; a coincidence most surprising and satisfiu^dry.— - 
This ready mode of estimation claims especially the attention 
of agriculturists. 

Dr Francis Buchanan Hamilton informs me, that he found the 
temperature of a spring at Chitloog, in the Lesser Valley of 
Ndpal, to be 14<^.7 centigrade; But the mean temperature ia 
the parallel ofS?^ 38' being 22<>.8Sthe density of the atmosphere 
corresponding to differences^.!, is i>510, which gives 4500 
feet for the corrected altitude. From other observations of the 
nme accurate traveller, we may conclude that Kathmandre, 
tiie capital of N6pal, is elevated about 2780 feet above the 
level of the sea* I found myself the temperature of the ce- 
lebrated fountain of Vaucluse, which gushes with such vo- 
lume as to form almost immediately a respectdsle river, to be 
1S° centigrade, or 2° less than what corresponds to its latitude, 
or 48^.55'^ It may hence be inferred^ that Vauduse is 1080 feet 
above the level of the Mediterranean. 



MOTSS AMD IU.U#TBATI0M8. 



4$1 



ML 

tilde. 




Udgbtof 


LatU 

tude. 


Heantemparaiunat 


Height o#- 


tbelevddrtfaeSea. 


CurreofCon- 
gdation. 


the level of tHe Sea. 


ConreorCoo. 




CentlgMHle 


lUirenbelt 




Centigrade 


Fahi«nheit 





29».00 


84<>.S 


15207 


46^ 


130.99 


57.2 


7402 


1 


28.99 


84.2 


15203 


47 


13.49 


56.5 


7133 


fi 


28.96 


84.1 


15189 


48 


12.98 


55.4 


6865 


S 


28.92 


840 


15167 


49 


12.43 


54.5 


6599 


4 


28.86 


83.9 


J5135 










S 


28.78 


83.8 


15095 


50 


11.98 


53.6 


6554 


6 


26.68 


83.6 


15047 


51 


11.49 


52.7 


6070 


7 


28.57 


83.4 


14989 


52 


10.99 


51,8 


5808 


8 


28.44 


83.2 


14925 


55 


ia50 


50.9 


5548 


9 


28.29 


82.9 


14848 


54 


10.02 


50.0 


5290 










55 


9.54 


49.2 


5034 


10 


28.13 


82»6 


14764 


56 


9.07 


48.3 


4782 


11 


27.94 


82.3 


14672 


57 


8.60 


47.5 


45?4 


12 


27.75 


82.0 


14571 


58 


8.14 


46.6 


4S91 


18 


27.53 


81.6 


1446S 


59 


7.69 


45.8 


4052 


,14 


27.30 


81.1 


14345 










15 


27.06 


80.7 


14220 


60 


7.25 


45.0 


5818 


16 


26.80 


80.2 


14087 


61 ' 


6.82 


44.5 


5589 


17 


26.52 


79.Y 


13947 


62 


6.59 


45.5 


3365 


18 


26.23 


79.2 


13708 


63 


5.98 


42.8 


5145 


19 


25.95 


78. 


13642 


64 


5.57 


42.0 


2950 










65 


5.18 


41.5 


2722 


SO 


25.61 


78.1 


13'478 


66 


4.80 


40.6 


2520 


21 


25.28 


77.5 


15508 


67 


4.45 


4ao 


2525 


22 


24.93 


76.9 


15151 


68 


4.07 


39.3 


2136 


^ 


24.57 


76.2 


12946 


69 


5.72 


38.7 


1953 


24 


24.20 • 


75.6 


12755 










25 


23.82 


74.9 


12557 


70 


5.59 


58.1 


1778 


26 


23.43. 


74.2 


12554 


71 


3.07 


37.5 


1611 


27 


23.02 


75.6 


12145 


72 


2.77 


37.0 


1451 


28 


22.61 


72.7 


11950 


73 


2.48 


56.5 


1298 


2 9 


22.18 


71.9 


11710 


74 


2,20 


56.0 


1153 










75 


1.94 


55.5 


1016 


30 


21.75 


71.1 


11484 


76 


1.70 


35.1 


887 


31 


21.31 


70.3 


11255 


77 


1.47 


54.6 


767 


S2 


20.86 


68.5 


11018 


78 


1,25 


54.2 


656 


53 


20.40 


68.7 


10778 


79 


1.06 


55.9 


552 


34 


19.93 


67.9 


l0534 










35 


19.46 


67.0 


10287 


80 


.87 


33.6 


457 ' 


36 


18.98 


66.2 


10036 


81 


.71 


33,3 


371 


37 


18.50 


65^ 


9781 


82 


.56 


33.1 


294 


38 


18.01 


64.4 


9525 


83 


.45 


52.8 


226 


39 


77.51 


63.5 


9265 


84 


.52 


32.6 


167 










85 


.22 


52.4 


117 


40 


17,P2 


62.6 


9001 


86 


.14 


52.5 


76 


41 


16.52 


61.7 


8758 


87 


.08 


52.2 


44 


42 


16.02 


60.8 


8475 


88 


.04 


32.1 


20 


43 


15.51 


599 


8206 


89 


.01 


52.0 


5 


44 


15.01 


59.0 


79.19 


90 . 


.00 


52,0 


^V 


45 


14.50 


58.1 


7671 






/ 


4 



46S VMiS AHO IU.USTBATI0H8. 

I shall now subjotn a concise uble of the most remarkabfe 
heights in difierent parU of the world, expressed in English 
feet. The altitudes measured by the barometer are marked 
By while those derived from geometrical operations, and taken 

chiefly from the ol^servations of General Mudge, are diatiii- 
gliished by the letter G. 

8pm Fiall Jo)cul, on the north-tout point qflc^nd, 4558 6 

Hekla, volcanic mountain in Iceland, - - 5950 G 

Sulitelma, tn Lapland^ ... 5910 B 
If uppi Vara, the highest qfthe taUe-land in Lapland, 2655 B 

Lommijauriy efevo<e</&Xref»Xap^iuf, ▼ 2265 B 

Drifstue, the highest pastoral handet in Norway,^ 2i57 B 

Spahatta, centre of the Norto^ian mountains, • 8120 B 

Harebacke, Alpine ridge ofNormay, - • 4575 B 

Pap of Caithness, - - - - 1929 
Ben Nevis, Inverness-shire, highest mountain in Scotland, 4S68 G 

Cairngorm, Inverness-shire, - - - 4080 B 

Calrnsmuir upon Deugh, GaUotoay, - - 2597 G 

Ben Lawers, wst side of Loch Tay, PeHhshire, 3944 G 

Ben More, P^A«Aire, - - • 3870 B 

Ben Lui, or the Calf, near Tyndrtm, - - 3651 G 

Sphihallien, JP^/A<A'fre, - - r 3S1SG 

Ben Vorlich, near Loch Earn, - * 3207 G 

Ben Ledi, near CaUender, Perthshire^ - • 2863 G 

Ben Achonzie,Afa^£/^ G/en Tt2^, - - 3028 G 

Ben Lomond, near AberfoU, SHrUi^shire, • 3191 G 

Cobbler, near Arrochar, - - . y ^863 G 

Ben Clach, in the OchUs, above Alloa, - 2359 G 
Lomond Hills, east and west, Flfeshire, 1466 and 1721 G 

Soutra Hill, on the ridge ofLammefmuir, - 1716 G 

Coulter Fell, ZanarMfVe, .... 2440 G 

Camethy, high point qfthe Peniland ridge, - 1700 B 

TintocHill,/;aitarMin?, - ... ^06 G 

Leadhills, the house of the Director qfthe mines, 1280 B 

Broad Law, neat Crook Inn, PeeUesrsfiire, ? 2741 Q 

Queensbery Hill, Dumfries-shire, - n 2259 G 

Calrnsmuir of Fleet, Go^&WMiy, - 7 23% p 

Hert Fell, near Mo/a^, • - - r 2635 G 

Punrich Hill, Roxburghshire, ... 2421 G 
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Elden Hills» near Melrose, Roxburghshire, 

Whitcomb Hill» Peebles-shire, 

LiOther Hilly Dumfiries-shire, 

Ailsa Rock» in the Firth of Clyde, 

Crif Fell, near New Abbey, Kirkcu^right, 

Kells Range, Gallotoay, 

Goat Fell, in the Isle qfArran, 



1S64G 

2396 G 
1103 6 
1631 G 
2659G 
2865 G 



Paps of Jura, south and north, in Argyllshire, 2359 and 2470 
Snea Fell, i» ^^ /jfe o/* Man, ^ k 2(XH G 

South Berule, in Isle of Man, • - 1584 G 

Macgillicuddy's Reeks, County of Kerry, • 3404 

Sllebh Donard, the highest of the Moume Mountains, 2786 G 
Helvellyn, Cumberland, - - - 3055 G 

Skiddaw, Cumberland, - - - ' 3022 G 

Saddleback, Cumberland, ... . 2787 G 

Whernside, Yorkshire, ... 2384; G 

logleborough, Yorkshire, - - - ' 2361 G 

Shunnor Fell, Yorkshire, - - - - 2329 G 

Snowdon, Caernarvonshire, - - - 3571 G 

Cader Idris, Caernapvonshire, - - - 2914< G 

Beacons of Brecknock, - - - - 2862 G 

Plynlimmon, Cardiganshire, . . *i • 2463 G 
Penmaen Mawr, Caernarvonshire, r ^ 1540 G 

Malvern Hills, Worcestershire, i • 1444 G 

Cawsand Beacon, Devonshire, . ^ ^ 1792 G 

Rippin Tor, Devonshire, ... . 1549 Q 

Brocken, in the Hartz^rest, Hanover, . - 3690 
Priel, in Upper Austria, «... 7000 B 

Peak of Lomnitz, in the Carpathian ridge, - 8870 B 

Terglou, in Carniola, • . . . 10390 B 

Mont Blanc, Stoitzerland, ^ . . • 15646 G 
Village of Chamouni, bel&U) Mont Blane, . 3367 G 

Jungfrauhorn, Stoitzerland, .... 13730 
St Gothard, Switzerland, - • 9075 

Hospice of the Great St Bernard, • - 8040 B 

Village of St Pierre, on the road to Great St Bernard, 5338 B 
Passage of Mont Genis, - - 6778 9 

Cross-GIockner, bettoeen the Tyrol and Carhithia, 127^0 B 

Ortler Spitze, in the Tyrol, - - 1^430 
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Kigiberg, aiovf fAe Ute ofLueemet - 54QB 

TMCf the highest point of the chain ^JurOf - 5412 B 

Mont Perdu» in the P^eneeif • • 1128S 

Loneira, in the department of the high Alpi, - 14451 
Peak of Arbizon, in the department of the high Pyreneee, 8S44 

Puy de Dome, in Auvergne, « • 4858 G 

Montd^Or, • . • G90S6 

8nmm\ia£yanciuMef near Avignon, • - 2150 ' 

Village on Mont Genevrei • - 5945 B 

St Pilon, near MarseiUei, - . S895 6 

Soracte, near Rome^ • • » 2971 G 

Monte Velinoy in.the kingdom qfNaplei, - 8397 6 

Mount Vetuvius^ >ookanic mountain beside Naples, SS7S 

JEtnn, volcanic mountain in Sicily, • 1006S B 

St Angeloy in the Lipari Islands, - - 5260 

Top of the Rock of Gibraltar, - • 1439 B 

Mount Athos, in Rumelia^ • . SS58 

Diana's Peak, in the Island qfSt Hdena, - 2692 

Peak of Teneriffe, one of the Canary Islands, - 12858 B 

Ruivo Peak, the highest point of Madeira, - 5 162 

Table Mountain, near the Cape of Good Hope, 8520 

Chain of Mount Ida, beyond the plain of Troy, 4960 

Chain of Mount Olympus, in Anatolia, • 6500 

Italitzkoi, in the Altaic chain, - • 10735 

Awatsha, volcanic mountain in Kamtchatka, - 9600 

The Volcano, in the Isle of Bourbon, «' ' - 7680 

Ophir, in the centre qf the Island of Sumatra^ 13842 

St Elias, on the ijoestem coast of North America, 12672 

White Mountain, in the State ^ Massachusets, 6280 B 

Chimboraao, highest summit of the Andes^ - 21440 B 

Antisana, volcanic mountain in the kingdom qf Quito, 19150 B 

Shepherd station on that mountain, - 13500 B 
Cotopaxi, volcanic mountain in the kingdom qfQuito^ 18890 B 

Tonguragua, volcanic mountain, near Riobomba, 16579 B 
Riicu de Pichincha, in the kingdom of Quito, - . 159i0 B 

Heighu of Assuay, the ancient Peruvian road, 15540 B 
Peak of Orizaba, volcanic mountain east from Mexico, 17390 G 

Lake of Toluca, fit i/yg kingdom qfMexicOf - 12195 B 

City of Quito, - - - 9560 B 
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City of Mexico, - - - 7476 B 

Silla de Caraccas, part of the chain of Venezuela^ 8640 B 

Blue Mountains^ in the Island of Jamaica^ - 7431 

Pel^e, in the Island of Martinique^ - - 5100 

Morne Garou, in the Island of St Vincent* s, - 5050 

In this list of altitudes, I have not ventured to insert the 
Himalaya or Snowy Mountains, the Imaus of the ancients, or 
Great Central Chain of Upper Asia, to which some late ac- 
counts from India would assign the stupendous elevation from 
23,000 to 27,000 feet. Such at least are the results of ob- 
servations made with a small sextant and an artificial horizon, 
at the enormous distance of 226 or 232 miles, as computed in- 
deed from very short bases. But even with the best instru- 
ments, and under the most favourable circumstances, the deter- 
mination of minute vertical angles is, from the influence of hori- 
zontal refraction, liable to much uncertainty. The progress of 
accurate observation has uniformly reduced the estimated al- 
titudes of mountains. More recent statements accordingly 
diminish those heights near 2000 feet. 



I shall conclude with briefly stating the French measures. 
The Parisian foot is to the English, or the toise to the fa- 
thom, as 1.065777 to 1, or nearly as 16 to 15. The metre, 
or base of the new system, and equal to 39.371 English 
inches, ascends decimally, forming the decametre or perch, the 
hectometre^ the kilometre or mile^ and the myriametre or league 
equivalent to 6.213856 of our miles ; and descending by the 
same scale, it forms successively the decimetre or palm^ the 
centimetre or digit, and the millimetre or stroke. The square 
of the decametre constitutes the ar^,and that of the hectometre, 
the hectare or acre, and equal to 2.47117 English acres. The 
cube of a metre, or 35.3171 feet, forms the unit of solid mea- 
sure or the stere, that of a decimetre, or 61.028 inches forming 
the litre or pint ; and the weight of this bulk of water at its 
greatest contraction makes the kilogramme or pound, equivalent 
of 12.133 pounds Troy, the gramme answering to 15.444 grains. 

FINIS. 
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